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1. Tntroduction
There are generzlly two ways of developing Modem Geometry .

a} The synthetical, where we start by defining the principal concepts, the sxdoms, the
definitions referring to the principal concepts, the theorems e.t.c. This way was
settled by the ancient Greek geometres and especially by Fuchd in the " Glements".
marks out the "abstract” nature «of Geometry and has been successfully used in all
mathematical fiedds as well as m Logic and in Philosophy, having no substantial
success as far as Philosophy is concerned.

b} The analytical, whese we start by constructing a model on the plane, the sphere or
ancither object. Then from the study and the coboulations of the different parts aof the
madel, we draw our conchasicns about the Geometry which is expressed by this
mdel. This approach emphasizes the inerdependence of Geometry with other
mathematical ficlds and the *real world® of the model  This way is celled anabytical,
because wo use coordinates far the study of the model

Regarding the synthetical way of development of Geometry, F. Klein
naugmirated the study of Geometry with the help of tramsformations of FucBdean
plane in 1872, after the announcement of Erlanger program, Furthermore, as complex

numbers are the most convendent algebrmic tool i order to express and study U

transformations, we' 11 mention here their basic properiies.

2, Comples numbers C

The concept of l:urnpil:t number 15 an alpcbraic concept having substantial
geometrical meaning, which can be expressed with the help of cantesian coordinates .

1.1, Definithon

Compbex number is a pomt z = {o.b) of Cartestan plane, where the x-axis
(real) is measured by the wsual real unst, while the y-axis (imagmary) is measured by a
ditferent wnit i The real aumber x is called real part of z (x = Re{z)) and the real
oumizr ¥ is called imaginary part of = (¥ = Tem (z) ),
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2.2, Dperations an complex numbers

Being points of & plane, the complex numbers can be comibined with two
OpETEions very common in vecior analysis : the vector addition and the scalar
multiphication of a vectar by & real oumber The operations can be defined
alzebraically, geometrically and vectonally as follows -

131, Algebraically

Letz=(ob), zi=(oby) and 27 (o by) be thres complex numbers, We define
ils Sum of 7 and #; the complex mamrer Zi=z; = fir; bay, bith), The multiplication of
& real number & by the complex mmiber z is the number & -2 = {iee, a¥) . That is, the
multiplication of & real mumber bv the complex member z= {b) can be performed,
by multiplying bath the resl gnd the imaginary part of zhy k.
1.11. Grometrically

The addition and the scalar multiplication are shown i figures | and 2
respetivaly.

o
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Figure 1 J Figure 2

Geametrically, the resuly of the multiplication of a mmber k by the complax -

1—{ﬂ,h]isﬂmmplexkz.whmmcmhtsﬂ_ z, kz aro collincar apd the

distance of kz from the ofigin O s k times the digtange af 2 fiom the: arigin
2.2.3. Vectorially

By using vectorial concepts z can be written - E=0 (L0} + b (0,1) = ¢r +ib
an| l’.!'—'k-l:r.['l,ﬂ:l+k-hl_'_ﬂ,ﬁfkcr, Likh

The Form e “ib is called Cartesian fiorm of =,

2.3, Concepts relating to the complex numbers

A usefil geometrical concept is the modufus 2| of the complex number.
Algebraically the moduls of the complex number 7 = iih is 1zl -\lru_g Y
while geometrically {fig. 3) the modufys =/ is the distance of the point & from the
origim
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Figuie 3

Concepts relating (0 (he modulus arc the following.

Lit g = oe;+ib; and Z = o Hby be two complex numbers. The distunce between the

points =z aod =z is  given  algchemically by  the  relationship
T

Iz._ —zl= \r{n'., —EI,:, +[|!I': &1] . while geometrically is shown in figure 4.

Conjugate of the complex nuinber ¢ ~+ib s the number z=a~ib . The point

z = i —ib is the symmetrical of z with respect to the x-axis (fig. 5).

¥
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Figure 4 Fipure 5 -

2.4. Multiplication of complex nombers
Let z;=ne+ib and zoéid be two complex numbers. Their product is defined
85 vy -2y =lob) (erd) = (ac-bd) H {oad+be)
E.g i =i ={0+1i) (0+1i)p=-1
(149} (1+0) = (14) = (1-1) + 1 (141} = H e L.
The multiplication in C has the same properties with the multiplication in B, that is:
I Commutative = =&, =3 5
T Associative z, -{.1:_ -:_1}={I| 'ft}'-:1

3 DMstribulive Lo the addition 2’,{3’; 1 :_1] =502, tE -2
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4, For gvery olement 7 C where s 20400~0  there 18 such 8 - O | 50 that
z-r'=l4jl=].

The main new clement is that = -1, 50 -1 has P square rogls

In order to study the prodiect of two complex numbers better, the introduction
of the trgonometne (pola) feirm of & comples number i recommended.

Let 7={cz,b) be in an orthonommal coordinate system (fig. 6}, If (0z) —[2], from
the right triangle Oz’ we take that: o = |2 -cos, b =|:|-sinB where 8{0=B(2x)
the argument of =, that is the angle between Oz and the positive semi-axis Ox and we
demate arg ()= & (mod 27

Then = = +if = |4 .cosd + iz sind = |Hcash +ism@) (1)

(1) is called rigonomedric form of 2

Apart from the trigonometric form, we often use the polar form of 2, which is
z=pz|e”

¥ 4
aln.h)
|
b=z sinf
L
O -a=jz/cosh =z x
Figurs &

2.5 The comples funciions

A function F: C»C  is callad 8 complex fanction, of a complex variahlc.
E.g. the function flzj=z+3i
The complex exponential fimction is defined by substituting & for 6™ = &
{cosbh +isinb), so that ¢®=cos0i - sin & (Formula Fuler) The main reason for
adoping this definition is the basic property of exponential fimctions I L
henee -
e = (cos B + igin ) * (cos ¢ + igin p) = cos (B-p) +ign (BHp) = e

The ruhiplication of complex numbers in & polar form is defined as follows

Let zy=fe.|¢" and z [z €, then z;- 2= zjz|-¢ ® _ that is  rotates the
image of z; by the angle .

As follows from the above, the complex numbers are essentially points of the
cartesian plane The complex pumbers can be combined algebraically, with the help of
addition und multiphcation These operations, as we' ve seen, have also a geometrical
meaning in relation to the distances, the angles and generally the motion on the plane.
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2.6, Transformations

A speciul case of the complex fumction s the trunsformation. A transformation
is om one - fo - one function £ A A where AcR? or Ao, ACC! el

We clussify the transformations in tee categores: the Ewclidean and the non -
Enclidean.

Euclidean are the transformations which preserve the sides and the angles of
the figares. Such transformations (which are also called isometric ) are the translation,
ratation, axial symmetry er.c.

Moo - Euclidean tramsformations are homothety | the inversion eLe

The fupction PO C where e z+(2+3i), which adds to the complex
aumber # the complex aumber 2+3i is a translation which transposes the points of the
complex plane by a constant vector 0 =27 +37 (Ag 7).

The tranalation has the form 2) =+, ke C.

2?1

Z

Figure 7

The rotation is a transformation of the form f(z) = € z | where O=R is the
ungrde of rotation. (fig. 8.

The homothety is a transformation of the fom f{z) = ke, with k<R 17 &)1
is called magnification, but if <l diovimutbon (g, 9.

The inversion is & transformation ££C° - C where fiz)= % We mention that the

geometrical meaning of the transformation of the inversion is very important and s
gheould be examined in details.
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Figure & Figure 9

The inversion is & non - Buclidean transformation  We first obacrve that if the
point z lies in the intenor of the unit circle w-by=1  (that is [d¢i) . then

1
Lf[:]l =|—|}l, ie the image of z lies in the extersor of the circle. Yet, isif =1 e "
g

=5 |

|
then ﬂ',a'}=£ ¢, hence if ¢ lics om the upper halfplane of x-axis (that if

pcB<m ), then the image of fiz) lies on the lower halfplane of the x-axis
(-msi =l
l-tisrenwkahl-tﬂutalhwavmimispamﬂ:lmﬂux-misiamnppa:ltrrﬂu
- ersion onto a circle which passes through the origin of the axis (fig. 10 Hence, the
net of Hnes which are parallel to the axis, whose points have integer coordinates, is
transfrmed in @ net of circles, passing through the origin, by the transformation of the

wersHon

Figure 10 Figure 11



71

Indeed, let 2=x -+ be a point of the straight line v = & which is parallel to the

1 i LR T
= Then ==S e g = = =
X=a1xis. f{z) i i =k+if, where & P and
el
| pial i Ll
ral

3. Confprmal Mappings
3L Conformal Transfomaaiions

A transformation [ is called confermal, i it preserves the angles, that is the
angles of a fipure 8 are equals io the angles of the figure S.=F (8) All the
transformations examined above are confiwmal g the translations, the rotations and
the homaotheties.

The proof of this fact is simple and derives directly From the definition of the
transdation, the roftation and the bomothety. We shall prove that the inversion is also a
conformal transformatkm under certain condrtions.

3.1.1. Thearem

The imverston  abowl every point of the plane exceptimg the origin is a

mqfﬂrm!.ﬂmsﬁ;mm»l

Lat 2z =0 be @ point of the complex plane and ¢, o two curves passing

threnagh the podnt = (g 12).
Yot Jei o, o be the images of ¢, «; throwgh an ioversion £ Then ¢, ¢ pasa

threnegh the peint .:-:-;.

. g : i
Let o b, be poants of ¢, ¢ so that O, @ b are collinear. Lat u':; wrnl

y 2 ; : . "'EI—-'.:]
b= ; be the muges of a,b respectively. Then u.m_mg'l\u_z and
[ " r—b
- P ¥ i g [a{ﬁ - 5]
et = [ -5 [ £ —BE_
B 7o S i B -a|” a2
& 7
r."l.
- =

Fignre 12
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From the fact that w« O, b are collinear, derives that @ 2 & = '2'h" Tndead |
by assurning that ab tend 1o (since the inversion is & continuous fnction) | o', b
tend to 2", too. As g conscquence, the angle between the tangents to ¢, cx in z is
equil to the angle between €, & in 2 - that is the inversion i8 a confirmal
tramsfonmation

3.2 Stereographic projection

The stereagraphic Progection is pot g transformation, g5 i is a mapping of the
auﬁEEuFmeap}Efﬁuumth:HHﬂplﬁ[piﬁn:Bﬂdmtufthe plane onto the plane
Haorarerer, it has all the characteristics of 8 transformation ind will be examined hera.

Without Joss of ality we congider the unit sphere on the space B, griven
by the equation x*ty'+2~1 . This sphere has contre the origin (¥ (0,0,0). The paint
P(Eh0,1) {fig.13) is called pole (centre) of the sterecgraphic projectiom, |

Let A {ab.c) a point of the sphere (A =P). The halfline PA intersects the
plane xOy on the point A" which is the image of A We observe that all the points of
1h:np}-a11::xcapﬁugﬂtpuhi=. are H!ppﬁiuntupd}huﬂf!hnﬂ{mplf:p]mhﬂ}'.ﬂs
we mentioned, the pole P ig not mapped onte xOy, since the line PA is nat uniquely
defined.

the stereographic projection is also very important for the non- Fucldean HEOmE T,
a5 the mapping of the surface of (he sphere onto the plune aliows us to study
properties of 8 non- Euclidean Gmmﬂkeﬂp}mﬁmlﬂmnmwmmﬂﬂmhu

Figure 13
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A bagic problem is the calculation of the position of the point A=A’ (fig 13),
that is, the calculation of the coordinates of the point A’ As the right iriangles A'OP
and AA P as well as the iriangles A'OP, A’A | A are similar, we' [ have

op oA A0

FA, AA, OA
p (P 1 [
Let _ﬂ-!'l_. =! . DBut P.'JL; ! _I'_—c,thﬂ:-E f—] m
. I 1w+ if
Consagquently & (3%, e, 7o) ==1—_';_ [ﬂ:_?-,[l] =r

Here, we consider the plane x(Oyv a5 4 complex plane, hence the image of the

surtace of the wil sphere is mapped on the plane, 50 that the point Afa b c) has as il
i
image the complex rumber x+1y with x=lﬁ—r. ¥= Pt
- Ll

Like the inversion, the #ereographic projection maps the circles onto lines. Figure 14
shows the image of a circle of the sphere, which passes through the pole P and it is the
mtersection of the circle’ 3 plame with the plane xOv.

Tigrure 14

3.2.1 Theoren
The stereagraphic projection is a conformal mapsing,

Proal d
Without loss of generality we shall prove the proposition, when the images are
strwight lines by assuming that the straight lines AB, AC are the images of two Sreular
arcs which pass through P and intersect on N (fig, 15). Due of the symmetry, the angle
betwoen the arcs on P equals to the angle between the arcs on N, The angle between
the arcs on P equals, by definition, to the angle between the tangents of the circles [and
the spheres) on P
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As the tangents &, &, are parallels to AR, AC obwicarshy B,f’sz = H.';uf.‘, that
i the stercographic projection is & conformal mapping,

Figure .15

3.3, The infinite point of the complex plane

As we have seen the stereographic. projection maps the surface of the \Enit
sphere, apart from the pole, onto the complex plane,

In arder 10 ebminate this excoplion we introdisce a new point of the complex
plane which correapands to the pale P

This point is called the infinite peint of the complax plare and is symbalized
by =

This new point is oot combined algebraically with the complex tumbers, but
a3 an infinite point ean be defined geometrically as the |imit of every sequence of
points {complex numbers) whose modulus tend to the real infinite. On eomplex plane

for f{z) :1 we have that foo) =0 . flol=w

By intraducing the infinite Point we succeed that the sterengraphic projection
defines an one - to - one correspondence between the whole surfice of the unit sphere
and the complex plane including =

Hence, every transformation in one bf these two set of points i&, to the other,
For such transformations we will (jse the term Kt 5o, for example, it 1z) is a rotation
on the complex plane having centre 1he ofigm (o,0), then this is through Lhe
stereographic projection, that is through 2 fift to the surface of the unjt sphere, a
rotation ahout z - qyig.
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J.3.1 Definition

Let 5: A~ B be a continuous function and S(AJ=B. In this case we say that S
18 & covering or & transformation covering from A to B or that A covers B throngh 5,
Also, et £ B — B be a transformation . A transformation g A~ A is called lift of £ if
S(g{z)F £ (5(2])) for every z. The above definitions are fistrated in the following
diagram.

A £ A
5 B
B B

Prokernens was the first one who used the stereographic projection (2™ century
AC ) and with its help he constructed astronomical mstruments ke astrolabe, who
coninls the coordinates of the stars in the celestial sphere et.c. The basic properties of
the slerengraphic projection appear presented in Plolemeos” book *Planespherm”

4, The "Edanger program”

Az we mentioned, this program was presenied for the first time at the
University of Erlunger city in the oourse of the firgt lecture given by Felix Klein in
1872, In this lecture, later on known as "Erlanger’s program " , F. Klein describes a
Geometry by the help of its group of symmetries e.g the Euclidean Geometry is
characierized by its isometries | which preserve the distonces and consequenily are
directly related 1o concepts such as length, equality {equivalence), angle’ s meagure,
collinsar points a.t.c.

In order to understand Klein® s ideas we have to undersiand the way ho
conceives the equality of geometrical figures e t.¢. According (o Klein the equality s &
function {a fransformation) which is reflexive, symmetric and transitive. Farthermons
tha set M of transformations has the propertses.

&) The identity transformation f{z)=z belongs io M
by If f«M, then Fcan be inversed and ' =M.
g) IF L geM, thenfgeM

Furthermore, we define as & group of transformations, a st of transformations

(& which has the properties:

a) (F contains the dentity transformation

) The transformations of G are invertible and their iverses belong 1o G,
) G iz closed, with respect to transformateons” composition

From the above, we can define that:

Geometry 15 an ordered puir (5,0) where S i5 & non emply =et and i3 a
groug of transformations £ 5 5

{3 is & group of transfortbations in Geometry

This way of defining Geometry initiated difforcnt ways of studying new
sbstract methematical struchares and gave birth to the rapid development of Geometry
in 20 century,
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Abstract

In this mole the concept of the complex transformation and its mportance in
the study of Geometry is considered. The paper hegins with the basic properties of
somplex numbers The main part of the paper is devoted 1o the study af several
complex transformations. The last part of the paper considers the infinite point of the
comples plane, the concept of the covering transformation amd the definition of
Geometry with the help of transformations defined on the complex plane.
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