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INEGALITATI INTRE FUNCTII §1 MEDIL

D.M. BATINETU- GIURGIU

Tn cele ce urmeazd vom nota cu &7 E,") multimea tatror mediilor care se
pot defini pe B dar cu  F(RD) multimea ttwror functiflor fRI-R! . De

ASCIIENEs WD Dot cil A media aritmeticd. G media gecmetnicd, H media armonics
51 P media patratici, adica
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Estv cvidentei [A, G, H, P} . & (R} .

Considerim propoziiile;

p- MM e, p), Mz, 0) = Mxyz.0), vxpz eR] cu Med (R ;

q Mixy.zn=r=f=Mxyz  x,y2icR cnMes R, ;
rMxp.z, Mix,p,z))=Mx,y.2), VipzeR' cu Med (R ;

Sa notim 4" (B) ={Me# (K]} |M verifica propozitiile p,qr) . Decarece

{AGHP)c A4 (R]) rezultd cd #R "js0.
Demonstram acum
Propozitia 1. Fie fe F{R]) 5 M, Me ATR,"), Daci

(1} MU S =N, Y, e B



3
atunci
(2) M(x) SO Az =fN(x, .20, VX, p 2R
Demonstratie, Decarece Me AR, rezultd ci
{3y M)Ay R2) A0 = MMM N Yeyzre R

Degarece  M(fix) fUy))=fl N(z.v)), vx, e R' din egalitatea (3) deducem
) MRS 2) S0 - MUK (x V)N =
=fINCNGE V), NC2L 00 = fINGe v.2.0), P02 0eR5
Deaci in relagia (4) ludm  1=N(x, ¥, 2), conform propozified r rezultd od

(8 M), ), fi2) Sy AN,y 2} = l1), Vepze R
Conform cu propozijia q din relatia (5) obtinetn ci
(6) ) =M(fx). fy) 2D vx,p,26R. =

-"HI:-_JI{'III-.-\..{{.!"} :..ﬂ.z}:l _.ﬁhlf-x:}l::.].::v’x-. Y.2E 1: -

& C1 Acersta propoziiia esle demonsirali.
Observind cd 1A, G, H, P}=.4#{E."), conform propozitiei 1, pentru orice

e F(RD) siorice X Veld & H, P} din fapiul ci

(7} X(f(x) fyn - A¥(x,y), vx, ye R,

rezultd ci

L) XA )z ) = U e, 0, 2)), Yx p.zeR’
A plicatii.

Al Dacd X=A, Y=0 si daci [eS5TR]) are proprielalea ci
flxy+fp) - 20 xy), vx, peR] | atunc

3 e .
Fx)+flpy = A2y =37 0xp2), Wi, p,z e R
adica am obtinut Problema C.6.1 din E.MM.T. nr. 2/ 1985, auter Marian Dinci.

A2, Daca X=A_, Y=H si dacd fcFTR") are proprietatea ci
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adicd amn objiiul una din problemele propuese la (limpiada Locall de Matematicd,
Sucegva 1987, autor Vasile Monacu.

In continuare ne vom rezoma la mediile A G H,P, la fanciile din .'?'{E_Lf] gi
vorm demaonsira unele inegalitiii cu funciil gi medii.
Propoifia 2.Daca fe F{R ) ¢i ATx)S(p)) e A(x 1)), Vx,ye R,
atunc
(%) AAx) ) SzN > fild(x.p.2)), ¥x, 0,26 R,
Demonsiratie. Conform conditied din enunt si propozitict p avem
(1) AU ST 2S00 = A x) Ay, AU 2
2 AGTA e, Y)STACE 1)) 2 FTACA (R 90,402, 0 =R Ay 2.0), Y p iR,
Dacd n (10} Indm  ¢=4{x v 2) objinem
A OS2y ) e flA(x,y, 2} = (1), ¥x,p,26R, =
~fix)+fly) + f(2) 2 3f(r), ¥x,y,zE R, =
= Alf(xy SO ) Sz e fr) = fldlxp.=)) Ve p.2e B

Propozitia 3. Daci /e FTR)) §i A((x) 00 2 G ) Y,y eR]
atunga
(113 ARDSONA 2N 2 G(x 3,20, ¥x.p,2e R, .

Demaonstratie. Pe baza condipici din coumt % a faptulu ¢ 4, G venfica
prapozifia g avem
(12} AT SO Az0000) = ATAGTX) A, AU) A

2 AT G, G 200 AGIGx ¥)). Gl2.0)))=
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= (x,p,2.0)),vx p.2icik’
Dracd in (12} Tnam ¢ =G(x,v.2) obfinem
AP SONA=) SN 2 1), Y,y 268 -
= A(fx) Siy)aS12)) [T} = AG(x,p.2)), ¥x p.26R]

Propozifia 4. Dacd /= #(R0) g A(fix) /000 = AH(x 3, Yo, 0 R,
atuanci
(13} A ) O ifz)ie fAH(x,p.2)), ¥,y R,

Demonstratic. Ca 51 in propozijiile precedents, avem
(1) Afx) ) A2 0) = ACAA ) AN, ARz A1) e

2 AFH (e, 0), STH(z,00) 2 [OHUH (x,3), H(2,1))) =
= f(Hix,v.z.0)) Yxy.s.0cR’
Dacd in (14) lndm 1=K (x,y,z) objinem
Ay 2) ) = f(H ey 2) =f(t). ¥x ). 2eR] =
~A(fx) iy LS 2)) 2 (1) = f(Hix,p.2)), Vey.zeR]
Propozilfa 5. Daci fe# () =
A(f(x). J(¥)) = f{P(xy)), ¥ xyeR], anmci

(15) A () S S(2)) e f(P(x,p,2)), W xyeR]
Demonstratie. Avem

(16)  A(S(x),S¥)S(2) S =AlACSx) L)) ALY O =
2 A (P p)) (P (2.0 2 fIP(P{x3). P(z.)))
=fiP{x, ¥z}, Yxyz.ick,

Tn relatiile (16) ldim - P{x.p.z) si astfel obtinem



it

ALY @) A 2 FIP(xp.2)) = f(1), TryzeRk, =
= ACF(x), ). =20 A = fAP(xyz2)), ¥xy.zek
Propoxifia 6. Dacd fe #F (R, s

(U7y GUAX) SN flAlxp)), ¥ xpcR,, aunci

GO} S J(2)) = flA (x,0,2)), ¥ X,z R
Demonstratia 1. Pentru oniee x,y= B, avem

GA(x), f0)) = FAGY)) = Fx)-F) = £ A (x,0)) .
Prirt urinare
(18) FLx)fO¥) 20100 (A FAGz N P A4, ), Al 7,00))=

= fAA(xp.2,8)), ¥ xyzieR.
Dacd in {18) lugm ¢ A{x,y,z) deducem ca
Ay Ry Rey= 1), vx,y,2e Rl =
=fxyfy)fz)= (). 95y, R =
= G )2 2 f00) = flA(xy,2)), ¥ xyce k)

Demonstraiia 2. Considerim funcfia g R -R,g-In/ 5 atunv
condifia enunfubs devine
Alg(z). gy zgldixy)), ¥rpeRl.
Prin urmare, conform Propozifici 2 avem
Alg(x),g(¥).g(zzglA(x,y,2)}, ¥ X, p,z € R] =
mf(x) +nf(p) +Infi{z)=3mMA(xp.2)), ¥2,y,2c R =

= DOGADRAAD 0 (A2, Yxy,7eB =
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- GOy SO FGEN e (A (e p2)), ¥ xpacRe
Propozifia 7. Daci fe #(H)) &

(19} Gy = fIG(x. )y, ¥ x,yc R, , atunci

G{f(x)f(¥) . f(2)) = fG(x,p.2)). ¥ xypreRl,
Demonsirajia 1. Condijia enunpibn este echivalenti cu
fxyfyys FA{GIxy), ¥ x,yc K, giahma

(20) f) A F (2O HGE YN G )G ) AG )
2 GG, Gz, =G (x50, ¥y 0eR, .
Dacd n (20) considerdm 1= (7{x,¥,z) ocbinemn
Axy -z ve s e B =l iy A=) 2 FU) e,y 2R, -
= G AUz 2 flG{xy.2)), ¥ayscR
Demonsirafia 2. Considerim funcpa g R -R,g=Inf s atuna

conditia enunpului devine, A{g(x), gy} =g(CGixy)}, ¥ 2. yck . Prn
urmare, confonm propozgie 3, avem
Alg(x)g,giz))z g(G(xp.2)), ¥rysckl -

o Inf(x)+mf(p) +Infiz) e Smf{Gixy.z)), ¥ry.zelkl-

~ In () () G (xp,z)), Vayzek, «

- G SO e f(Glx,p,2)), Yxp.z =R, .
Propozifia 8. Daci fc F(E)) s

G () SV fCHxp Y xpe R



atuncl
(21} G xS0 (2} f(H (x,3,2)), 7 3,0.26 R0
Demonstrajia L. Condifra enuntului este echivalent cu

fx)yri) e f3(H(x.»)), ¥ x,yc R, i prin urmare
(22) Ax)fly) A RACl (G, ) OG0 = (oS (2, 0)f >
2 fUHH (5,00 H 2] fHH (x5,2,0) . ¥ X2l R
Tn relatiile (22) lim ¢ = H{x,y,2) g astfel objinemn
XAy ey e fA () = fx)fyyAz)e (1), ¥ x,p,26 R, =
= GUAx)SWIS2) Y2 f(2) = f(F{x. 0.2, ¥ x5y 26 R
Demonsiraia 2. Considerim @ de  aceasti  data  funchia
g B.-R,g-lf g atme condifia enunului este  echivalenta cu
A(glx).elyh = g(H(x.y)). ¥ x,ye k). Conform Yropogitiei 4 avem ci
Algle),gy)elz))z giH{x y.2)), ¥y ek =
- G(flx)f)Sz) ) e f{H(x,p,2)). ¥ xp2€ R
Propozifia 9. Dacd fe F(R)) s
Gl f(¥) 12 fiPlxy)), ¥ x,ye R, atumc

(23) GOSN = f(Plxy.z), ¥ xyze BT,
Demonstraie. Condifia enuntului este cchivalents cu
Flx)fo e FAPay)) . ¥ x pe k) giden

(24] f[l}‘ﬂj]'ﬁ.f}‘f{f}?f{Ff.Id’}!"flf,f’.f-‘-',f}'}?f¢(f’“"[Lﬂf‘ihﬂ]‘%
=fH Pz 2.20)), Y yateR] .

Dacd in refaria (24 ladfm £ = Flx p.5) deadineen ca
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X (O a2 R = Ax )y )y Rz () Ve ze R -
- G fix) AN ) I =fP{x.20, ¥ 2,02 c R,
Fropozijia 10. Daci f= #F (&) 5
H{flx)flp)) = fld(z.p)), Ve pe R, atunci

(25 H{AOSONIE) e (Al y,2)), ¥ 2.2 R) .

Demonstragie. Fie & R -R., & si ahmed condifia enunfulul este

L
4
echivalentd cu
ACh{x) hiv)) s h{A{x ¥}, ¥ xpeR]
si deci, conform Propozitier 2, avem
AR(X)ROY) A2 s h{A{x,p,2)), Y x.y.z¢€ R. =
- [T VSOV 2 f{A(x,p,2)), ¥V x,y,26R]
Propozifia 11, Dacd fe #F(H") s
Hifx) SO = f(G{x.0), ¥ x,ye R, amnei

(26)  H{Ax) O z)) 2 fF{G{x,%,2)). ¥ e, p.2eR0 .

Demonstratie. Considerim fimepin & RI-R., h l.l“ gi aluneci condifla

enenpului este cchavalenti cu
(27 AChix) Ay shigix,y)), Y x yek]
Conform Propozitici 3 deducem ci

ACR(x) VY, Az <R (G(x,p,2)), Y xpzeR] =

= HO flx) SO A 2 (G ,p,2)), ¥ 2y 26 R

Propoaha 12, Dacd fe FURD) s
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HOAxX) SO 2 f(H(xp)) . ¥ x,peR), atunci

(28)  ACfx) (p)fi2)) = f(H(x,0.2)), ¥ x,p,z¢R]
Demonstrafie. Consideriim §i acum functia /- B - R h=-.]F i atunci

comdimia enunfubui cste echivalentd co
(29) R (x. )= A(hix),h(¥)}, ¥x,yeR’
5 atunci conform Propozitied 4 rezults o8

ROH(x.y,2)) > AChix),h(¥),k(2)), ¥ 2,326 R" =

= H{ =} Ay} =)= f(H(x,p,2)), ¥ x,p26R, .
Propozitia 13, Dacd fec #(R]) i

H{fx)L v flP(=,0)), ¥ x.yeR,,
alume
{30} H{f(x). f(¥). fiz)}) = F(P(x,3,2)), ¥ 2.0,26R" _

Demonstragie. Fie »h B -E.. h= Conditia emmiubni  este

1
!
echivalentd oy
{31} ACP(x 0= ACR(x),h{(¥)), ¥ xpeR’ .
Rezultd atunci cf

B(P(xp2))z ACR(x),My)Lh(z)), P xy,2eR° -

= H{ o) SO e fIP{xp.2)), V2026 R .
Propozitia 14, Dacd /o (R} 5 dacd
Pfx) Ay efl4{x)), Yx,veR), alung

(32} POAX)LAPL) > Fld ey, % xy,2e k]
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Demonsirajbe. Condifia enanpului este echivalentd cu
FUXI+20N 22 FHA(x ¥, T xye k]
i atunei
FREYfRy) f2H2) 22 22 (A (2, y)) + 2:F3(A(z,0)) 2
A fEA(A(x,Y)AZN))) =4 Az, ¥,2.0)), Fx,yo0eR] .
Daca In relapia precedenta ludm ¢ =A(x p.2) deducem cé
FAEY+ P2 0) +f2 0 e 42 (1), Y X, p.2eR] =
= f‘!{.l'} +_i":|:}‘,'l ‘f:rﬁ;l w3 .flir} ¥ X, p.IE ET ik
= P{fx) ). 2= fl) = fld(x,p.2)), ¥xyzeh) .
Propogitia 15. Dacd fe # (B1) s
PiALAON e fIG(x¥)), Txyek],
atumei
(33) PO, ). 2y = G (xp.2)) . YV x.y,2e R
Demonstratie. Condipia enungului este echivalenta cu
(34) ) > 271G ), ek
Frin wrmare
(35) FR{x)+F3 0 PR} P20 2 2 FAG L)) + 27 (G(z,1)) »
2 - FHG(G(x,), Gz, =4 (G (x,p.2.0)), YV xyziek,
in relagia (35) dm ¢ - G{x,y.2} sl objinem
FIxy fR) 22+ 2y 47708, ¥ xy.2c K, =
- )+ fEQY 2 (2)2 3 7)), ¥ 2 y.26 R, =

- LA v 2 2 [l - fiG{x,p.2)). ¥ xR,
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Propozitia 16. Dacd (= . #F (kD) 5

PUAx)AyN e fIHxY)), ¥xyeR:,
alunci
(36) POAx). L) 0z)) 2 f(H(x,0,2)), ¥ x,3,z¢R:
Demonsirajie. Condiia enungubui este echivalents cu
FA) « 202 22 (H(x,0)), ¥xyeR
51 atunci avem
BT FHx)+ )+ f20) = 2 F 2 H (x p)) + 2fHH(z,0))=
>4 fHH{H(x,y),H(z,))) - 413 H(x,p2.10)), ¥ e teR,
in relapia (37) inlocwmm ¢ Hix,y,z) slolyinem
P20+ /22 v ) > 4 f1(1), W x,p 2R -
= fE) ) FH2) 2 3 F3(10), Y x pzeR] -
= FLAXLSYLA2) = J(0) -fIH(2,0.2)), ¥xypzeR

Propozijia 17. Daci fe F(R]) 5

P Ay = f(P(xp)), ¥x,yeR],
At
(38) POAxb Ay Fz e flP (2, 0,20) .V a0 26 R0
Demanstragie. Conditia enunului este echivalenis cu
(39} FHx)  F2(p)» 2.2 (P(xy)), ¥x,peR]
Frin urmare
(40) 2y =f2) 1 f22) 420 2 2 F 2P (x,)) + 2F 2 (P(2.0)) >
PP VL P -4 P (a2 )), Y ko zic B

In relatia (40) inlocuim 1= 70+ +) sichtinem
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P2+ ) P24, Ve p2eR -
w fAE) )+ )23 D), Yy, zeRD -

- P{AX), A2 = f) =f(P{xy.2)), VxyzeR,

Observagii. 1) Dacd in ficeare din proposiile demonstrate inlocuim semnul

= cit semnul < obtinem alle 17 propozitil deqivate.
2) Prin inducfie matematicd, toate cele 17 propozitii pot fi
demonsmate pentra orice p = 2, De exemply, la Concursul Laurentiv Dulean,

Brasov 1998, pentru clasa a X-a a fost propusd unmitoarca problema de aulori
D M. Batinetu-Crinrgin 51 Manan Dinca.

Dack /R ~R arc proprictatea ci  f{x)+ flv) = 2_;'"[1!';-;.?] , T x,yeER],
CITTR

AU fx e nf [ YE B Wne N - (1), 9x,e B, kT

Se vede prin urmare cii aceastd problema este o extindere a Propozifie: 3.

INEQUALITIES BETWEEN FUNCTIONS AND MEANS
Abstract. In this article we present some intcresting meqgualities with
functions and means
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