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ASUPRA UNOR INTEGRALE DIN GAZETA MATEMATICA

D.M. BATINET-GIURGIU gi Augustin SEMENESCU

In cele ce urmeaza ne propunem sa caleculam integralele definite din functii
construite cu ajutorul altor functil care sunt solutiile nnor ecuatii functicnale
aaw din functil care satistac anumite conditii .

Propozitia 1. Dacaa,bc R, a < b= [ [a, b — R este o functie
continua (integrabila) , atunci :

ff[r}d:e=f:_f{a.+b—mjdm (1)

Demonstratie . Facem schimbarea de variabila t = u(z) =a+b—x cn
w(e) =—=1,ula) =5, u(b) =a s atunci :

b )
JJ Fz)le = E—f[ﬂ- | b—.z:;ld.r=ff[:t+b—.:[.‘}d1' {2}
Propozitia 2 . Daca e, b R ja<biar [:|ah — R, g: [ﬂ: i’r — R’

man proprictatile fla+b—z)= flz) ,gla+b—x)-glz) =1,z € [a,8] ,
atunel oricare ar i functia continua b : B — R are loc egalibales :

i {hnfjlf*r i
“'_,{, T ar) —dr = f{hc-f}frfldr (3)
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Demonstratie . Este evident ca in conditiile date prin emunt. | functia
hof

2 e, B Roeate inteprabila si conform propozitiei 1 rezulla

1+4
o prihefiE) . prlhofilatb—a)
I_]r: 1+ glx) d:t“—/: 1+gla+b—uax) Com
/““‘* GHJ—IJI' f{fm f)lii____ gle)
' ]-‘l'
{r?

I*'rin urmare: |

(o =) (fo fi() - glx)
2] = f J[rth’.fu W f[hnf][:r}cl.r

Propozitia 3. Daaa be R, e<b, f-R—R ,g:- R — ]i‘.'; =Tl
functii continue astfel incét

fle+b—2)=—flz), gla+b—2x).glz)=1, Vzel

alamc

2. f Flz)- In*(1 + glz))de = 2. L" fiz) - In{l + glz)) - In g(z)dz—

- i 8 e (1)

Demonstratic . Avem
= )C‘bjlf.r] : |nj{] + gl e = f_f[r.t-} h—mx). lnﬂ{l Fala + b — z))de =
- [ @) (“ ﬁ)“‘“ = — [ Ji@)in(1 + gla)) - n gl =
= —[ filz) - (In* (L4 glx)) — 2ZInil + g{x]) « Inglz) | In? glx)dy =

=142 f ) - In(1 4 glz)) -J.n_q.-[r}-;lz—fl flzx) - In?g(x)dx

de unde deducem enuntal |
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Consccinta. Daca g(z) = ' atunci avern

2. f )-In*{1+e™)dx = 2- f ) In(l+e’™)dx — rftﬁmjda: (3]
Propogitia 4 . Daca a,bc W, a < bai fg: [0,b] — R sunt functi
i‘I'l'I'iI'iTI11|: e proprictalea ca exista o € B d € 1LY {1} astfel incit fla +b—

=d- flx), gloa+b—z)+ glx) =, Vo [a,b] , atunci

U ¢-d
Lf{:}-glir.-.]d:— R

(8)

Domonstratie . Este evident ca
jrf':EJ gl fj{a—b z)-gla+b—x)de =
=fd-f[:::_‘.l-{c:—g[ﬂ]da‘-=t:-d-£ ,I'-[;E}dﬂ‘-—ff-j: fiz) - glz)dx

—cod- [ [(@) dn a1

de unde deducem ca

1-|—d jflf] =) dir

Propozitia 5 . Dan o b e R ,a<b s=a+db sif: R — R,
g, h: R — R’ sunt [unctli continue astfel incit f{s—x) = flx) ,¥re [2. b],
aluncl

¥ Fl) - glx) - W{a — x) _ b : s
Er.[l ,'_?[Tj'lr?-lgl—.r].;-g[s—m].h{;}-dm_ﬂ f{;]rlm I,-'T:I

Demonstratie . e
P S gl@) Ae-m)
EE e iR e
~ f___f[&—r]-_q{s—r}-h{mj e
a gle—x)-hix)+ glx) - his - x)

f" flz) - gls —x) - h{zx) o
~ Ja glx)-h{s — )+ g{a —x) - hix)
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Prin urmare .

F N = B _;I_'Ll::lt] -_._-,;I_’:r;:l : f.l,{u s T_] x
w- olx) - hs—a) + gls =) ha) Ot

' Siz) - g{s — x) - hiz] . |
Lg;{x}-nm rr:)+y[a—::}-h(',éj"dm=.f£ flz) da

ceaq oo demonstrensa cnonlul
Propozitia 6. Dacaa b c B, a<b, a4 b= % i f: [5,5] — R este
o functie integrabila astfel incit f(z) + [ ( L .*r.) —ceR,,Vreob:

eLLLERCSL

b f{x) + cosx+sin®x
2'[ 3 . vidion = h— b
Joa 1+ eo+sne+cosx de=b—a (8]

Demonstratie . Este evident ca

m et T A
7 fﬁf[m')+ms:r+s-inir , f‘f(i_x:]-'ﬂmx- e d
= : —— = il
o | +rdane -+ roax a 14+ ¢4 cos® + sin
Prin urmere |
- . :
oF [" () + cosx +ainz ! T e 27 S i F
a | 1+o+sne+roax : l+c+sinr+cosr e

p 1+ 8inz + cosx + fx) 4 f(g'r)

b
— [ : ‘lt:ii_flil'.n'.:—ur.' (L.
Ja L e sinre4 cosas o

Aplieatin 1 . Daca ¢ & IID. 1} U [I.C:J-:I si i B — R este o lunclic

vonlinua, atune

1 !-"-I 3 I |
= .’i] :u;—x.:-r s J[ : R(x*) - d ()

Chidin Clabriel Ding, (233200, G 771005, pag. 333

Solutie . In propeeitia 2 consideram @ = —1 , b =1, flx) = «? |

glz) = c* sl obtinem rezultatul dorit .



Aplicatia 2 . Fie f: R —+ R o Iunctie continua pe R cu propriclales ca
flz)+ fl—r)=k R, ¥r e R . 5a se caloulese :

i ri:i ::: i (1)

Gorgota , {24132}, G, 5-6/1909, pag. 252,
Solutic . Avemn

i U JAE) g P om]

o
w4 cost @ x4 cost T
de nnde dedaeern oa
"4 s ¥4 I- e 4 it id
ar = [ L)+ I }-d.::=k-f o dr=k-tg 2| =2
4 CuE” a4 CUET T

sl prin urmare I =k .

Aplicatia 3 . Ficabe R, ,a<b,a+b=seR\sif-R—-Ro
[unctie integrabila astfel incit f{s — ) = fiz) ,¥r e [a,b] . Dacac e R,
si des < 7, atunc

2. ff In(1 +tg: cs- tg: er) - dr = Inf1 + tg'cs) f_i*' (x)-dz . (11).

Solutie . Avemn
I = ff{:t-’:'-]nl:].—l—tg gotg ew)ode =
i
= f Jla—x)-In(l +1g eca-lg ofs—x)) -de=

.“.l ' 1 ey
— {:r-‘.- ]r:( tg c§- il i )-d:‘ﬂ=
1 ILE., o8 g ex

g cs- tg ex+tefcs —tg o8- tg T
l4+tz cs-t cox

i {14 L,-ffrs}-ff[mj-d:r—fnf{:r]-]n[l—tg es-tg ex)-de

sl =

- ff{x} In 2

de unde: resalta countul .

mi
Aplicatia 4. Daca I £ ({I', i Bl caleulese

8
v,rl:l|:.;-:2—a‘:r:-|—t:',1-1n[1+tg {-tg z)-d= (12)
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V. Gorgota, (C: 2040), G.M. 4/1998, pag. 186,
Solutie . In aplicatia 3 consideramn o = 0 , b =1 . =1, flz) =
7? — @ + 1% 51 astfel obtinem

5

i
a a
=t 1nll e bl @) dr =
[ﬂ[ : { B g ) 12

SIn(1 +tg2t).

Aplicatia 5 . Se considera [unctin conlinua J - B+ R astfel incqt
a-fz)+3 fl—z)=v, Ve Runde v, vy E R, 0+ F £ 0, Sase
caleuleze &

flz) - de, aeRY.
Andon Riederer | [16383), GM. [/1987, pag. 23
Solutie . Fste evident ca
s "+ —IE 3 b
P [ J=2) dz = —f fleyde = { flz) de.
i [F] il =ik
[ntepgrind cgalilatea din enunl deduesm o A+ -0 =~ fﬂ e = = 2ay
2ay ’
o4 d
Aplicatia 6 . S5a se calculeze

gi mlunen I =

2 s5n!"™ r 4+ coe®x
/'r —THaE g (13)
o0 14+an™ x4+ cost¥™® g
Florin Nicolaescu , (238520, G 1/19098, pag, 37
¥ sin™ 2 | cos?
Solutie, Motéind _,|"|:.{'] = li:gﬁiiﬁi?:l-a:ﬁx avermn de calenlat

_.":" ?I'_.'IE T ?I'..'IE .:,:':.5] L - + ﬁjn:"l T
I — r > 1] T = f (— —_ ) ' 1]3 —] f = " ]_"ll'
Jo f(x) 0 f 2 g 0 | + sin'®® 5 4 cosl?® t

/2 .
g1 ol 2§ = /'r e . Prin urmare J = —1
]

Aplicatia 7. Daca functia integrabila f: [-1,1] — R este para, atunci
1 . | s

f Jix) - arccoem - dr = 5 f Jx) - dx (14]
-1 1

Doru Teae, (22573) , GM. 11-12(1991), pag. 443
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Solutie, Iste evident ca

I = f_lj Jlx) - arceos mdx = f: J{~x) - arcecs| —x)dx

1 1
= f A arnmﬁm}dm=ir-f floyde — 1
1 1

de unde rezulta enuntul |
Aplicatia 8. Fiea be R a<bsis=a 4+ b >0 50 s calouless .
fi o ) N E L "y
j (da” — Bez’ + 45"z — #°) - arctg . (2% — sz - %) dx (13)

D.M. Batinetu-Giwrgiv | {24292), GM. 3/2000, pug. 135
Solutie . Dace notam

flz) = 40® — Gsr® + 45%r — & | glz) = avctg (2 — 52+ &%)

atunci fls—x) = —flz) . gls —z) = glr) vx € |o, b & doo

f=ff{.-cj-g[mj-d¢=f—ff;;]-g(mj-d,m=—;

ol umde rosnlin £ =00 .

Aplicatia 9. Daca o © (D. E] = [f_g*) ma+b = Sase calculeze

f .E = ol (18]
a SIN.T
Dan M. Brad-Gorun , {(C: 2049), GM. 3,/1999, pag, 140
Soslulae .
o S R
= f dz= [ cdr =
- = o Eim:u. + b — &) &
— b1
= f ﬂ- i} dr =% f - vl ——o
e SO a BIN.T
e unde resulta
g ow E-fb . -dT—E-1n|’r 5
= 2 ke 2T T
= ]nlfflh - I 1'=I'fE 1IE
e T SN
Aplica’tia 10 . Sa sc calenleae
/2 T.cox
./;.--; 1+sain?zx o (17)
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(i Seolldsy, (17212). GM. 5/1975, pag. 215,
Solutie . Awvemn

/3 T 008 /3 (2 —: 2 —
I = f %=d$=f iee T;!c?s l: :r}-it:.';_
xz 1 +s8n®z 2 1 + sin®(27 — =)

S (2 — 1) ousx A=t poRm@
= f [ :!ﬂ -dI_lhzf —y— - dx — f
T 1+ sin e 1 4 sin®x

de unde rezulta

a2 e b g3
| = m f ------- —5— +dit = 7« aretg  {sin x) =
w2 l4sn"z e
!
-
= flarctg (—1) —arctg 1) = 5 -
Aplicatia 11 . Sa se caloubes:
1 = 0 ,
[ {4 ~ B2 LB - 3)-A{r* - x4+ 1) dr (18)
i

unde b ]'1'.'.'; » IR esle o Minelie eonlinme.

Progu Alarasii, (L9L60), G.M. 271982, pag. 89

Bolulie . Nolfind. fli.a.] — 4a® — B | B — 3 resalla on f[l — :x:l — I[J]I
si de asemenea g(1 — x) = glx), ¥r € [0,1] unde gi{z) = z* — z + 1. Prin
L rnare

1 1
= [ ) hota))-dz = [ f(1-2)- Aol ~ ) - dx =
= JC Jizh - hlg(e)) dz = =T

e unde deducem ca £ = (0,
Aplicatia 12. Sa == calenleze

1 arceos T
" drw 19
.[1 1+ x? . ! 1'|

ing. Alezondry Consfaniinesen, (224307, GM. 7/1991, pag. 269
Solutie.

L are I ar r_
; f BICEORE S STOnG { ﬂd.r=
L1+ =t -1 1+ 22
L e preean 1
= f i mm,%i'-ci-::-_-sr-f : 1 vile — T
1 1422 1142

A0



Prin urmare

| :

) 1 1 iy T
.E=—-f -dar = —arctg ¥l = —.
2 J11+2? 2 i 2 4

Aplicatia 13 . Dacaa = 0= f : B — It este conlinua 51 impara , atunci

[" flz) In*(1 + e¥)dx = f z- flz) - In(1 + e)dx (20]

iR

FY M, Hatinedu-Clhivrypie | (XT1 1) ARTTTMEEDF-2000, nrA/2000, pag, 20
Solulie . In propositia 3 lnam g{r) = &F =1 oblinem

I = [:I{ﬂ'_-]'-]'nliil 4+ &)dr = fl::l:.:, .'II[-T-’::'-]HI:.I.'FE;}d:E—f 2. _i"[:[‘].dz

L

Deoarece imetia fe: R - B Alx) = xd . Jix) este impara resnlta imediat
Ll fr" h(x) -« de = U & astlel rezulta enuntul .
4

Obscervatic . Daca flr) = z oblinem problema 24002 din Gaseds
Matematica nr. 3/1999, pag. 137 , avind drept autor pe Sabin Tabdrea,

3l
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