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ON THE IMPLICIT FUNCTION THEOREM

Iulian COROIAN

1 Introduction

The fmplicit fnction theorem is a basic theorem of malboematieal analyais
and il Las a major importance in many mathematical problems. This theo-
rem has many formulations, see [5]. Every category of functions has its own
special version of implicit function theorem and there are particular versions
adapled wo Banach apaces, algelraic geometry and to functions that are no,
even fmioot b,

The aim ol Lhis article iz to state and to proof a version of analytic
implicit fanction Lheorem for funetions of two variahles.

First, we need a resull rom the theory of [unctions of several complex
variables [6], which allows us to bound the coefficients of a convergent power
HETIRS.

Lemma 1.1 If the function [ : B — B has the power seriea development

[ ]

flz,p, 2) = Z -r'_:_ﬁkl'i;rr'z‘ . Tk ER, Vi ke{0,1,2..}, (D

1. k=l
absolutely convergent for |z| < r ly| < v, |z| = ry end if

gzl £ MY (e,p2) € RY with [z] < vy, Jyl S vy, 2l v (12)
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then

i

'-ri:j'kli e ll?li:.?ﬂi:l-_- ‘I_D1121} . {13]
?'l?'i.":l

Lt nowr, the equation
FI:I:III:'E:I ﬂl “"4.:'
be, where 7 0 BY —3 B Suppose that F has the power series development

L=,
Plonz) = 3 ey’ (1.5)
i k=0

absolutely cotmverpent for ol < vy, wl € v, 2] g

2  Analytic Implicit Function Theorem

Now wo can state lor eguation (14) an implicit Tunction theorem, called
analviie woplicit lunelien Leorem,

Teorema 2.1 Suppese that power series (1.5) i# ehaalutely convergent for
| ey, |ul £, |2 £ v Ifogpo = 0 and agoy £ 0, then there existe r > 0
and the onalyin smplicid fanciion | EFI:U] v B where Bo(0) e the Badl
from B wath eenter 0 = (0.0 and redims ¢, suck thot

Fiz.y. flzal=0, ¥ {zy)e (00, (2,1)
piud the poiser geries
=]
Flz )= z g T [2.2)
o

if nhandutely ronvergent for (x,y) € Ti‘r[l]]-

Proof. The proof follows the line 'of the proof of theorem 2244 from (5. Tt
will Lo mo loss of generality Lo assame agyp = L Then the series (1.5) takes
the [orin

o o fa
.F'|:-2"1l|'|f.':' = ¥ — z [r"'l._;‘:l':' b |'.|.|_:_:.:-_.F:'} :i-:":L,ni o 2-: E n'ﬂ-_-.-i.-ai:':.y“]-..ti: [2"3'-'
1i=1

L=l k=1
If we put by = —age, ¥4 45,8 € {0.1,2,...}, the equation (1.4) can be
TEWTILE &R
=0 O ol
z= 3 (bge+hgE)a'y + 3 Y hady's, (2.4}
ig=] e LY
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&= E'::.'-!'_. RS (2.5)
whera
[ ) eon] = )
Bix. 1. 2) = E (B g0 + Mgzl 2ty + Z Z'I-"i.‘-': it 2 {2.6)
15=1 i =l k=2

Substituting z = f{x, ) into {2.4) with §(x, y) given by {2.2), we obtain

e ra0 b 3
5 . o R ST B
L ‘-_-”I'lyf = E hl.ni.':' J’-’yj i Z L 'I'r-'-d-' Lo -'y.i' T4
£, =it §i=n Y
P e 1D Plaml peg el
k
[ S 1] ool
it " u o
+: }_, ik T ':.'-"J Z Fog T 3" : [2.T}
1 =0 k=2 |
_ﬂ+¢"1-|'|

If all Lhe series in (2.7} are absalntely eonvergent then the order of snmma-
tion can be rearranged and we can equate like powers of ¢ and 5 on the left
- hand and right - hand aides of {2.7). We ohtain

ere =M on, (2.5)
gt = bpag. (2.9)
can = bann+ o &o, (2.10)
e =b g0+ oo, [2.11)

= Wan + dwa o . [2.12)

a0 —'I:'II'I a+bigaeon+bhaoeig+ 'ri'Lr:rzf'2 +Uppaergczn, (2.13)

2,1 baia + bprery+ bogaeen 4 bapaeog + 8 en+

+ bpgzene+ 2hazenca . (2.14]
iz = Mag+bogenz e Fbnma e o+

+: iy II.H--r| + 2120 00 (2.15)
eos = bBoso b boiicoz+boaico, +hogaeh, +

+ 2bppron oz, (2. 16]



2
tan = baga+rhorese o mo e+ lpreyg

Foo2By paeigean + o tﬁj:r. | (2.17)

a1 = bagpthererFhacetbhaaac thaimo+
v |
Fobprzeia+2oeciam + 2o s 1000

= ppsero-car Fhoiacl, +Ipecty e, (218)

tpz = frap+ brag g+ baagoga b By ngFboa oz nt
2 .
bz i +huzscia+ 2oz ern oz + 20t o

+ g gzenicen+Wgiaoreer + 2 e neng +

bk pan .II"-ﬁ:' + 3tn,1,2 tjilu £0,1 12.19])
era = Mag+horos ~hiiez+ e + g o+

+ bz 'h:-,l b 2b10.2 fng foz + 2o e pean + 2bpoacg oo +

+ Brozen, + 3 o, (2.20
g4 = Mgp+-haca=—Ineiozt o+
I a2z ﬂ;:;:J + s zenaons + byaa "':a.l [2.21]

Equations (28] — (2.21) allows us to obtain, in turn, the coefficients i of
the series (2.2] for the analytic implicic function [(x, y).
If in =eries I:] q.lll wie liawve i1 # 1F bt L = 1, then in |,r_'|11.tl.t|n1'|li {-:' EI.J -

(2.21) we muat replace b; ;¢ by bk ’

Let
M = aup{ |B{z,u, 2| : |=| € v, 9] = re (2.22]

be, where Bz 4, =) i3 given by {2.6] and define for all [z, 5, z-J e B with
lef = mp, o] = v, 2] = ey the Tunction

R | I i
Glz,y, z) = M{(l—i) (1 —E) (1—1‘1 —1 ‘?-}- (2.23)
= o = =
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Tt is casy to see that

e ‘-',,.-'" =B R P
Frg =MD, 5 S5+d 2 2 o  BM
=1y ]"I =i peoi k=2 TiTals

and by Temma 1.1, we see thal the series (2.24) is a majorant of the series
[2.6), ao [2.6] is abanlutely convergent, for (7] < 1, u] € 12 [3] <
The eguation

=Gz ). [2.235]

privalent to [L5). can be solved exphcitly for z and ahtain the implicit
function =z = flx. o).
Ty salve (2.20) for z, Dom {2.23) we obtan

= .*r.')_l i : PRt 4
— =1~ e | — = g
M ( 1. ( ’-'E) ( ":!-) Ty’

and after some wmglllt.&tilr:ln.l o b

2 z
2 5 Mry 5 i ,
iy 1 T W i .
z g+ M A M ( (1 ; ) (1 Tl)) 0 [2.20]

We take v = min{ry, s} and consider the ball Ba00) « E®* Then the
[unctiom z = fiz.y], where f '_Eg['l:l:l —4 R, given hy (2.26) is the analytic
implicit function delined by the equation (1.0] and having the power series
(2.2} with coefficients o,y obtained from the equation (2.8) (2.21).

3 Application

Lt the equation (1.4) be, wich

1
Fle.y.x] = -.E|.£.3+a|'z-|-2—'-"22'—.51_.'.3| yz+
1 1 i 1
| F.u:z+2m3;r.rzlimr’z+31yz+ (3.1}

The series (3.1) salisfies the hypothesis of the theorem 2.1 and thus chers
exiats an analylic implicit function [z, ) satisfying the equation

f[.:"‘ﬂ.lfl:':l'.:'g]}—D’ l';'lii-.L'EH:
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and the function §f has the power series (2.2) with coefficients given by the
equations (2.8) - (2.21).
In our case, we obtain

=1 &,=0 wmog=-=1, =<1, gz2=10,

1 1
can = §1 e = 1, ga= 'Li" £0.5=0 »
-1 1 1 1
"'-“»l.r:-=T- £y, =—E: Cpa = 2 "‘-r:.-j;—g.---

The power series of analytic oplicit function £ will he

i 1
) = z—x* Iyl-;:n"‘+:?.‘2y—%myﬂ_
1 4 L 4 1 g g. L o
- ety P 3.2
BT gt Ty i Y t (3.2}
We see that
. 1 2 ) :
flzig) ==zl —(rty) +aletylloSletul £oa,
1

HERIEE Falar (]
We alse see that the sum of the series (3.1] is
Flryzl=z2" -2, zyzeR (4.4)
and then we have

Fley fley) = e ™) _ =0, VYau,yeR.
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Abstract. The implicit fonetion theorem is 8 basic theorer of mathe
matical analysis and it has a major mpartance in many mathematical prob-
lems. This theorem has many furmulations, see (H- Every category of fune-
" tions has its own special version of implicil function theorem and there are
particular versions adapted to Banach spaces, algebraie seometry and o
fimetions that are not vven amaalh,

The aim of this arlicle i3 ta state and to prout a version of analyiic
implicit funetion theotem for functions of o variables. Then we will Eive
an application.
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