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ON THE ORDER OF CONVERGENCE
OF SOME SEQUENCES OF RIEMANN'S SUMS
OF FINCTHONS WITH CONYEX DERIVATIVE

Gabriella KOVACS

Denote [ an open interval, f = R let f:7 = R be a differentiable
function with " : I — R convex.

Since [ is conlinuous on J | il s integrable on every [a,b] < T

S0, the sequence of Riemann's sums
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Mext we will characterize the convergence order ol the sequence {Tﬂ ¥,
Theorem. fof [ — R be an wpen interval, [T = R a differentiable
Jumerion with {1 — R convex, and a, b el a < b. Then
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Remark. This formula is well-known for an other class of functions,
namely for f twice differentiable with /" integrable on [u,hj; see [1], Part 11,

Chap, 1, 52,
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Then we have
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Since the function /7 is convex, it 15 continuous on § and it possess finite

left-hand demvative f_,"jl_ {r} at cach x = [, %o, for the function / we can apply a
Taylor type theorem regarding left-hand derivative; see [2].

It results that for x= ['5'r-1 .f.,] tixed, there exist m,,7, € ]dx] or
s € I)[, ﬂ'l.] such that the cosfficient 4 deterrned by the equality
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and faking into account that the lefl-hand dﬂnml‘:vﬂ of @ comvex function s
ncreasing on the interior of the domain of the lunction, it results that
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So, forallx = }f:,_, r[ we have
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Aosimple compulation shows
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Then for f_'; results the following delimitation
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Since the function |:_f'}_ 15 momotonic, 1t 15 mtegrable on lu,h]

Hince fl_.lr"ll_r 15 mieprable on lf:,."r]. wie have

11;1.1':' _JLUﬁ _I{'i'-;}=j||rfr}-f{"}|ﬂ"'

A cninvey f‘Ln...Tlrm 19 contmuous on the mteror of s domamn and has Tote
derivative  at each interior pomnt of 1l domain except al most a countable set of
miemor pormls, Simee Fos OpET ir|1-e:.'r'.':5|]I the canvex Tunclion _.I'"' 1% conlinuous un

{ and {_,I"] {.r]l exists and 15 fimite for all x e -8, where 5, 5 /| 15 st maost
countahle.

Obviously, om 7F—4 the function [ 12 a pnimitive of [_.I";'I and
[_,F"} (x)=17") {ﬂ for alx el -5, Since 8§ is al ‘mosl countable, the

]
continuous function s a generalized primitive of [f} on I,

For integrable funclions, which possess  penerelized primmtives, the
Mewton-Leibniz formuola holds; see [3] Soowe have
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Nuw hased on the ineg ua|1t.:=. U yand on the limits
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we shilain
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Abstract. Let /< R Dbe an open interval, f:7 — K a differentiahle
function with "1 “» R convex,and a, b af, a < b,
Inn thus note, by wsing a Taylor-tvpe result regardmg lefichand derivative,

we prove the following formula i
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which iz well-known for an other class of fmetions, see [1], Part I, Chap. 1, 62,
namely for f lwice differentioble with §” inteprable on [.:;r,!rl.
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