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ON THE WATER-ROCKET ENGINE PROBLEM.
A CASE STUDY IN MATHEMATICAL MODELTNG

Adrian MUNTEAN

1  Imntroduction

A rocket 8 essentially a tank that is propelled upwards by the cjection
af some mass. The acceleration of the ejected material produces an equal
reaction iu the apposite direction by pushing the matter downwards, ot of
5 rocket, fxbaust produces & reaction that tries to push the rocket upwards.
During the cowrse of the flight, the rockets momentiim keeps i gaing until
the drag and the gravity cvercome it. In the case'of the water rockes, the
reartiom mass s waler and the foree that s used to pash it out comes from
the pressitre of the compresapd air inside the rocket, Water rorketa use a
deitee Tenction mass {water is very heavy, as you can ses by filling a bueket
of water), which is ejected at hizh speed by the energy stoved by pressnrized
inert air. This generates enough driving lovce to fire the rocket [which
heing usually plastic bottles are very light] inta the air ac high speed. The
cermplicated balancing act belween the reactinn mass and the rocket mss
= more complex in water rockets.  This is bocause the rocket has a fixed
volume and inereasing the amonnt of water means décreasing she amoont
af volume availahle for the pressurized ar and heoce less stored energy.
Alan, if one adda:to much water inbo the rocket, the rocket will weight
mare and; consequently, there will be leas ‘atored energy’. This malkes the
reocket slower Lo lawnch, Therefore it achisves a lower altitude. Oo the other
hand, too Little water inside the rocket could imply that the rockel may ool
even gel ofl the ground. A aimmlation example due te ML Bullivan may be
foumd at Lttp: Seebalemarkworld.com faltitude__exampleitm]. . This woeb-
page drives A rocket siminlation program which will project the pealk altibede
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— — Bucket's nogeie

Fimre 10 4 wabsrorocket engine

wnd other flight profile mivrmation ahout g medeal rocket. One may fiy
Dbernet resowpoes o water-rocker fighi, siimmlation, Sew, epg. (e frme
page of National Plysicy] Laboratory Teddington, 171,

Tt is elear that the distances sl Apeeds traveled witl snch g rockel maedel
will not be shie simulate, for iwAtance, the \wins paridox (ef, [4], 5 113,
bt neverthieless it brings nively tngether severn) bmportant fluid dynarmins
principles imwlved in the rocket s fight. One of Lhess principles which we
Al £ point oul and then 1 apply, is the Bernoulli s lawl. Hewever, we
do ot atternpt weit hor tr derive the Burnouolli " Euation nor to specify ks
range of validity, We resuer o wention only that for the corresponding
deduction one uses the conlinuily equation? and the congervalion of energy
for & "particular’ Auid Ao inside the rocket. These facts should he read by
the student hinself from the literature, Mora aboul Bernowlli' ¢ law amd itg
Mgt in sitmplilying mauy intricate problems of Lz dynamics, SO, B
[11] {texthook with Wany examples), (1] {mape thearetioal approvich) and
(6] {a hit of philosophy ). In '1], [10] one shows how powerful can boragme
the “loals' affired by the complex analysis in the plane: Auid mechianics,
When spplving these fun Physical laws® to the fiyid ab two arditrary distinet
Positions, one ohtains

| et a :
Pri=g = = (v — B} - gl — ). {1}

This is one way to wrile Bernoulli ‘s equation. I Eq.. (1) p, 72 denots
Huicd Prosaures, g is the acceloraijon of graviyy, 1% the mass density of tle
fAnid and the numbers Hia W represent the tweo Abatial positions whepe the
pressures or/and the velovitioy wepe rmeasured. At this moment s shomid

specily, that we Jawe vimsidered 5 one-dimensional Ao, MNevertheloss, the

CF o, [13], T2, in st texthonks of sewnee ynd serhuelogy, the explanation of che
reccdynasnic Lifting foroe ix based on Berboulli’s Law, Thiz explanation has Fieeid aiereen i al
drawhacks, aud itz PEASONING is incomplete and ofien weeng, Mowever, we will fiet highlight
tlese farts within thiz e,

Tl valume of & fuid that foans thecugh [clumnd) sarface, &g a seclim of a tuhe,
musk he eqnal to the voligme of fiuid that Aows oyt iy AnY givih bHme interenl,

*Sre alsn Problen 7
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application of Bernonlli 's law i nob estricted wo cne space dimension, o
this form, il states that the pressure change has a eomponent doe to the
vhaage in the velocity of the Auid aod a component due to the change o
elevatiom. TTowever, we suggest alsa the frrm:

T

£ 2 'I' 2 For
il E,I'-'"'] + pgi = P+ EF-”:E UL, L2

ur, conciuding, :
- %F‘”f + aguy — covesdand. &)

We illstrate the use of the Bernoolli® & result by menns of an examples

Probles: Consider, s bucket b (k= 0] meters high, Gled with water,
The bucket hues o small hale in che bottom. What s the velocily ol Lhe water
as il leaves the bucket”

Hint. We apply Bernaulli ‘s equation as expressed above Fg. (3). The
two places we want to conaider are the top of the bucket and ac the hole in
the bottom of the bucket. Let us consider p = 0 ab the bottom of the hucket
aned thus ¢ = his at the top of the buckel. Thus we get she relacion:

| ] T
e+ i—,l.:mf + opf = | E,r_ra:,;.

v is whal we want to solve for. We have denoted here by s = top-fluid
velocity and hy oy — bottom-fluid one, Sioee the whale in the bucket is &
small one, the buckel will pol deain fast and we can consider the fuid at the
top of the bucket ta have zero velocity, 1. e w — (0 Also, since the top of
the bucket is open to atmospheric pressure, and o s Lhe hole in the Doltom
of the bucket. Tt means: g = pp = p. Thus we ape left with:

]' ] . I|:
it = FET
o PrL:
v =+ 2gh.

The latter reanle iz called Torreeell s low IE sbates thal the velocily of the
fluid emerzing from o reservolr increases as Lhe square of the height of the
RSOV

Note: Bernomlli ‘s equation shows clearly thas: When the velooity of a
Huiel inrreaser, the pressure drops. This s called Venturr effect,

2  FElementary modeling of the direct problem

Let ua eonsider ¥y = V[tq) the volume cccupied by the water content at the
initial time ¢ = i and et us denote by V(2 the volome drained out from
the inner part of the rodwet at the time £ > &y under the air pressure pif).
The remaining waler will cccupy Lhe volume

V() = ¥y — V{0 = 0. (4]
115



Figure 2: The fging bucket

2.1 Derivation of the equations governing the model

We begm with the derivation of the model squations. We may consider,
frosen one sude, the adishatic expansion of the gas, i.e. the pressure actine on
the alr velume inside the rocket engine, respects the following physical law:

VY = eomstand = ¢ = 0, (5
where y = ;L-rlﬂ represents Lhe adiabatic expansion cocllicient sand 0, €, are

the sperific heat capacities ab constant pressure and at constant volume,
respectively. 3 is usually fixed ab 14, The expansion of the compresaed gas
i Lhe rocket i= its main energy source. We assume that the gas expands
adiabatically, ie. it expands in such a short time frame that heat cannat
How fast coough from the ontaide warld into the gag to keep il ab a constant
temperature. In the sequel, the gas cools as it expands. From the other side,

2
if the ratio of the cross-sectional areas 4 and A, [i—‘{i—j <€ 1, Is neplected,
then ane may apply the Dernonlli *s law ju the form written belows;
L

ot 5 =p. (5)
Woe denote g = ppr,o the deosity of the pure {ie, de-onieed ) water, o,
denotes the atmeapherie pressure and vy is the velocity of the draining water
taken inle account at the local coordinate of the evacuation drain.

It wiclds

[2(p{t) = pl
=4 "'—wl t = . {7
] i
T'he volume of the cxpelled weater during the time-interval [, bomt]s Eout = i

may be estimated as follows:
ab’ oo
-!-i-r-[f.] = 1, ()4 =

2pit) - palt)) 5
JREECED ) ) =, (4]

ir
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The subscript 'ont’ indicates o property at the rackel "s outlet. See alac 2],
Lhe lirsl eyuality in Fog. (8) is obtained by applying uhe mass conservation
principle to a finid contreo! volume inside the rockel s water content. | The
conerete deduclion is lefe to the reader.

Lising conveniently Ko, (5], it resulls

1 .-'."p_[t] 1 d¥ (1]

= ——— " =0, VE £y Fouel. n
poat: TAT g vt £l toul (%)
Therefora, it holds
dpi 1] 2{pt)
gl _iatt (D[p(l P-fl - -
—d;_--’-' b xe *’“”'ﬁ"_\."ll—p a8 g Gamd V) =, (W)

':.] It :hi.ﬁ “'ﬁl}'l LTitE U.I.:ILH.-I]:I.H E]'IF ('ll.ﬂﬁl:ljulhil l:':]'llﬂﬁ.ﬁ'l'l. 'F-:'|T" LJ]_-& '-'I'_'l!]]_[[l_[: VAT 18-
Licn:

-

- 2 [ ol — Palt)
AV e Palv]
ﬂij = ‘(1[;3 :I.d. Wt Eltyy by [ nnd Vity) = W [11)

[ i

2.1.1  Vertical launching

Rocket propulsion works aceording to the Newton ‘s thitd law of motion:
Far every action, there is an cqual and opposite reaction. A rocket CIEITIE
gjects something ont of its thrust noezle, and Lhe action of pushins that
somelhing backwards causes an equal end oppesite reaction thar pushes the
rockel forwards. This 'something being ejected is called the reaction mass.
This principle is the same for all the rocketa: From waler tockets launched
in the park {reaclion mass = water) Lo the high-tech jon enpines that propel
modern deep-space probes {reaction mass — tiny iomized particles).

T find vut the force generated by the ejection of the reaction mass we
have to use the Newtan 's second law of motion, which states Lhat the foree
1 proportional to cthe rate of change of the momentum (mass times ve locity ).
Thur one gets:

fate _ ;
Flt} = {-ﬂ ﬂmfﬂ = 1|r'll 'J{fo‘uj ] ( : € J 12}

Wi 'E]!'U: E::l:a:[-

One should also nate that in a vertical aystem, the interface betwesn the
water and the air may be considered as o piston and any gas dissolving in
water is ignored, eg. C(h-pas will dissolve and reduce rh:- pressure in I']‘u?
racket until it reaches Hlmhhnm and il Lhere is emongh, it will cffervesce as
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it-de-pressurizes npon passing through the nozzle making Lhe viscosity and
the other How characteristics quite impredictalile.
The total mass af the rockes v given by

mit) = alu (8] + mg + wi, = plVo = VIt)) + ma, ¥ & [fo,doa), (13)

where my represents the mwass of the smpty rocket, my, is the mass of com-
pressed air trapped in the rocket chamber. Tn this approach we consider
my = ;

Therclore, it vields

i 24 T :.‘ —-n
alf] = -'FI:'!.': [: 'l B :;I T £ [ty towe]- (14}
Soomlt) o myg = (W= Vit :

W denote 2, oo and 2y the vertical conrdinate, the corresponding ve
locity [l the point &) and the solime of the alrewdy draoned ool waber,
respectively, In ocourrence . we get the following differential system:

i, [t]

T, = vt} = &), {16)
del) . 2A(y —palt)
——— =qlt}—g= 2= e v ] (16]
it mao + 2 (Vo — z3lt))
s (4] 2| =frm — gt

Eri oll f

One associates to the previeus system Eqgs, (15) - (17), the initial values
e1(tn) = o, #2(fn) = s and wy{l) = 2w,
2.1.2  Slanting launching

We introdnee the ortlogoual projections o,y of the drainng water accel-
eratinon noonto the coordinate frame as folloss:

P, Ll (18]
"i"l :'.-j + tlf_.f
ann i
fy = —=— 0. (19]
1#-'1.'2 ¥ :!."f:
We ensily oblain Lhe differential syscem:
k : _:Eﬁ I!_' 24 -."F_ﬁ—
E[ﬁ} - ‘er_'fl:':l_ i (ﬂt-'l p“‘-'lt]:] I:::;“I:I

dt »}i"i'??ﬂ-!—,ﬁ[ﬁ:u—‘»"[ﬂ}f

S

'illl.l'll{ﬁmf + [%-ﬁ.
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i) = (21)
1I'II||:|:_I:'.'
[ ko
.':'.1" v -3 |:{..|-iE'_"- ;r:'n_“_l i il
E-L:H = i - A, ¥t Elky, Lou, {22)

In order to nae MATLAB procedures to solve this aystem numerically,
v st tranaform i, fisst of all, in o Grst-order differential ayRtanm,
Thus, inlroducing the new variahles,

i .
zilt) = alf), zu(t) = i), z(t) = ﬁ—r[l‘h 24t} = f].’ff-], zlt) = Vit), (23]

one obtains immediately the nuolinear coupled system of rst-order 01 Fs:

1z .. |
rr:; (t] = za(t], i24)
4'-'"-"'_-, : e -
dt ] = zylt], {EUJ
dovg, . m@ Al w) "
= e . ; 6
it g‘ﬁf] b 33[_#} g p[I.;. — &5(t))
ds.il, o salt) 24 [ o) j”n.} s
’ 2 —— —_— -.I_ — | i
it VI 2208} ma +p (Vi — 5t ’
il 2{ s ~Pa)
F"-[H S —{ 1L = A 28]

d i
In order &o complete the moedel, one should specify the initial conditions
1 [to] = zwa. 2al{to) = 2, zallo) = 230, 24(fn) = zap and z5(f) = zp.

2.2 Activities

Problem 1 What i the physical meaning of g, [5)7 Preciss the 5. 1.
nmita for .

Problem 2 Derive (from modeling investigations) Equ. (6)-(11) and the
differential aystems [15)- (17) and {24)-(28). Does Eq. (6] violate the linear
momentum conservation?

Problem 3 For piy) =, Vi) = 1. x{ta] = (210,230, Ta0) given, pro-
vide exiatence resulte for the ODEs (100, (11), and also, for the syatems of
ODEBE: (15)- (17) and (24}-{28).
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Figure 3: An erample of verticaf faunching,

Problem 4 s the MATLAB procedure odeds in order Lo anlve mymer-

ically the system (L5 (LT} for p, = Ly =80 =141 = 0, ko = 04,

A=005p=02¢ = Vovitg = 005, This iy fhe paee of the vertical lounch- |
iy, Inlerpret the numerical resules ¥l have abLaine,

Hint: See [Y] and the MATLAB * help resouroes,

Problem 5 Tse the MATLAB procedurs oded5 in order o salve EEmer-
ically the system (24)-(28) for p, = Lpn =8, x = 14,45 =, Vo = 0.4,
A= 005,p = (1.2,5 = Liviy = 0052 = 0.2 (the initial spesd ), o =
= Hlaunching angle}, t5 = 10{the ohservation M), Thie is the caxe af Ehe
slariding lawnching. Interpret the numerical resulis ¥l have chtained.

Froblem 6 Compute the volume of o racket which has an ellipsoidal form
given by the relation:

() : [::)? -1 {%:Iz + (fjlz =1, abece B and (x,4.2) € B®

How many kiloprams wate may voter in such a devies? O Easaline?

Problem 7 What are the validiey limits of the Bernonlli 's law in the
Presenn cise of water-rockeol enging?

FProblem 8 1. Iderive the noulinesr integral eynation of Volterra type

x |'r '[_.r W T
- =T :'.'.. T .-4 II l:l — & == - L II
Vie = Vi)« a [ |2 (pm] [v{n} - ) Sdt (o)

2. Give an interval of existence of the salution of Eg. [8). Aftereands.
solve the equation terakively.

12400



Problem 9 1. Can Turricelli s law he applied in order to compile w, 7
Explain in which conditions. What would happen in this sitialion
with the rocket engine?

4. Comgidder now a conical rocket at pest having the cross-sectional radius
Ak a height 4 exactly ylans. Find ant the emptying time £, for this
riaciet.

Hint: Apply the Torricelli 'a Jaw. Compare Lo [2], p. 42-43,

3. Using the "idea’ from the previous request, find oul a gencral eompiy-
tation scheme for the emplying time {,.; in the case of an arbitrary
aymmutrical rocket with proseribed eross-section § = Sn):

Hint for 5). Have o look on Section {.& from [3

Problem 10 Let us consider Lhe volume:

: sepl fp A {282)™ g t# 0
L = e ! 0 nos -} . = B
alt { exp(l)t +n?, e AR
s Compmte oy

* FEwuluate the limits

o
st iy Vel g lim Vatt) and Jim T (1)

Problem 11 In this problem the air i= considered as being an ideal gas.
Disenss the case when the air iz a rea) EAR.

Problem 12 Check the dimensicnalivy of all the relations appearing within
text. Provide a nomenelature fhr al) relevant physieal quautities This
sheatld contain the next columna: notalions, 5. I dimensions and congtanty
(if there is the case].

Problem 13 What wonld happen if instead of water we wonld have a highly
viseous liuid (e.g, oil, paraffin, honey ote, )

Problem 14 l. What is the tendency of the value of the mAXimum
height reached by the rocket when replaring air hy:

* Helinm o

" Kennn EAasg,

Note: pg. = 0.1785 g1, ps = 5.887 4 0,000 e/l

2. Whal means 'the thrust phase of & rocket™? By "the CoaRLing pluse’
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9. For the case of vertical launching, which initial velocity should have
the water-rocket engine in order to arrive at lpar = 2 meters the
maximum height

Problem 15 What wonld be the conseyuences oo the racket movement 10
the gas emperature incroases’?

3 Specifications

The work requires the achicvement of lwo basic steps: Firstly, nnderstand
ing Lhe physical setting (Bernoulli 's law, Turricelli 'w lawy, Wentur: ‘s fube,
adinbatic cowmpreasion of an ideal gas ete.] and then facing the activities,
The suhiject might be assigned Lo a working group Lormed by vne/twn stu-
dents [for the effective solving ol Lhe artivities) and a tutor. Al the end il
Lhe working period, the atudenl shonld write a LaTex repntt with his own
anlutivns, and alse, provide the corresponding MATLAR codes.

4  Summary

A sunplified mintel of a water rocket was presented. The eonventional -
planation of aprodynamical 1L s hased on Bernoulli ‘s law and velocily
differences. Several 'modeling Lasks' are drawn and the studenl is invited Lo
provide convenient solutions as well as new suggestions and improvements.
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Abstract. The purpose of this note is to draw the attention of Lhe un-
dergraduate students in mathematics, physics ar engineering ertences to firat
pussible steps in the practice of the mathematical modeling. The proposed
subject is an elementary ond & rocket engine, having as [uel only [pure)
ideal water. is to e lannched. For this to happen. a significant amount of
Lhe energy stored in the pressurized gas is converted into kinetic energy of
the rockel. See also, e, [2], 13, [5]. Several hypothetical activities provid-
ing & certain msight to the phvsical setiing are given.

Prerequisitea: Elementary finid mechanics, clementary ordinary differ-
ential equations]
Key words: Thrust phase of a rucket, Bernoulli ‘s law, adiabatic expanaion
of a gas
2000 AMS subject classification: 63-01. GELOG. GEL1Z,“BOLED, T6-0L,
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