CREATIVE MATH.
12 (2003), 11-14

Some geometric transformations and their
connections to complex numbers

GHEORGHE MICLAUS

ABSTRACT. In the twelve form textbooks ([2], [3]) are presented some groups of geo-
metric transformations: homotheties, translations, rotations etc.

In this paper we will present two geometric transformations and we will show their
relationship to groups of complex functions of the same type, namely isomorphic structures:
the group of the rotations of a polygon with n vertices and Klein’s group.

At the end, we will show that the type of the group of the rotations of a regular polygon
with four vertices (the square) and Klein’s group of geometric transformations exhaust all
types of groups of order 4.

1. THE GROUP OF THE ROTATIONS OF A REGULAR POLYGON WITH n
VERTICES

1. Let it be the plane 7 refereed to a cartesian coordinates xOy and
PyP; ... P,_1 aregular polygon with n vertices, n > 3. To simplify the ex-
position, we consider O the center of the circle circumscribed in the polygon
and the radius 1. We define pi, k = {0,1,...,n—1} the rotation of center O

2k
and oriented angle — which makes that every vertex M correspond with
n

—— 2km
a vertex N, so that m(MON) = —.

n
Let be R, = {po,---,pn-1}

Proposition 1. The set (R, o), where o is the composition of the rotation,
1s an abelian group, named the group of the rotations of a reqular polygon
with n vertices.

Proof. a) pi o pp = pm € Ry, where m is the rest from the division of k + [
to n.

b) po is the neutral element.

c) the associativity of composition of functions is true.

d) for all py there exists plzl = pn_ik € R,, because p 0 pr_r = po-

e) pr o p = pi o pg, because for [ + k and k + [ we obtain the same rest
dividing them to m. O
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2) Let us, consider, now the set of the norder roots of the unit:
U,={z€C|z"=1},neN".
It is known that:

Proposition 2. (U,,-) is an abelian group.

Indeed:
a) for all z1, 29 € U, we have 2" = 2§ = 1.
From here (z129)" = 21" - 25 = 1 and so z129 € U,.
b) The multiplication is associative on U, because he is associative on C.
¢) 1 € U, is the neutral element.

1
d) The symmetrical of z € U, is — € U,.
z

e) The multiplication is commutative.
Using the trigonometrical form of complex numbers we have that:

2 2
Un:{cosm+isinm|k6{0,1,...,n—1}}
n n
2 27

Noting € = cos — + ¢sin — we have ¢
n n

2k - 2km

k= cos —— + isin —.
n n

Because €™ = 1, we have € = " where r is the rest from the division of &
to n. From here we have that:

U, ={e" |k ez},

and because of this it is said that U, is a cyclical group, namely is generated
by e.

3) Let’s show, now, that the two groups are of the same type (isomorphs).
We consider the function ¢ : R, — Uy, ¢(pr) = €*. We have ¢(pi o p) =
©(pm), where m is the rest from the division of k£ + [ to n. On the other
hand, ¥ - el = e**! = &™ where m is the rest from the division of k + 1 to
n. From here we obtain

elppop) = plpm) =™ =" =" = (o) o(p),

namely ¢ is a morphism of groups.

Obviously ¢ is a bijection. From here, we deduce that the two groups are
of the same type (isomorphs). We can also say that these groups coincide
except of an isomorphism.

2. KLEIN’S GROUP

1) Let 7 be the plane refereed to the reper zOy. There are defined the
following transformations:

lp:m—m, 1z (P(z,y)) = P(z,y) - the identical transformation

Sp i — 7, Sg (P(x,y)) = Pi(x,—y) - the reflection with respect to Ox
line
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sy :m — m, 8y (P(x,y)) = Po(—x,y) - the reflection with respect to Oy
line

so:m—m, so(P(x,y)) = P3s(—x,—y) - the reflection with respect to O.

On the set K = {1,54,5y,50} the operation of composition is given by
the following table:

0 ‘ 1r sz Sy S0
10 [ 1z sz sy S0 Py P(z,y)
Sz | Sz lp S0 sy
Sy | sy So lp sz P
so|so Sy Sz 1 3

0 0 Y T s P1

From this table we obtain that the operation of composition is closed and
that every f € K implies f~! € K and f~! = f.

Also it results that the operation of composition is commutative. From
here (K, o) is a commutative group, named Klein’s group.

2) Consider, now, the set Fy = { fo, f1, f2, f3} where:

fo:C—C, folz)==
f1:C—=C, fi(z)=z2
fo:C—C, fa(z)=-2
f3:C—=C, fi(z)=

On the set F} the operation of composition of the functions is given by
the following table:

0lfo f1 fo fs
folfo fi f2 f3
filfi fo f3 fo
felfoe f3 fo S
sl fs fo fi fo

From the table we have that the operation of composition is closed and
that every f € F), implies f~! € F, and f~! = f. So (Fy,o0) is a abelian
group.

3) Let’s show,now, that the groups (K, o) and (Fy, o) are of the same type.

Let it be ¢ : K — Fy, given by ¢(1x) = fo, ¢(s2) = f1, ¢(sy) = f2 and
©(so) = f3. It is obvious that ¢ is a bijection.

We also have ¢(sz 0 sy) = @(s0) = f3 = fio fa = ¢(sz) o p(sy) and the
others.

Otherwise we notice that the two tables superpose identical through the
correspondence . We proved in this way
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Proposition 3. The groups (K,o) and (F,o) are of the same type or iden-
tical, except of an isomorphism.

3. GROUPS OF ORDER 4

Consider a Group (G, -) of order 4. If there exists an element a € G of
order 4, then the order of the group (a) is 4 and from here it results that
G = (a), namely G is cyclical.

If there doesn’t exist a € G with the order equal with 4, then a € G,
a # e, we have that the order of a is 2. Hence 22 = 1, for all z € G and so
(G, -) is abelian group.

Indeed, we have that:

x.y:x-e.y:x(my)z.y:xz-ym.y2:e.ym.e:y.x

Moreover, if a € G, a # e and H = (a) = {e,a} we have that the order of
G/H is 2. Choosing an element b € G\ H, we have G = HUH;, = {e, a, b, ab}.
So, the group G is defined by the generators a and b and the relations a® = e
and b? = e, ab = ba, and its table is:

. ‘ e a b ab

ele a b ab

ala e ab b

b|b ab e a

ablab b a e

From the things said above, it results that we have two types of 4 order
groups: 4 order cyclical group and the one that is not cyclical and which is
proofed with the help of the above table of multiplication.

In conclusion, every 4 order groups is cyclical, of the type Uy, namely
isomorph with Uy or with the group of the rotations of a regular polygon
with four vertices (the square), or is the type K, namely isomorph with
Klein’s groupe (the group of geometric transformations).
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