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Some remarks on orthogonal polynomials

Ovipiu T. Por

ABSTRACT. In this article we demonstrate some general results, from which, through
particularities, we obtain identities satisfied by Legendre’s, Laguerre’s and Hemite’s poly-
nomials.

For k € N, let P be the set of the polynomials of real coefficients, with
maximum degree k.

Theorem 1. Let the weight function w : [a,b] — R*, w € Cla,b] and k € N.
The function pri1 : [a,b] — R, pry1 € Cla,b] satisfies in report with the
function w the orthogonality condition

b
[ w@ern@p@yiz =0, ¥pe®, 1)

if and only if there exists a function u : [a,b] — R, k+ 1 times derivable on
[a, b], which verifies the conditions

u ) (2) = w(x)pper (z), V€ la,b] (2)

and
uD(a) =u? () =0, Vie{0,1,....k}. (3)
Proof. 1t can be found in [1] or [3]. O

Theorem 2. Let the weight function w : [a,b] — R, w € Cla,b], n € N,
Un, ©n @ [a,b] = R, uy, n times derivable on [a,b], ¢, € Ca,b], so

b
[ oz =0, Vper, . @)
ul (x) = w(x)pn(x), V€ lab], (5)
uP(a) =uD(b) =0, Vie{0,1,...,n—1} (6)

and

1

on €EPp, on () =apz™ + by "+, a, #0. (7)
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Then
b gy 0, m=#£n .
| 0@ eule) eulae = yton e, men
and
b 0, m#£n
/ w(x) Pn(x) om(z)dz = ¢ (—1)"nl fab up (z)dx i (9)

Proof. If m # n, taking (4) and (7) into account it results that

f; w(x) on(x) em(r)dz = 0. If m = n we have ||¢,||* = ffu}(m) 2 (x)dr =
= f;w(aj) ©n(T) on(x)dz and taking (5) into account we obtain ||, |* =

= f; N () on(x)dx. Integrating through parts and considering (6), we
have

b
P = V() eule)

b
lon - / WV (@) o (2)do =

a

a

b b
- / WD (@) Gly(@)da = - = (~1)" / () o (@)

a

According to (7), we obtain ||¢,|? = (=1)"n!la, ff up(x)dz, so (8) takes

1
place. Because ¢, () = — ¢, (x), from (8) we obtain (9). O
Gn

Theorem 3. Let {p,,n € N} be a set of orthogonal polynomials and p,, (x) =
anx™ + by 4+ ap, #0. Then
Qn,

Prt1(z) = (10)
Ap+1
 (ba by an-1 [ lpall \?
- <an+1 an, + $> pn(x) G, (Hpan pn—l(x)
and N )
~ ~ Pn ~
where b, = —.
Qan
Proof. 1t can be found in [1] or [3]. O

Theorem 4. In the conditions of Theorem 1 we have that

b
bnt1  bn > [ up(z)da
ont1(z) = | — — — 4+ 2 | pn(x) + n 54—
+1(2) (an-H an ) f; Up—1(z)dz

an

pn-1(z) (12)
An+1
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and

b
f{“ “”(f)c)lz Fuoa()  (13)
n |, un—1(x)dz

Proof. We use Theorem 2 and Theorem 3. O

Br1(@) = (b1 — by +2)Gn(2) + 1

Next, by using Theorem 2 and Theorem 4, we will give some applications.

Application 1. We consider w,un,, ¢, : [-1,1] — R, a = =1, b = 1,
w(z) =1, up(z) = (> = 1)", pn(z) = [(22 —1)"] (n), so we obtain Legendre’s
2n)!
polynomials. Because ¢y, (x) = gx” +0-2" 1 +... and fil U (x)de =
n!
I ) ~ n! :
= (-1) WQ , then [,(z) = Wgan(x) and defining I, (z) =
= ¢n(z), we have
1 0, m#£n
= 2
/_1 (@) lm{w)dw =\ (nl)? 22+l =, )
2n+1
. 0, m#£n
Tn(2) I (2)d = 4. 22n+l 1
[ @@ =g @ (15)
[(2n)!]"(2n + 1)
lnv1(x) =220 + Dl (z) — 4n2l, 1 (2) (16)
and
~ ~ 2 ~
lnt1(z) = xly(x) — ( ln—1(z). (17)

2n —1)(2n + 1)

Application 2. We consider w(z) = e™, uy(x) = e 2", a =0, b = cc.

—x n)(”

Then ¢y, (x) = gn(z) =e® (e ™ x , so we obtain Laguerre’s polynomials.
oo

Because g, (z) = (—1)" 2"+ (=1)" 1 nz"'+... and [ u,(x)dz = nl, then
0

gn(x) = (=1)"gn(x) and

< . 0, m#mn

/0 e gn () gm(x)dx = { ), m=n (18)
e~ ], m#n

/0 e gn(2)gm(x)dx = { 2, m=n (19)

gnt1(z) = 20 +1 = 2)gn(z) = n*gn-1(2) (20)
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and
gnt1(2) = (z = 2n = 1)gn(z) = n°Gn-1(2). (21)
Application 3. We consider w(z) = e, up(z) = ulz) = e,
hE(z) = u™ (z)e””, a = —o00, b = 00, so we obtain a Hermite type polyno-
mials, hn(z) = (—1)"h%(z). Because h¥(z) = e (e“”Q)(n) = (=1)"2"z"+
o ~ 1
+0-2" 1+ and [ wun(x)dz = /7, then h¥(z) = Wh;(m) and
[ e =g 0T (22)
_Ooe n ) m ) EE = 2"ply/m, m=n
o N 0,m #n
| e R@hn@ds =4 @
—00 , m=mn
2n
[ T 21
,ooe AL = 2'ply/m, m=n
0o o 0, m#n
| e ha@hn(o)is = iy , (25)
—00 , m=mn
27L
nt1(2) = =22 hy () = 2n hy, 4 (2) , (26)
T* T * 1 7 *
n1(2) = T hp (@) = Snhy_y(2), (27)
hpt1(z) = 2zhy,(z) — 2nhp—1(z) (28)
and 1
hpnt1(x) = —x hyp(x) — 3 nhp_1(z). (29)

The readers can find appropriate applications of the next theorem.

Theorem 5. Let the weight function be w : [a,b] — R, w € Cla,b], n € N,
on ¢ la,b] — R, ¢, € Cla,b] and there exists v : [a,b] — R, 2n times
derivable on [a,b], so

vD(a)=0, ie{l,2,...,2n—1}, (30)
v (2) = w(x), Yazelab, (31)

b
/ w(z)on(z)p(z)de =0, VpeP, 4 (32)

and

1

©on € Py, @n(x):anxn‘i‘bnxn_ +-0y an #0. (33)
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Let us prove that

b
/ w(w)son(x)ﬁpm(x)da; =
0, .
= 2n b
S (~1F o2k () (02) "V () + 2n)t a2 [u()dz, m=n
k=1 J -
and
b
[ 0@ @) G =
0, .

2n b
3 (1)@= () (02) 5D (4) + (2n) 4y [v(z)dz, m=n.

Proof. We have that

b b
loull? = / w(a)g? (@)dz = / 0 () () dr =

a

b
_ U(Qn_l)(fE)(gOi)(l‘)‘Z—/ U(Qn_l)(l')(goi)/(l’)dl':
= W@ D(B) (02) (b) — v () (2) ()| +

b [ ) e = =

2n

= S (=)o) (02) D ) + / ’ o(a) (¢2)®" (2)dx =

k=1

2n b

= Z(—l)k111(2”k)(b)(tpi)(k_l)(b)—i-(2n)!a,21/ v(x)dx,

k=1 a

the equality from (34) for m = n. If m # n, we use (32) and (33). Because
1
on(x) = a—gpn(a}), from (34), (35) results. O

Observation. The function v with the properties in Theorem 5 can be
obtained, for example, integrating the function w on [a, ] 2n-times.
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