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A matrix method for obtaining the spline
collocation function

MAGNOLIA REBELES

ABSTRACT. In this paper it is presented a procedure for obtaining a spline collocation
function which approximate the solution of the initial value problem in linear differential
equation, using a matrix method. There are also presented some results of implementing
a Borland C program for a linear differential equation with initial values.

1. INTRODUCTION

In the last years, the problem of approximating the solution of linear
and non linear differential equations by spline functions has been of growing
interest. Many authors [1],[2],[3],[4] have proposed various methods to ap-
proximate the solution by means of spline. In this paper, it is constructed
a matrix algorithm for obtaining the coefficients of the spline collocation
function starting from its definition. Based on this algorithm, I construct a
Borland C program to compute these coefficients and to compute the values
of those spline collocation functions. But this result is restricted to a linear
differential equation.

Consider the n-th order differential equation

y(n) = f(x7 y7 y(1)7"'7y(n_1)) (1'1)
with initial conditions:

y(z0) = Y0,y (z0) = Y, -, y " V(wo) = Z/(()n_l),l'o € [a, b] (1.2)

where f : [a,b] x R" — R is continuous with respect to y(z),y'(x),...,
y™(z),z € [a,b] and f satisfies a Lipschitz condition in the last n ar-
guments. The continuity of f and the Lipschitz condition guarantee the
existence and uniqueness of the solution y : [a,b] — R of the problem
(1.1),(1.2).

The spline s which approximates the exact solution y is of degree m > n+1
and class C™ ![a, b].

Let zy,k = 0,..., N be equal spaced points in [a, b], with

Lo = a, TN+1 = b7

Tp—Tp_1=hk=1,.... N +1.
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Denote Ijy1 := [zg,Zk+1),k = 0,..., N. On the interval Ij; the spline
collocation function is defined as follows

m—1 j
ST - a
sipa(z) = > i k)(x—xk)]—i- s;l(x—xk)m,kzo,...,N, (1.3)

Séj)(x()) = y(])(x())a] = Oa ceey My — 1
The relations (1.3) give equations with unknown values ag1,k =0, ..., N.
These real parameters are obtained from the collocation conditions

8;(;21(56“1) = f(@rg1, Ska1(Thg1), 8&21(@‘“1)7 s 8;&1_11)(96“1)), (1.4)

k=0,..,N
In [3] it is presented the existence and uniqueness of the spline function.

2. MAIN RESULT
2.1. The construction of the coefficients of the collocation spline

function. Using the equality

s9 gy . x j
{-* ]<! & (z —ap)y}) = (j— Tk)? ()"

the matrix of the coefficients of the function si(x),z € I; and its derivatives

B s(j)(

)

sl,sgl),...,sgn) is 51

S1
"(x (1 (m=T1) (; a
Sgo) y(o) y(uO) yé!O) y(m—l()!O) mi
? (g (m—1) T a
s 0y S T gy
2 ’ (m—1) x a
sP 1o 0y’ (xo) ¢ (m—?)()!O) =)
n (m=1) (g a
Sg : 0 0 0 y(m—n—(l())!) (m—ln)'
H
1 0 0
h 1 0
h? h 0
pm™ pm—lo L pmen

where the initial values y(zo), ...,y Y (z) are known from (1.2) and the
next 4™ (zq), ...,y 1) (z) have to be computed. Every fraction has the
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denominator an increasing factorial j! if we complete the matrix lines, and
has a decreasing factorial if we complete the matrix columns, taking into
account that if we obtain j < 0 we complete automatically with zero. The
last column contains the unknown value a;. The matrix S; has (m + 1) x
(n+ 1) degree.

The elements of H matrix are the values of the function

(x — :ck)j
where z := zi41,k =0,...,N,7 =0,...,m — 1 and its derivatives up to the
n-th order; the last line has the values
(Tpo1 —xp)™ " i=h,k=0,...N,i=0,...,n.

Therefore, the matrix H has (n+ 1) x (m + 1) degree.

The unknow value a; from S7 matrix is given by substituting the product
of each line from S; with the corresponding column from H in (1.3).

In a similar manner, we can construct the matrix Sgy1,k = 1,..., N on
each subinterval Iy

Sk+1 _—
5 - s m—1 z a
51(321 k() Sk(ﬁk) ! k(m—l()!k) iR
" Sm=1) .
51(;421 0 splzn) = (1!k) k(mfz()!k) ml
(2) 9 Sgcm71>(xk) Ak
Sk+1 0 0 s7(z) (m—3)! m—2I
n 5(m71> T a
ssh |0 0 0 (I;n—n£1§3 =)

The product of each line from Siy; with the corresponding column from
H gives us the values sg(zg), s,(gl)(a:k), o sén)

next spline sg41(z).

(x) necessary to construct the

2.2. Practical results using the computer. Three problems are pro-
posed in this section:

1. The implementation of a routine which calculates the coefficients of the
spline collocation function

2. The representation of the exact solution and its spline approximation
(using MATLAB)

3. To apply the result to the initial value problem

1 1
n_ 2. + 0.1
5Y +2y,x6[7 ]

y(0) = 1,4'(0) = L.
using a cubic spline function (m = 3) for the approximation of the exact
solution y(z) = €*,z € [0, 1], when the step size is h = 0.25.
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The algorithm calculates the coefficients of a m-degree spline function and
the values of the spline collocation function.
Input: n = the order of the linear differential equation with constant coef-
ficients
m = the degree of the collocation spline function
[a, b] = the interval of the variational problem
h = the step of the devision
z[k] = the knots of the devision, k = 0, N
N = the number of the knots
cli] = the coefficients of ¢ order derivatives of y(z) function
yoli] = the initial value of ¢ order derivatives of y(z) function
Output: s[k| = the coefficients of the matrix which has i order derivatives
on 7 line ¢ = 0, ...,n of the spline collocation function defined on I,
s(z) = the vector of the values of the collocation function calcu-
lated in = € [xg_1, zk]
Step 1: The introduction of the initial value problem

(n—2)

Y™ = 1y oy + .+ ay + ey (2.5)

y(Z)(QjO) = y(()z)vz =0,..,n—-1

Step 2: The calculate of the knots of the uniform partition A :
A:ifla=xzy<x1 <..<zN <Tpt1 =)

Step 3: The calculate of the values of the derivatives up to the order m > n
in xg: fori =0,...,n —1, y[()z) are known
for i = n, y™(xg) are calculated from (1.1);
fori =n+1,...,m — 1 are obtained by derivate (1.1).
Step 4: The construction of the matrix s[k]. The elements of the matrix
are calculated using the matrix method described in 2.1.
Step 4.1:The construction of s[1] matrix
Step 4.2:The construction of X matrix
Step 4.3:The calculate of A[1] constant
Step 4.4:The list of s[1] matrix
Step 4.5:The calculate of the elements of s[k] matrix
Step 4.6:The matrix s[k]
Step 5: The compute of s(z) values.
For the vector of the equal spaced points in [0, 1], with H = 0.1 step size,
together with the points z;, k=0, ...,4,h = 0.25

OX =10 0.1 0.2 0.25 0.3 0.4 0.5 0.6 0.7 0.75 0.8 0.9 1]

and for OY vector of s,s’,s” spline collocation functions (see tables 1,2,3)
we have the graphic representations of the approximate solutions, s,s’,s”,



A matrix method for obtaining the spline collocation function 63

together with the exact solution, y. The pairs (OX[i], OY[i]) are marked
with '4/.

FIGURE 1. s,8’,s” functions and the exact solution y (m=3)

s
YI][0] = 1.0000000 oY [1][1] = 1.1051899 oY [1][2] = 1.2215196
oY [2][3] = 1.2842178 oY [2][4] = 1.4193705 oY[2][5] = 1.5683724
Y [3][6] = 1.6483792 oY [3][7] = 1.8201073  oY[3][8] = 2.0086491
[4][9] = 2.1096833 0Y[4][10] = 2.3262067 0Y[4][ 1] = 2.5632904

oY [4][12] = 2.6900263

TABLE 1. The values of s for m=3
S/

Y'[1][0] = 1.0000000 oY '[1][1] = 1.1056983  oY[1][2] = 1.2227933
Y[2][3] = 1.2856145 oY [2][4] = 1.4191061 oY[2][5] = 1.5625976
Y[3][6] = 1.6380935  oY'[3][7] = 1.7989088  oY[3][8] = 1.9743718
Y[4][9] = 2.0675960 oY [4][10] = 2.2654531 oY [4][11] = 2.4788032

oY'[4][12] = 2.6900263

TABLE 2. The values of s’ for m=3
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"

S
oY 1][0] = 1.0000000 oY [I][1] = 1.1139665 oY [1][2] = 1.2279329
oY [2][3] = 1.2849162  oY[2][4] = 1.3849162 oY [2][5] = 1.4849162
oY [3][6] = 1.5349162  oY[3][7] = 1.6813910  oY'[3][8] = 1.8278658
oY [4][9] = 1.9011033 oY [4][10] = 2.0560360 oY [4][11] = 2.2109687
oY [4][12] = 2.2884350

TABLE 3. The values of s” or m=3
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