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On some positive matrices

VASILE Pop

ABSTRACT. In this paper one gives elementary methods for solving some difficult problems
related to any incidence matrix.

1. INTRODUCTION

This paper does not contain essential new theoretical results. Its aim is to suggest
a method for solving some elementary problems, which are very difficult and are
related to positive defined matrices. The best-known example of incidence matrices
is the following: if Ay, Az, ..., A, are finite sets, then the matrix A = [a;;]; ;_17
(where a;; = |A; N A;| is the number of elements of the set A; N A;), is called the
incident matrix of these sets.

One of the problems that require an ingenious solving, is to prove that the de-
terminant of this matrix is positive. Starting from this problem, we are going to
give a more general result.

Problem 1. Prove that, if A1, As,..., A, are finite sets and a;; = |A; N A;],
then detlai;] > 0.

ij=In =

2. MAIN RESULTS

We begin with the solution of Problem 1, whose idea will be used to extend the
method for another problems.

n
Proof. Consider M = U A; ={a1,a9,...,an}.

i=1
To each set A; we assign a vector V; € {0, 1}, V; = (vi1,v42, - - ., vin) Where
o 1 if ar € Al
Vik 0 if ap & A
We have:

N
|AiﬁAj| = Z'Uij'ujk; i,j = 1,n.

k=1
So, considering the matrix B € M, n({0,1}), B = [vix) it , We obtain that

k=1,N

A= B- BT (where BT is the transpose of the matrix B).
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Lemma 1. If B € M, n(R) and A= B- BT € M,,(R), then

n n
E E a;jxrir; > 0,
i=1 j=1
for every x1,x9, ..., 2, € R.
Proof.

n

n o n n N
E E AijTiTj = E E Vik Vg LiTj =
1

i=1 j=1 i=1 j=1k=

N n o n 2
= Z Z Z(mivik)(xjvjk = Z (Z xz”zk)
k=1 \i=1 j=1 k=1
Lemma 2. If A € M,(R) and Z Zaijzi:cj >0 for every x1,%2,...,T, € R,
i=1 j=1

then det A > 0. ’

Proof. We prove that det(A + z1,,) > 0 for every = > 0.

In order to do this, it is enough to prove that the real polynomial P(X) =
det(A + zI,,) has no positive roots.

If there exists 2o € R such that det(A+xol,) = 0, then the system (A+xol,) X =
0 has a nontrivial solution X = [zl, .o, x,]T where 1,79, ..,2, € R. Then from
AXy = —xoXp it follows that XI AXy = —x¢X{I X, which is equivalent to

Z Z Qi jTiTj = —I0 Z 1‘3
i=1 j=1 i=1
Hence, zg < 0.
So the polynomial P is positive on the interval [0, 00), whence P(0) = det A > 0.
We conclude that Lemma 1 and Lemma 2 imply det A = det(B - BT) > 0 and
this finishes the proof.
Remark 1. Considering the Euclidean scalar product on R
N
(Vi, V) = sz‘kvjkv
k=1
with we obtain that a;; defined in (1) has the entries a;; = (V;, V}), so the matrix
A is the Gram matrix of the vectors Vi, Va, ..., V,, which will be denoted by
A=GW,Va,..., V]
It is known that every Gram matrix is positive. More precisely for every Gram

matrix G = [(V;, V)], ;_17 we have
DO Vi Vi = (wiVi, V) =
i=1 j=1 i=1

<n Zz‘/wzxj >
=1 7j=1

hence, using Lemma 2, det(G) >
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Remark 2. If we consider the characteristic functions of the sets A;,

0 1 zeA
SDAi'L__JlAz_’{O,l}, ‘PAi($>_{ 0 if x¢ A,
and on the set of functions {¢ : {a1,a9,...,an} — {0,1}} we define the scalar
product
N
(p1,02) = Y pr(an)pa(ar),
k=1
then

aij = |Ai N Aj| = (pa;, 04;)-

Hence the matrix A can also be written as a Gram matrix of characteristic functions:

A= G[CPAl,(PA27~~-,S0An]-

Further, we extend these results. First we recall some definitions.

Definition 1. A family of sets K is called a clan of sets if for every A, B in K
we have AUB € K and A— B € K.

Remark 3. If K is a clan of sets, then ) € K and AN B € K for every A and
Bin K.

Definition 2. If K is a clan of sets, then a function m : K — [0, 00] is called a
measure on K if m(A U B) = m(A) + m(B), for every disjoint sets A, B € K.

Remark 4. If K is a clan endowed with a measure m, denoted (K, m) then:

a) m(0) =0

b) If A C B then m(B — A) = m(B) —m(A)

c) If m(AU B) € [0,00), then m(AU B) = m(A) + m(B) —m(AN B).

Definition 3. If (K,m) is a clan endowed with a measure and A;, Az, ..., A,
are sets from K, then the matrix A = [a;] where a;; = m(A4; NA;) is called
the incident matrix of the sets Ay, Ao, ..

A generalization of the Problem 1 is:

Problem 2. Prove that if A = [m(A4; N A;)]; ;_17 is the incident matrix of the
sets A1, As, ..., A,, then the determinant of the matrix is positive.

Proof. We prove that
n n
> aywiw; 20
i=1 j=1

i,5=1,n7

.y n-

for every real numbers x1,2,...,z, and from Lemma 2 it follows that det A > 0.
Denoting I = {1,2,...,n}, for every nonempty subset .J of I we define the sets

By=()4-J A4

JjeJ JgJ

n
The 2™ — 1 sets By, with J C I,form a partition of the set B = U A; and we
i=1
have

A = J{BjlieJ}and A;nA; = J{By] {i.j} c J}.
J J
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Denoting m(Bjy) = my, from the properties of the measure and from the above
relations we obtain:

m(A;) = ZmJ = a;; and m(4; N Aj) = Z my = aij.
ieJ {i,j}CJ

Then

n n n n
D) 35 3l D S PO
i=1j=1 i=1j=1 \{i,j}CJ
2
S [ | = S (£ 2o
J ieJ jeJ J jeJ
From Lemma 1 and Lemma 2 we conclude that detA > 0.
Remark 5. If we denote the 2" —1 = N nonempty subsets of I by Jy, Ja, ..., N

and if we assign to every set A; a vector V; = (vi1,vi2, ..., vin) € R™, where
v — vmy, ifi e Jg,
=10 otherwise,
then
N
Vi, V) = Zvikvjk = Z my, = Q.
k=1 {i,j}ETn

So the matrix A is a Gram matrix:
A=GW,Va,..., V],

or A = B- BT, where B € M,, y(R) is the matrix which has the rows L; =
[Uil,UiQ» ce ,Uz‘N}, i = ﬁ

In many particular cases, Problem 2 admits different solutions.

Problem 3. We consider Dy, D, ..., D, a set of discs on the plane (Jordan
measurable sets) and we denote the area of the set D; N D; by S(D; N Dy). Prove

that for every real numbers x1, xs,. .., x, the following relation holds:
Z Z S(DIL n Dj)fliil‘j Z 0.
i=1 j=1

Proof. If we consider the clan of the Jordan measurable sets from the plane
and take as measure of such a set its area, then Problem 3 is a particular case of
Problem 2. In what follows, we give another solution of this problem, independent
of the previous mentioned one.

Considering ¢p, : R? — {0, 1} the characteristic function of the set D; C R?,

N 1 if (1', y) € D’L'a
¥YD; (x,y) - { 0 otherwise,

we have
SODI‘QD]‘ - SOD.L : QODJ"

59 = [[ enanasty= [[ (on.(a.v) oy
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and

S(D; N D;) = / / oD, (@, y)dady = / / on.(2,) - op, (@, y)dedy.
R2 R2
Then

ZZSD N Dj) xlxj:// ZZ@ ¢p;(x,y) x5 - op,(z,y)dedy =

i=1 j=1 i=1 j=1

— [[ @1 enie) 4+ o, o) Pdady >
R

Remark 6. The matrix A = [a;;]; ;_17, where a;; = S(D; N Dj) is the Gram
matrix of the functions ¢p,,...,¢p, € L*(R?).

In what follows we give two problems related to the number theory.

Problem 4. Let us consider n € N*, a; € N*, b; € Z, ¢« = 1,...,n be given.
We denote by d;; = (a;,a;) the greatest common divisor of a; and a; and define

Dij = b; - b;. Prove that
N
i=17=1
Proof. Taking the logarithm we obtain

n n n
H df;] >1 & Zzpij logdij > 0.
i,j=1 i=1 j=1
Let M = [ay, ag, ..., a,] be the least common multiple of the numbers a1, as, . .., ap,
and M = pi"'py? ... pp* its decomposition in prime factors.
To each number a; = pi"*p3™ ... pp*™" we assign a vector V; € R™, where m =

my + mo + - - + my, in the followmg way.

Vi = [\/logpi,...,/logp1,0,...,0,...,\/logpk, ..., V1og pi,0,...,0] =
N—— ——

Q41 m1—Qg1 Ak My —0Gk

= [’U“, - 7Uim]

Therefore we have

m
log dij = Z’Uiq . ”qu,

q=1
SO
n n
> pijlogdi; = ZZb - b; Zvlq Vig =
i=1 j=1 i=1 j=1
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Problem 5. We consider n € N*, a; e N*, b, € Z, i = 1,...,n, and (a;,a;) the
greatest common divisor of the numbers a; and a;. Prove that

Z Z(ai,aj)bi . bj Z 0.
i=1 j=1
Proof. If p and ¢ are natural numbers, then the set U, = {z € C| 2 =1} has p
elements, the set {U, = {z € C| 27 = 1} has ¢ elements and the set U, NU,; = {z €
C| 2P = 27 = 1} has d = (p, q) elements (2P = 27 = 1 <= 2¢ = 1).
Then (a;,a;) = |Us, N U,,| is the number of elements of the set U,, N U,; and
thus this Problem reduces to Problem 1 (to Lemma 1 and Lemma 2).

Problem 6. We consider A = [a;;]

i j—Tm» Where a;; = [znij]’ with [¢, j] the least
common divisor of ¢ and j. Prove that det A = 1.

Proof. The integer part of the number n/m is equal to the number of all
multiples of m which are less than or equal to n. If M, is the set of those multiples
of m which are less than or equal to n, then a;; = |M; N M;|. Thus, by Problem 1,

the matrix A is a Gram matrix. Defining the matrix B as

11 1 1 11 11 ]
o 1 0 1 0 1 11
0o 0 1 0 0 1 .. 11

B=| 0 0 0 1 0 0 0 1 ,
0 0 0 0 0 0 ... .. ... 1 0

0 0 0 0 0 0 ... .. ... 0 1 |

then A = B - BT and det A = (det B)? = 1.
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