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Symmetries with Greek means

SiLviA TOADER AND GHEORGHE TOADER

ABSTRACT. A mean N is called complementary to M with respect to P if it verifies the relation
P(M(a,b), N(a,b)) = P(a,b),Va,b > 0.

We look for the complementary of a Greek mean with respect to another. We determine all the
cases in which it is again a Greek mean.

1. INTRODUCTION
As a brief definition of means, usually is given the following

Definition 1. A mean is a function M : Ri — R, which has the property
aNb< M(a,b) <aVb, Ya,b>0

where
a A'b=min(a,b) and a Vb = max(a,b).

We remark that A and V are means.

We use ordinary notations for operations with functions. For example M + N is
defined by

(M + N)(a,b) = M(a,b) + N(a,b), Ya,b > 0.

Of course, if M and N are means, the result of the operation with functions is
not a mean. We have to combine more operations with functions to get a (partial)
operation with means. Such a method is the composition of means. Given three
means M, N and P , the expression

P(M,N)(a,b) = P(M(a,b), N(a,b)), Va,b > 0,

defines also a mean P(M, N) .
We write also
M<N
to denote
M(a,b) < N(a,b), Va,b > 0.

Using the method of proportions, the Pythagorean school defined ten means: the
arithmetic mean A, the geometric mean G the harmonic mean H the contrahar-
monic mean C and six unnamed means F;, i = 5,...,10. As many other important
Greek mathematical contributions, the means are presented by Pappus of Alexan-

dria in his books, in the fourth century AD (see [5]). Some indications about them
can be found in the books [4, 2, 1, 3], or in [7].
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Using operations with A and V , we can give the Greek means as follows:

V A+ A 2V A V2 4 A2
A= ——,G=VVA H= ,C= ,
2 g V4 A V+A

1 1
]—"5:2[\/—/\4— (\/—/\)24—4/\2] ,f6:2[A—v+ (\/—/\)24—4\/2} :

V2 — VA 4HA2 V2
Fr= u:F: ’
4 v 879V _A
A2V —A 1
.7:9 = 7( v )and .7'-10: 5 |:/\+ /\(4\/*3/\):| .

By the same method the power means (or Holder means) are given by:

1

Pn:</\;v>n,n7é0

and the n - counter-harmonic mean (or Lehmer mean):
A" VT

C" = An—1 4 yn—1 :

2. COMPLEMENTARY MEANS

In [6] is given the following definition which is then used for the case of the Greek
means.

Definition 2. A mean N is called complementary to M with respect to P
(or P—complementary to M ) if it verifies

P(M,N)=P

Then in [8] was determined the complementaries of the Greek means with respect
to the first five Greek means. In this paper we want to continue by determining
the complementaries of the Greek means with respect to the last five Greek means.
We shall denote the complementary of the mean M with respect to F; by M%%. In
[6] was given the following

Theorem 1. We have successively

]'-6+M—%2 cif Fo <M
Mf6: .
L |Fo+ VRGBT —aM)| , if Fo = M
1 [M+ \/M(4]-"7—3M)} Cif Fr<M
Mf7: :

LM+ Fr 4 VM 30| i Fe 2 M

oM — & if Fs<M

Fs+Fe(Fs—M), if Fs > M

M.7:8 _
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M — /MM —Fy), if Fo<M
M}-QZ

M? :
SN —Fy yif Fo> M

LM+ Fio— /M +2M Fro — 375, | , if Fro < M

M.'Fl() _
2
M — Fio+ 5 Lif Fio= M
Using it, we can determine later the complementaries:
Theorem 2. Let t2 > 1 respectively t4 > 1 be the roots of the equations
2 —t2—24+1=0,t2—-3t2+2t—1=0.

The complementary of the Greek means with respect to Fg are:

1
Af6=4[ (V=N +4v2 -V 4+A+V2

)

~\/17\/2—10\//\+3/\2—(7\/—3/\) (V—A)? +4v2

1

gf6:4[ (V=A +4v2 -V +A+V2

-\/15 V210V A 45 A2 H4VVA (V = A) = (5V =5 A +4V/VA) 1/ (V — A)? + 4v2

1 2 [ 2
== {1/ (V—A 4V2 —V + A —_—
4[ ( )+ AT V4 A

-\/15\/3—1—13\/2/\—IBVA2+5/\3—(5\/2+8\//\—5/\2) (V= A +4v2

)

b

A
C”:m[2v4+v3A+5v2A2—\/A3+A4

+(2VE—VEA - A?) (v—/\)2+4v2} ;

1
Fll=2n+—
> Tz

[ (\/—/\)2—&—4/\2—\/—3/\} {\/2—1—2\//\—/\2—1-(/\—\/) (\/—/\)2—1—4\/2]

FI6 =
[38V3 =36 VA +26V A7 —3 A3 — (18 V2 —18 V A + 8A?)

1/2
A/ (V=N) +4v2] 2f+<\/v A) 2 44v2 — \/+/\> VvV <td-A

3V BVAAF+9VIAZ —5VEAS 43V AL

4\/4[
F(VEH2VEA=3VEAZ+2V AT — AY) 4/ (V = A) +4v2},v>t4-/\
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1 2
FIO= - [WV(V=A)?+4v2 =V A+,
8 2[ ( )+ ATV VA

-\/34v3—39\/2/\+20\//\2—5/\3—(14\/2—15\//\+5/\2) (V=N +4v2

bl

FI6 =

gor |(VE=4V2AZ 4V A3 — A /(V = A)? +4v2
—VPH5 VAN —6VEAZHB8VIAT BV AT+ AS] V<120

15 V3 —2V2A =TV A2+ 43 — (5V243V A —4A2)\/(V — A)? +4v2
1V+i< (\/—/\)2+4v2—v+/\>,\/>t2-A

F6 _
Fio” =

= [(2v2—2VA+A2) (V= A +4v2 +(2\/2—\//\+/\2)

AA(AV =3A) = AVA(AV =3A) -4/ (V= A) 2 14v2 -

_ +2\/2/\+3\//\2 /\3 LV <tdeA
\/10\/2—< (v—/\)2+4\/2+/\—v)-(2«//\(4\/—3/\)-1—5\/—3/\)

Mf+i< (\/—/\)2+4v2—v+A> sVt A

Theorem 3. Let s1 = (1 + \/5) /2, and t1 > 1 respectively t4 > 1 be the roots of
the equations

222 4t—1=0,t3—3t2+2t—1=0.

The complementary of the Greek means with respect to Fr are:

i[\/+/\+\%\/(\/+/\)(5\/2—11\//\+8/\2)},\/§2/\

FT7 _
ATT=0 L BVI VA 2A2 VBV TAVE A+ 9VEAZ — 4V AT £ 4AT]
V 2> 2A;
21v[\/\/4—5\/3/\—1-3\/2/\2—QV/\3+/\4+2\/\/\//\(\/2—\//\—i—/\2)
g7 = +VZ—VA+AZ+VVVA], V<t A :
;[\/\//\+\/4\/5(\/2—\//\+/\2)—3\//\} V>t A
. \H_/\{\//\—i-\//\ (2V3 =3V2ZA+2A3)| ,V < sl-A
= 3 2 3
H m[\/ +2VEA+A
FVVO+AVEA—12VIAZ 2V A3 +4VZAL 4 AB] v > 61 A
C.777_ 1

—m[V(V2+/\2)+\/V(V2+A2)(V3—3\/A2+4A3)} ;
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1 2
=1 l\/(\/—/\)2+4/\2+\/—/\+\/v

-\/(\/2—\//\—1-4/\2) (\/—/\)2+4/\2+\/(\/2—2\//\—/\2)| ;

FIT =
,/81V[(7v2—7VA+4/\2) (V—A)2+4v2 =13 V3 +14 V2 A
—11VA2+4A3]1/2+}1( (\/—/\)2+4\/2—\/+/\),V§t4~/\

)16{ (5V2 =5V A+2A%) 1/ (V= A +4v2 =9 V446 V3 A — VA2

—2\//\3+2/\4]1/2+41v(v (v—/\)2+4\/2+\/2—\//\+2/\2> V>t A

1
2\/(2\/—/\)[

+\/5\/6—18\/5/\+27\/4/\2—24\/3/\34—15\/2/\4—6\//\5—1-/\6} :

FIT= 3V3 —3VEA+3VAZ A3

fg”:{ QV[ 2V =A)+/A(2V— /\)(4\/2—10\//\—#7/\2)} , V< 2A
YEA 4 o VVEF2VEA T VEAZ 16V AS —4AT | v > 24
T =
\/g[(4v2—7\//\+4/\2) A4V =3A)
—A(2v2+\/A—4A2)]1/2+i( /\(4\/—3/\)+/\),\/§t4-/\
V22wt —8VEAHTVEAZ =2V A+ 2 A% 4V (2V2 =5V A +2A%)
A(4V—3A)}U2+ﬁ{2v2_\/A+2A2+v /\(4\/—3/\)} LV >t A
Theorem 4. Let s3 = (3 + \/5) /2, and t5 > 1 the root of the equation
352 +4t—1=0.

The complementary of the Greek means with respect to Fg are:

A= 1 (2V3+VEA+A3)

4v/ A2
- 2/ VA — /\(2v A) V< 3A
8 _
g = [v+\/v2 A2V /\)} , V> 83-A
HES (\/i/>\) '(VQ_V/\"H\Z) V <2/ .
| we [v+ e \/\/2—3\//\4—2/\2} LV >2A
A (V2 + A2
Cfsz(ig(:’)v?—zvmw?);
V2 (V4 A)

FI8 = Ve [3\/ —8VA+3A T+ (3V —A) (\/—/\)2—1-4/\2] ;
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1
f{8:2v2 [(4v2—3\/A+/\) (V=N +4v2 =8V +9VEA —4V A2+ A3

Fe= %(\/2—\//\4—/\2) (BVZ=3VA+A?) ;

J,._._FS W(2V3—4\/2/\+4\//\2—/\3),\/§33/\
b W[V\N""\/(V_/\)(W—Zﬂ//\—i—/\?)} ,V>83-A ]

3% [(2V2 =2V A+ A2) VIV =3A — (2V2 =4V A+ A%) VA]

N V<t5A
Fio~ = 1
Ve [v+ﬂ\/2v2—QVA+A2—(2V—A) AEV =3N)|,
V> t5- A

Theorem 5. Let s1 = (1 + \/3) /2,82 =1+ \/5/2 and s3 = (3—|— \/5) /2, while
t2 > 1 be the root of the equation

t3—t?—2+1=0.
The complementary of the Greek means with respect to Fg are:

V(VHA)?2
A]:g 4(VZ—VA+AZ2)

%{V+A—\/Vvﬁ(v2—3\/A+2A2)} , V> 2A

VvV < 2A

)

V3V/A
GFo W—ev-AvR VS 5N
B ﬁ{f— v-ﬂ(zv-ﬂ] V> s3A
Y 4V3A
C(VEA)(2V2Z=VA+A2)]
v(vZ4a2)?
CF9 (VFA)(2VE—2VZAFVAZFAS) vV <sl-A

SR [m - ,/vwv;wa] Vsl

V[2V3—3V2A+6V/\2 3A3 4+ (2V2—VA+AZ) (V= /\)2+4A2]
2(4V3—6V2ZA+6VAZ— /\3)

[v A+4/(V=A) 2 an? — \f
\/(\/2—3V/\+/\2)\/(\/—/\)2+4/\2+\/3—4\/2/\+6\//\2—/\31 ,

vV >82-A

, V<82-A

FI9 =

FI9 =
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-2V 48 V3 A

2(4v4—4v3A+2\\//2/\2+QVA3—/\4) [
—TVEAZ 4V AR = A4 (2V3 —2VE A +3V A% - AB) (\/—/\)24-4\/2} :
V<2 A

- %[\/(\//\)2+4v2\/+/\\/€

~\/3\/32\//\2+/\3(\/2+\//\/\2) (V= A +4v2

LV > 120 A

(VZ-vA+a2)?
chp:{ VavE—avaTaaTy o VS 20
MVEVARRE [TV A+AZ = VVZ =3V A+2A2] | V > 2A

\/5
QV—=NA)(2V3—4VZAFAVAZ_AS) vV <s3-A

L {\/2—\/\/(\/—/\)(\/2—3\//\—&-/\2)] ,V>83-A

2V_~
VA

2

FI9=

\fA+\/4v—3/\—\/€

F9 _
Fio” =

-\/2v2—3\/A+/\2—(V—A) /\(4\/—3/\)} :

Theorem 6. Let t3 > 1, t4 > 1 respectively t5 > 1 be the roots of the equations
B2 —t2—t—1=0,1t>—=3t2+20—1=0,t3—5t>2+4t—1=0.
The complementary of the Greek means with respect to Fig are:

A]—'lOZ

m[\/2+5\//\—2/\2—(\/—/\) /\(4\/—3/\)},\/§3/\
= [\/—&—2/\4—\//\(4\/—3\/)—\/v2—8\//\+9/\2+2(V—2/\) /\(4\/—3/\)]
/4, V> 3A
1 /A
g“o:i,/v[4V—A—\/VA—(\N—\R)\/4V—3A] ;
1
F 10 3 2 2 3 2 2
= [2vE49VEA—2VAZ - A3 = (V2 - A2) /A 4\/—3/\] :
H 4\/(\/+/\)[ + ( ) VA )
CcF10 —
m[2v3+v2/\+6’VA2—/\3—(v2—A2) /\(4\/—3/\)},
V< t3-A

m{2\/2+\//\+3/\2+(\/+/\)«//\(4\/—3/\)—\@

AV =4 VEA=3VEAZH2VASH AT (2V3 = VEA -4V AT - A3
1/2
«//\(4v—3/\)} },\/zt?,-/\

F10 _
Fy U=
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2V — A+ [2\/+/\+\//\(T—3/\)} ~ {\/(\/—/\)2—&-4/\2—\/—/\} :

V< 2A
}l{wL AAV =3N) + 1/ (V= AP 4+4A2 — /2

-\/{v+ /\(4\/—3/\)}-{ (\/—/\)2+4/\2+\/—4/\]—/\(3\/—5/\)],

V 2> 2A

fgfloz
ﬁ[/\ A(4V—3A)+V2+2VA}-[ (V—/\)2+4v2+\/—/\]
LNV BA) - A V<A
LI9N = VA /AEV B3N + 4/ (V= AP +4v2 -2 :

[r-vevrav=am) - (Viv-nPeae v -2

+2\/2—9\//\+9/\2]1/2},\/2t4~/\

]:7]-'10:
1 4 3 2 A2 3
wvrvarae 2V =3 VEA 6V AT -5V A

F2AL v (V= A2 /\(4\/—3/\)} V<A

ﬁ{2\/27\//\+2/\2+\/\//\(4\/73/\)f\@ ;

2V 2VEIAFVEAZ 2V AT 42 ATV (2V2 5V A+ 2A%)
1/2
-«//\(4\/—3/\)} },v2t4-/\

vy 2V VEA—11VEAZ 6V AP

— At —(2V3 =B VEA 44V AT - A3 /\(4\/—3/\)} , V<5 A

FF0 — m{2v2+ZVA—/\2+(2\/—/\) A4V —3A) :
—V2-[2VvH =20 V3 A+ 34 V2 AZ — 18 V A3 4 371

1/2
+(4\/3—14\/2/\+12\//\273/\3)\//\(4\/73/\)} } V> t5-A

1 P
fﬂozi[w’ S5VEA—TVAZH+2A3 -V (V=A /\4\/73/\}.
9 2V (2V —A) * M ( J VAl )

Theorem 7. Among the Greek means we have only the following relations:
HA=C,CA=H,Fi=F, 7' =Fr,
AY=H H=A, F§ =Fy and F§ = Fs .

Remark 1. As it is shown in [6], each of the above results gives an example of
Gaussian double sequence with known limit.
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