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About some new means
MIHALY BENCZE

ABSTRACT. In this paper we introduce some new means, which give new refinements for Arith-
metic Mean-Geometric Mean-Harmonic Mean [AM-GM-HM] inequalities.

1. INTRODUCTION

In [2] M. Bencze have introduced a lot of new means which give new refinements
for AM-GM-HM etc. inequalities, and presented new methods for generating new
means.
2%+ 42

In this paper we start with mean B (z,y) =« — 5

Bencze in 1982 (see [1]).
Let use the following notations:

1 n
A(z1, 22,y y) = - > xp;

+ y introduced by M.

G (x1,22,...;xn) = 7| [ zx;

H (z1,z9,...,2,) =

1 n
Q(l’l,l'g, ,In) = ﬁ Z xZa
where z;, >0 (k=1,2,....,n)

2. MAIN RESULTS

Theorem 1. If x,y > 0, then the following inequalities hold

A(z,y) > B(z,y) =2 G (v,y)

2 2 2
. . . . e T+
Proof. The inequality A (x,y) > B (x,y) is equivalent with 5 i > ( 5 y)
or (z —y)* > 0.
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2 2
B(x,y) > G (z,y) 0rw+y2\/x ;y +/Zy.

14t 14t
T otor (12—t 1) > ; :

Now we prove

and

Denote y = t2z, then we have 1 + t2 >

finally (t —1)* > 0, which is true.

Equality holds, if and only if x = y.

In this case B (z,y) = 24 (z,y) — Q (z,y) . Using this remark we introduce the
mean

nA (z1,22,...,2n) — Q (z1, T2, ..., Tp)
n—1

B(z1,x9,....xn) =
and obtain the following:

Conjecture 1. If z;, > 0 (k =1,2,...,n), then

A(x1, 22, ..., xn) > B (21,29, ... y) > G (21,22, ..., Ty)

Proof. (a part). We have proved only the inequality

A($1,$27...7.’En) > B($1,$27...7J;n)

which is equivalent with

Q (1'17-’1/'27 7xn) 2 A (xla X2, ,.’En> )

but this is true.
Now, we introduce the following means:

D (x1,29,...,2,) = (/A (x1,22) A (x2,23) .. A (X, 1)

and

F (21,29, ...,2,) = {/B (x1,22) B (x2,3) ..B (Xn, 1),

and prove the following theorem which gives new refinements for AM-GM inequality.
Theorem 2. If x;, >0 (k=1,2,...,n), then

Az, 22, ... xn) > D (21,29, ..., xpn) > F (21,29, ...,2,) > G (x1, 22, ..., Tp)
Proof. We have

1 n
A(xl,x27...7xn):n(x1 +w2+w2+x3+m+x—21—xl> >

2 2
> ,,\L/$1+$2.332+Z‘3' Tnt T

5 5 5
= ?/A (z1,22) A(x2,23) .. A (xp, 1) = D (21,22, ..., Tp)
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and

’\L/G (z1,22) G(x2,23)...G(Tp, 1) =
= {/\/$1172 TT3 e Tpxy = G(x1, T2, 0y Ty)

Using Theorem 1 we obtain the following:

Az, 22, .., xn) > D (21,22, ..., Tp) = ’\/HA(xl,xg) > ’\L/HB(xl,xg) =

=F(x1,22,...,%pn) > \"/HG(%,ﬂfz) =G (21,72, ..., 7p)

Up (21,22, ...y Tp) = T\‘/A (z1,22, .., xk) A (2, 3, oy Tpa1) o A (T, X1y ooy Tp—1)
(so Uy = D) and

Denote

Vie (21,22, 0y Tp) = ”\‘/B (x1,22, ..., xk) B(x2,23, ..., Tt1) ... B (Tpy X1,y ooy Tp—1)

(so Vo = F), then we have the following;:
Conjecture 2. If z; >0(i =1,2,...,n) and 2 < k < n, then

A(x1,29, ey xy) > Ug (21,22, oy Tp) = Vi (21,22, ..., ) > G (21,22, ..., Ty) -

Proof. (a part). We have

1 r1+ 29+ ... + a8 " r1+ a9+ ... + Tk
A(xl,xg,...,xn):ﬁz ’ > H =

k

= (/HA (.’L‘l, Ly eeny J}k) = Uk (.’1?1,$2, ceey xn)

and

G (x1,22, ..., Tpn) =

From Conjecture 1 we have

Ui (21,22, ..., Tp) = TQ/HA(“Tl’x?’-“’xk) = VHB(QJI’IQ""’M) &
2 T\L/HG(ml,xm 793]?) = G(I1,$27 ”'71.”) ’

so Conjecture 2 is a consequence of Conjecture 1.
Conjecture 3. If k > p (k,p € {2,3,...,n}) then U, > U, >V}, > V,,.
Theorem 3. If z,y > 0 then

G(x,y) > B(x,y) > H (z,y),

where

— 1
By = —r1v
5(53)
Ty
and this is a new mean which gives a new refinement for GM-HM inequality.

1
Proof. In Theorem 1, we take z — — and y — —.
€ Y



10 Mihély Bencze

Conjecture 4. If 2, > 0 (k=1,2,...,n), then
G(thg, 7xn) > §($17.’L’2, 7xn) > H(fEl,fL'Q, ,.’L'n) )

where
_ 1

B (z1,xa,...,xy) =
1 1 1
Tr1 T2 Tn

and represents a new mean which gives a new refinement for GM-HM inequality.
Theorem 5. If z;, > 0(k=1,2,...,n), then

G (21,%2, ., ¥n) > F (21,29, ...y ) > D (21,22, ..., xn) > H (21,22, ..., T})

where 1
F (21,22, Ty) =
1 1 1
F(a7 )
1 T2 In
and
_ 1
D(a’,‘l,l’g,..

.,.’I}n> = ]
1 1 1
r1 T2 In

which represent new means and give new refinements for GM-HM inequality.

1 1 1
Proof. We apply Theorem 2 for the numbers —, —, ..., —.
Ty T2 Tn

Conjecture 5. If z; > 0(i =1,2,...,n) and 2 < k < n, then
G (xlax27 7xn) Z W(Zl,ZQ, 7xn) Z 7}6(1'171'23 ceey CEn) Z H (xlvaa ,l’n) )

where

— 1
Vk (xl,scg,...,a:n) = 1 1 1
N
1 T2 Tn

and Uy (21,22, ..., ) = 1 i I

Ue| —— s —
"\ 21 2, xn)
finements for GM-HM inequality.

represent new means and give new re-
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