CREATIVE MATH.
14 (2005), 53 - 56

About Bernstein polynomial and the Stirling’s
numbers of second type

Ovipiu T. POP AND MIRCEA FARCAS

ABSTRACT. In this paper we want to determine the coefficients of Bernstein polynomial asso-
ciated to the functions ey (x) = =¥, k € N as well as the degree of this polynomial.

1. PRELIMINARIES

Let B, : C[0,1] — C0,1], m € N* be the Bernstein operators, defined for any
function f € CI0, 1] by

= k
(Bf)@) =S s (). (1)
k=0
where p, 1 (x) are the fundamental polynomials, defined by
Pk (T) = <T]Z) (1 —2)™ % ke {0,1,...,m}and z € [0,1]. (1.2)

ForzeR, keN let ¥l =z(z—1)...(z —k+1), 2l =1.
It is well known that

ah =

S(k, )z, z e R, k € N¥, (1.3)

B

v=1

where S(k,v), v € {1,2,...,k} are the Stirling’s numbers of second type.
These numbers verify the relations

5(2,1) =5(2,2) =1, S(p,1) = S(p,p) =1
forpe N, p>3,ke{23,...,p— 1}, and then can be calculated with (1.4)
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We denote S(p, k) = 0 from definition if p, k € N with p < k.
2. MAIN RESULTS

Proposition 2.1. If m,p € N*, then
(Bmep) (@) = — Y mlMS(p, k)z*. (2.1)
Proof. We have
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so (2.1) holds for m > p. If p > m (2.1) holds, too, because k" = 0, k,v € N*,
k<wv. d

3. APPLICATIONS

1
Application 3.1. (B,,e1)(z) = —mS(1,1)z =2, m > 1.

m

1

Application 3.2. (Bpe2)(z) = — (mS(2, 1)z + mP5(2,2)2?%) =

m

m—1, 1
= —2x°+—x,m>2.

m m

Application 3.3.
13
(Bmes)(z) = ﬁzm[k]s(?’,k)mk =
k=1
-1 -2) , 3(m-—-1
:(m )(2m )x‘3+ (m2 )x2+—2x,m23.
m m m

1< 12 14 1

Application 3.4. (Bseq)(x) = 3—42 S(4, k)3l gk = 2—7903 + ExQ + 77 %
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Corollary 3.1. The degree of (Bmep)(x) is p if m > p and m if m < p.

Proof. We have mlFl = 0 for k > m and all results from (2.1). O
In the paper [2] is proved the following
1 ) n—1 41
(Bmen)(z) = mn—1 T+ m” I ; m—k—1) (3.1)
EECEC0 00
1=k ip=k—1 =1 b2 h ik 7

for any natural numbers m,n and any z € [0, 1].
Corollary 3.2. We have
K -1 (-1 i1 —1
S( 1) : ! U :
pren=8 88 (07 e
i1=kix=k—1 ip=1

where k € {1,2,...,p—1} andp € N, p > 3.
[k+1]

Proof. The coefficient of z**1 from (2.1) is S(m, k4 1) and from (3.2) is

(7:1;_11) - k 1'2 Z‘l Zl( ><i1i2 1)m<ik_;k 1)

=k ia=k—1 ip=1
S ) ()
N ko= ip=1 iz ) U
so that (3.2) holds. O
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