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A method to determine all non-isomorphic groups
of order 12

DUMITRU VALCAN

ABSTRACT. The present work gives a method to determine of all non-isomorphic groups of order
12 and gives descriptions of all these groups.

In [6] Purdea has determined all non-isomorphic groups of order n < 10, and I
have determined in [9] all these groups of order n € {p, ¢, pq, p?, p*}, where p and ¢
are two distinct prime numbers.

In this work we will present a method to determine all non-isomorphic groups
of order 12. In this context, throughout this paper by group we mean a group
(denoted by G) of order 12 in multiplicative notation and we will denote: by 1 the
identity (the "neutral”) element of G, by ord(g) the order of the element g € G and
by |A| the cardinal of the set A. If A is a subgroup of G then |A] is (also) the order
of A.

Following the same reasoning as in [9] we will prove the main result of this paper:

Theorem: There are 5 non-isomorphic groups of order 12.

Proof: So, let G be a group of order 12 and Z(G) his center. According to
Lagrange’s theorem we have the following cases:

Case I: |Z(G)| = 12. In this case G is commutative and by [3,8.4] and [5,2.2
(p- 86) and 6.1 (p. 97)] it follows that either G = Gy = Zis = Z4 X Z3 or
G = Gg 2 Zy xZoxZs. So, either there is an element x € G such that ord(z) = 12
and Gy = {1,x, 22,23 2% 2% 25,27 28 2° 219 2 }-for this group see Table 1, or
there are z,y, z € Go such that ord(z) = ord(y) = 2, ord(z) = 3, zy = yx, vz = zx,
yz = zy and Go = {1,1,y, 2,22, 2y, vz, 222, yz,y2%, xyz, vy2*}-for this group see
Table 2.

Case II: |Z(G)| = 6. Then |G/Z(G)| = 2 and since the group G/Z(G) is cyclic,
by [5,2.2 (p. 143)] it follows that G is commutative-contradiction to the hypothesis.
So, there is no group G of order 12 with |Z(G)| = 6.

Case III: |Z(G)| = 4. Also in this case the group G/Z(G) is cyclic and us-
ing again [5,2.2 (p. 143)] it follows that G is commutative-contradiction to the
hypothesis. Therefore there is no group G of order 12 with |Z(G)| = 4.

Case IV: |Z(G)| = 3. In this case |G/Z(G)| = 4 and according to [8,5.5] the
group G/Z(G) is commutative. Again by [3,8.4] and [5,2.2 (p. 86) and 6.1 (p. 97)]
it follows that either G/Z(G) = Zy or G/Z(G) = Zs x Zs. Since the group Z, is
cyclic, it follows that only the second possibility holds.
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58 Dumitru Vialcan

Therefore G/Z(G) = {Z(G),2Z(G),yZ(G),xyZ(G)} and 2? € Z(G), y* €
Z(@), xyZ(G) = yxZ(G). Since Z(G) is a cyclic subgroup of order 3 of G as-
sume Z(G) = {1,a,a?}, with a € G. Hence G = (x,y,a). If 2y = yz then G is
commutative, which is impossible. So, xy # yx and there is an element b € {a, a?}
such that yz = xyb and 2y = yxb?. Now we distinguish the following subcases:

1) 22 = y? = 1. Then (yx)? = yayr = y(zy)z = y(yzb?*)r = y?2%b? = b2
and (2y)? = ryxy = x(yx)y = z(zvyb)y = 2%y*b = b. On the other hand, (yz)? =
yryxr = (vyb)(zyb) = (zy)?b? = b-b?> = 1. It follows that b = 1-contradiction to the
hypothesis.

2) 22 = 1 and y? = ¢ € {a,a®}. Then (yz)? = yryr = y(ay)r = y(yzb?)z =
y?22b? = b%c and (vy)? = zyzy = x(yx)y = x(xydb)y = 22y*b = be. On the
other hand, (yz)? = yayx = (xyb)(zyb) = (zy)?b?> = beb?> = c. It follows that
b? = 1-contradiction to the hypothesis (b is an element of order 3).

3) 22 = a and y? = a?. Then (yx)? = yzyr = y(zy)z = y(yzb?)z = y*x
a’ab® = b? and (zy)? = ayzy = x(yx)y = z(zyb)y = 22y?b = b. On the other
hand, (yz)? = yzyr = (zyb)(zyb) = (xy)?b? = bb? = 1. It follows that b? = 1-
contradiction to the hypothesis.

4) 22 = y?2 = ¢ € {a,a®}. Then (yx)? = yzyr = y(zry)z = y(yzb?)z =
y22?b? = b2c? and (zy)? = ayry = z(yx)y = x(xyb)y = 2%y*b = bc?. On the
other hand, (yr)? = yryx = (xyb)(zyb) = (xy)?b* = bc*b? = 2. Tt follows that
b? = 1-contradiction to the hypothesis.

So there is no group G of order 12 with |Z(G)| = 3.

Case V: |Z(G)| = 2. Then |G/Z(G)| = 6 and according to [9,4.2] either
G/Z(G) = Zg or G/Z(G) = D3, where Ds is the dihedral group of order 3. Since
the group Zs is cyclic it follows that G/Z(G) = Ds.

Therefore Z(G) = (a) = {1,a}, with a € G and ¢®* = 1, and G/Z(G) =
(xZ(G),yZ(Q)), where z, y € G, 23, y*> € Z(G) and 2yZ(G) = yx?>Z(G). Then
{2y, vya} = {yr?,yz?a}. Now we have two subcases:

Subcase 1: zy = yz2. Here we have the following possibilities:

i) 23 = 1 = y?. Then yz = 2%y and there is a group G3 = (z,y,a), with x,y
and a satisfying the above conditions; see Table 3.

ii) 2% = 1 and y? = a. Then again yz = 22y and there is a group G4 = (x,v),
with  and y satisfying the above conditions; see Table 4.

iii) 23 = @ and y?> = 1. Then we obtain that 25 = 1 and y = z%y2%. It
follows that yx = 2%y2® = 2%y and y2? = 2%yxr = 2%22%y = 2%y. So zy = zly
and 23 = 1-which is impossible. Therefore there is no group G with the above
properties.

iv) 23 = a = y%. Then 2% = y®> = 1 and again we obtain that yz = 2%y and
xy = x*y, which is impossible. So, also in these conditions there is no exist group
G.

Subcase 2: zy = yz2a. Also in this subcase we have the following possibilities:
i) 2> = 1 = 2. Then yr = 2%ya, y2? = z?yza = 2%°2%yaa = zy. So,
a = 1-which is impossible. Therefore in these conditions there is no exist group G.

ii) 23 = 1 and y? = a. Then y* = 1 and we obtain that yr = r?ya = ?y® and

yr? = (yo)r = 2%y3r = (22y)(v?r) = 22 (yx)y? = 222%y3y? = 2y. It follows that
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yz? = yx%a and a = y? = 1-which is impossible. Therefore there is no exist group
G with the above properties.

iii) 23 = a and y? = 1. Then we obtain that 2° = 1 and y = x5y2®. It follows
that yz = 2%y2% = 2%y and there is a group G5 = (z,y), with x and y satisfying
the above conditions; see Table 5.

iv) 3 = a = y%. Then 2% = y®> = 1 and again we obtain that yz = z°y and
there is a group G¢ = (z,y), with x and y satisfying the above conditions; see Table
6.

Case VI: |Z(G)| = 1. Then according to [8,5.11] G has two subgroups H and
K such that |H| =4 and |K| = 3. Assume K = (y) = {1,y,y?}, with y € G. Since
H is a commutative (sub)group of order 4 we have two subcases:

Subcase 1: H = Z,4. In this subcase there is an element x € G such that
H = (z) = {1,z,22,2%}. Since Z(G) = {1} it follows that H N K = {1}.
Then HK = {1,z,22%, 23, y,v% 2y, vy?, 2%y, 2%y%, 23y, 23y} is a set with 12 dis-
tinct elements from G. It follows that G = HK and HK = KH. Hence
yx € {z?y, 23y, xy?, 2%y?, 23y?} and in this subcase we have the following five pos-
sibilities:

i) yr = 2%y. Then yz? = (yx)r = (2%y)r = 2%2%y = y and 22 = l-which is
impossible.

ii) yz = 23y. Then y2? = 23(yx) = 2323y = 2%y and y?2? = y(y2?) = y2’y =
2%y2. So 22 € Z(G), contradiction to the hypothesis.

iii) yz = zy®. Again we obtain that 22 € Z(G). Since the proof is similar as
above, this will be left to the reader.

iv) yr = 22y%. Then ya? = 2%y%x = 2%y2?y? = 222%y%2y® = y?2y® = yay
and, so y = 1-which is impossible.

v) yr = 2%y%. Then zy = y?2® and y2? = 23y%z = 23y23y? = (22y?)?. Since
the element yx? belongs to {xy?, 2%y, x%y?, 23y} we will study all these possibilities:

a) yz? = 22y. Then 22y%2%y? = 22y, y?2%y = 1, y?2? = y? and, so 22 = 1-
which is impossible.

b) yx? = 23y. Then x3y?x = 23y and yz = 1-which is impossible.

c) yx? = xy?. Then x3y%x = xy?, 2%y%x = 2, 2%y? = y?23 and, so zy = 1-
which is impossible.

d) yz? = 22y%. Then (22y?)? = 22y? and, so 2?y? = 1-which is impossible.

Otherwise: (z%y)? = (zyz)” = (xy)(2?y)x = (zya?)(2y?) = (vy)(zy®) =
r(x®y*)y? = y. On the other hand, (2%y?)? = 2%(zyxy?) = 23(ya)y® =
23 (23y?y?) = 2%y. Tt follows that #? = 1-which is impossible.

Therefore in the conditions from this subcase there is no group G of order 12.

Subcase 2: H = Zy X Zs. In this subcase there are two elements z,z € G
such that H = (z,2) = {1,2,2,72 = za} and 22 = 22 = (22)? = 1. Let ny be the
number of the 2-sylow subgroups of G and ng the number of the 3-sylow subgroups
of G. Then according to [5,3.7 (p. 145)] (the third Sylow’s theorem) ny divide 3,
ng divide 4, ne = 1(mod 2) and n3 = 1(mod 3).

1) If ng = 1 then according to [5,4.2 (p. 146)] G has only two elements of order
3; these are y and y2. It follows that G has 10 elements which there aren’t of order
3.
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60 Dumitru Vialcan

i) If ng = 1 then G has only one 2-sylow subgroup, namely H and also in G
there are 6 elements of order 6; so o(zy) = 6. Then since Z(G) = 1 it follows that
xy # yr, 2y # yz and the following sets A, = {z, y?xy, yry?}, A, = {z,9y%2y, yzy?},
Ay = {y,zyz,zyz} and A, = {y? ay’z, zy?z} have distinct elements. If for a
g € G denote by n, the cardinal of the set {a 'ga | a € G} then: 3 = |A,| < |ny|,
3 =|A. < |nz|, 3 =|4y| < |ny| and 3 = |A,2] < |ny2|. By the class equation:
G| =1Z(G)|+ Y na, in our case, obtain that 12 > 143+ 3+ 3 + 3 = 13-

a€G\Z(G)
impossible.

ii) If no = 3 then G has three distinct 2-sylow subgroups; say Hi, Ha, Hs,
each isomorphic to Zs x Zs. It follows that there are a € Hy \ Ha, b € Hy \ Hz and
c € H3\ Hj such that a®> = b = ¢? = 1.

If HHN Hy = HyNHy = H3;N H; =1 (1) then G has 9 elements of order 2.
It follows that ord(ab) = 2 and, so ab = ba € Hy U Hy U Hz. We study these
possibilities:

a) If ab=a' € Hy then b = aa’ € Hy N Ho-contradicting (1).

b) If ab = b’ € Hy then a = b’ € Hy N Hy, again contradicting (1).

¢) If ab = ¢ € Hj then b = ad’ € Hy and ac’ = ¢’a. Hence the subgroup
L ={1,a,b,c'} is contained in {H;, H2, H3}, also -contradicting (1).

It follows that Hy N Hy = {1,a’}. Then H; = {l,d,2',d'2’} and Hy =
{1,d',2',d'2'}. Tt follows that z'2/, o’2’z’ € G\ (HyUHz) and ord(z'z') =
ord(a’'z’z") € {2,6}, because (z'2')F = (a’2'2')* for every k € {2,4,6}.

If ord(z2'2') = ord(a’z’z’") = 6 then (2'2')?, (a'2'z')? € {y,y?}. It follows that
(2'2")* = a'2’2 and o/ = (2'2')3. But, (a’2'2')* = 2’2’ and (a'2’'2')? = a’. So,
(2'2")3 = (a’2'2")3, and since (2'2')? = (a’2'2’)? it follows that ¢’ = 1, which is
impossible. So ord(z'z’) = ord(a'z’z") = 2, o'z’ = /2’ € Hs \ (H1 U Hs), and
az'z = Z'z'a’ € Hs\ (HyUHy); hence Hy = {1,2'7,d’2'2',a’}. Then M =
{1,2',2',d' ;2’2" ,a’d’,a’? ,a'x’ 2’} is a commutative subgroup of order 8 of G (see
the following table), which is impossible. (On observe that M is isomorphic to
Z2 X ZQ X ZQ)

The table of (sub)group M: M =< 1,2',2',d' >, 2’2/ = 2'a/, 2’d’ = a’2/,

o = a’z’, (x/)2 — (Z/)2 — (al)2 =1

1 T’ z a' ' z'a’ a2’ d
1 1 x! z a ' z'a’ Za  2'Zd
x’ x’ 1 ' z'a’ Z a 'Za  Zd
Z z 7 1 Za x ' a a' z'a’
a a z'a’ Z'a’ 1 ' a x’ Z '
' ' Z x’ x'Za 1 Z'a z'a a’
z'a’ z'a’ a z'Za ' Za 1 ' z
Z'a a2’ d a' z z'a’ ' 1 x’
Zad | 2'Zd Zd z'a’ ' a Z i 1

2) If ng > 1 then either ng = 2 or ng = 4. In the first case by [5,3.7 (p. 145)]
obtain that 2 = 1 (mod3)-impossible. Therefore ny = 4 and the group G has
8 elements of order 3-see again [5,4.2 (p. 146)]. It follows that G has only one
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2-sylow subgroup, namely H = (z,z) = {l,z,z,2z = zz}, with z, 2z € G and
2?2 = 2% = (v2)?2 = 1. Then G = {1,z, 2,y,y?, x2, vy, 2y, 2y, 2y*, 2y, v2y*. Since
ord(zy) = 3 it follows that (zy)? = y?z. But y?x € {xy?, 2y, 22, 292, w2y, x2Y°}.
We study all possibilities:

i) y2x = 2y%. Then (zy)? = ryy and = = 1-impossible.

ii) y?z = zy. Then (zy)? = 2y, zyxr = z, xy*xr = 1 and y? = 1-impossible.

iii) y?x = zz. Then y? = xzx = z-impossible.

iv) y%x = 2y%. Then yxr = xzy, yz = xy and there is a group Gy with these
properties-see Table 7.

v) y?x = xzy. Then (2y)? = zzy and xy = 2-impossible.

vi) y?z = z2y%. Then yx = 2y, yz = xzy and there is a group Gg with these
properties-see Table 8.

Therefore we have determined 8 groups of order 12. Afterwards we are going to

show the following isomorphisms: G3 = G5, G4 = Gg and G7 = Gg. First we make
up the following tables:

The group | The elements of order 2 The elements of order 3
G 8 2t 28
Gs T,Y,TY 2, 2°
Gs Y, a, vy, 22y, ya, rya, r2ya x, x?
Gy y? z,?
Gs 23y, zy, 2%y, 22y, 2%y, 20y 22, 2?
Ge z° 2, zt
Gy xT,2,x2 y, 2,y xy?, 2y, 2%, a2y, w2y?
Gs xT,2,X2 v, y2, xy, vy?, 2y, 2y2, v2y, w2y
The group | The elements of order 4 | The elements of order 6
G, $3, 1‘9 .132, 1‘10
Ga - xz, w22, yz, Y22, xyz, vyz?
G - za,x’a
G4 v, y°, wy, xyt, 1y, yP xy?, 2y
Gs - z, z°
Gg y, zy, 22y, 2y, 2y, 27y x, 20
G~ - -
Gs - -

Now, it is straightforward to verify that:

a) the map f : G5 — G5 defined by f(a) = 23, f(y) = y and f(x) = 2? is an
isomorphism of groups and G5 = G5;

() the map f : G4 — Gg defined by f(z) = 2%, f(y) = v and f(y?) = 2% is an
isomorphism of groups and G4 = Gg;

v) the map f : G; — Gg defined by f(x) = z, f(z) = x and f(y) = y is an
isomorphism of groups and G7 = Gg.

Now the theorem is completely proved.

Corollary 1: The group G3 is isomorphic to Zy X Ss, where Ss is the symmetric
group of degree 3.

Proof: In the group Gs, the set A = {1,x, 2% y, 2y, v?y} is a non-commutative
subgroup of order 6. So, A is isomorphic to S3.
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Corollary 2: The group G4 is isomorphic to a semidirect product of Zs by Zy4.

Proof: Left to the reader.

Corollary 3: The group Gg is isomorphic to A4-the alternating group of degree
4.

Proof: The 12 elements of A4 are eight 3-cycles, three products of disjoint
transpositions, and the identity. These elements are: o = (1 2 3), 02 = (1 3 2),
T=014)(23),n=002)34), 7u=upur=(13)(24),e=(1), 70 = (134,
po = (24 3), 70?2 = (12 4), po®> = (1 43), Tuo = (1 42) and 7uo? = ( )
Now, it is easy to check that the map f : Gg — Ay, defined by: f(z) =7, f(y) =0
and f(z) = p is an isomorphism of groups.

Corollary 4: The group Gg is generated by the elements y, xy and zy.

Proof: It is straightforward to verify that Ay =< 0,70, uo >. Now, Corollary
3 completes the proof.

Corollary 5: The group Gg does not have no subgroup of order 6.

Proof: From [8,3.11] it follows that A4 is a group of order 12 having no subgroup
of order 6. Again Corollary 3 completes the proof.

Corollary 6: The group Gg is not simple.

Proof: The set V = {7, u,7u = p7} it is easily seen to be a subgroup of Aj.
Since V' contain all the permutations of Sy of a given cycle structure, V' is normal
in Sy, a fortiori, it is normal in A4. Therefore A4 is not simple, and according to
Corollary 3, Gs has the same property. (On observe that V is isomorphic to H).

Otherwise: It is easy to check that the subgroup H =< x, z > is normal in Gg.

Corollary 7: The normality of subgroups of a group G need not be transitive.

Proof: Counterexample: in Gg, the subgroup N = {1,zz} is normal in H =
{1, 2z, z, 2z}, which is normal in Gg (see Corollary 6), but since yN # Ny it follows
that IV is not normal in Gs.

Corollary 8: FEvery group G of order 12 that is not isomorphic to Ay contains
an element of order 6-[8,5.16].

Proof: The elements: « € G1, yz € Go, za € G, xy?> € G4, © € G5, x € Gg are
of order 6.

The (multiplication) tables of these 8 groups which have been
determined. Table 1: G| = Z5

. 1 e e N Ty . S s [ 3|

1 1 T e I I ™ 011
T T 22 23 ozt b 28 2T 2® 2% 10 Ul 1
e T S e B [ S | T
O R S T Sy S s (UNN S [
24l 4 5 6 2T 8 9 L0 11 g 22 23
22l 25 26 2T 8 29 L0 L1 g e R
26 | 26 2T 48 9 L0 11 g JOR J. S G-
S B I (R S B | PO . S . S
28 | 28 g9 0 11 O - T R
22 | 29 100 11 g [ S S S B G
210 | 2100 211 g e L Ay (R Sy
21| g1 O - O ey g S S 1)
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Table 2: G2 = ZQ X ZQ X Z3
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. 1 T y z 22 Ty Tz x> Yz yz2>  wyz xyz?
1 1 T Y z 22 Ty Tz 22 Yz yz2 Tyz  xys’
x x 1 Ty Tz x> Y z 22 Tyz  xYyz® Yz yz>
y y xy 1 Yz yz> x Tyz  wyz’ z 22 Tz z2?
z z Tz Yz 22 1 Yz X2 x Yz y zyz® oy
22 22 zz%  yz? 1 z xyz> T Tz Y Yz Ty TYZz
Ty Ty Y x ryz Ty’ 1 yz yz> Tz x2? z 22
Tz Tz z zyz w2’ T Yz 22 1 zyz> wmy yz? Y
zz® | x2? 22 xyz? T Tz yz2 1 z yz?  xyz y Yz
yz yz Tyz z yz y Tz  xYz Ty 22 1 zz? x
yz? yz?  ayz 2* y Yz xz Yy TYz 1 z T Tz
ryz | xyz yz zz  wyz®  ay z yz2 y zz? T 22 1
zyz? | myz? oyt x2? Ty xyz 22 y yz x Tz 1 z
Table 3: G3 =< z,y,a >, 23 =y* =a®> =1, yr = 2%y, Z(G) =< a >
. 1 x x2 y a Ty =%y za z%a ya zya  zya
1 1 T z? y a Ty =%y zra z2a ya Tya T ya
T x z? 1 Ty za =%y Y z%a a zya xiya  ya
x2 z2 1 T 22y 2% Y Ty a za z?ya  ya Tya
Y Y =2y Ty 1 ya z? T z’ya  zya a z%a za
a a za z%a ya 1 zya  xya T x2 y Ty =%y
Ty Ty y =2y T Tya 1 z2 ya z?ya  za a r“a
2y | 2’y Ty y =2 z%ya T 1 Tya ya z%a zTa a
za za z%a a Tya T ?ya  ya z? 1 Ty z2y y
z2a | z%a a za z?ya 22 ya Tya 1 T 22y y Ty
ya ya  x’ya zya a y z%a za =2y Ty 1 z? T
Tya | Tya ya z’ya  za Ty a z%a Y z%y x 1 z?
z2ya | ?ya  zya ya 220 x?y Ta a Ty y z2 T 1
Table 4: Gy =< z,y >, 25 =1, 9% = a, yr = 2%y, Z(G) =< a >
: 1 2y awy ay my 2Py 2% Y
1 1 = 22 Y v v Ty w® o %y 2
z z 22 1 oy v w2y 2t 2P y " v
22 22 1 = 2y 2?2y y y? v Ty o xy’
A O S T A P S
Y Y ry ry Yy Y Yy €z Yy ry T 'y
y3 y3 .'L'2 3 myS 1 Yy y2 x? ny 332?/2 T zy a:y2
xy xy Yy $2y .’L’y2 xy3 T y2 y3 1 .’172’1/2 .'EQ'yS .’172
l'y2 ny $2y2 y2 Z'y3 T zy $2y3 1‘2 l‘2y y3 1 y
myf} .TyS y3 .'L'2y3 T xy .'L‘yQ 1 Yy y2 .’172 x2y $2y2
x2y ny xy Yy .'.E2y2 $2y3 IE2 ny xy3 T y2 y3 1
I2y2 1'2y2 y2 l'y2 $2y3 1’2 I2y y3 1 y l’yB T zy
.'L'2y3 $2y3 xy?) y3 3'1'2 x2y x2y2 T Y $y2 1 y y2
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Table 5: Gg =<,y >, 23 =a,y?> =a® =1, yz = 2%y, Z(G) =< a >
. 1 T L y zy 2%y 2Py 2ty 2Py
1 1 T z2 z° z? z° Y ry 2y 2oy iy oy
T T L B 1 zy 2%y 2%y o'y oSy oy
e R 1 x 2y 2y 2ty 2Py oy Ty
22 | 2® ozt 2 1 T 2 iy aly 2Py oy ry 2y
zt | 2t 2P 1 T 2?2 2 xty 2y oy zy 2%y 2y
z® z° 1 T z? z® 2y oy zy iy 2Py aty
Y y 2y 'y 2%y 2%y ay 1 2 2t 2 2P T
Ty | xY y 2y 'y 2y 2%y 1 e R

22y | 2%y wy y 2Py 'y By 2P x 1 = 2t 2P

By | by 2Py oy y 2y xly 2®  o? T 1 s a2t

oty | 2ty 2By 2y ay y 2y 2t 2 2P x 1 x°

2Py | Py zly 2By 2%y oy y z® 2t 2 2P T 1

Table 6: Gg =< 1,y >, 23 =y?> = a, yz = 2%y, a®> = 1 Z(G) =< a >
. 1 T 2?2 2 2t 2P y zy 2%y 2Py 2ty 2Py
1 1 T z2 z° 2 Y Ty Yy Y Ty Ty
x T 22 2* 2t 2 1 zy 2%y 2y o'y oSy oy
22 | 22 23 2t P 1 x 2y 2y 2ty 2Py oy Ty
22 | ® 2t 2 1 T 2?2 iy 'y 2Py oy ry x’y
o A 1 x 2?2 2 zly 2Py oy zy 2%y 2y
2o | 2P 1 T 2?2 2 2t 2y oy ry 2’y 2Py 'y
y y 2y 'y By 2Py xy 25 2? x 1 2!
Ty | xy y 2Py 'y oy 2%y ot 2 2? T 1 x°
2’y | 2%y wy y 2Py 'y 2By 2 2t 2 2P T 1
By | by Py xy y 2y 'y 1 2 2t 2 2P T
oty | 'y 2By 2y ay y 2y oz 1 25 2t 2 2P
2y | 2y xty 2y 2%y xy y x? T 1 2t 2P

Table 7: G7 =< z,y,2z >, 22 =y3 =22 =1, yr = xzy, 22 = 22, yz = xv,
2(G) = {1}

. 1 x z Tz Y y? Ty xy? 2y 2®  xzy  z2y

1 1 T z Tz Y Y2 Ty x1y” 2y 27 xzy a2y
x T 1 Tz z Ty zy? y o> rzy w2y 2y 2y?

z z Tz 1 T 2y 2 xzy  way? Y y? Ty xy?
Tz Tz z T 1 zzy  z2Y®  2Y 2y? Ty xy? y >

y y T2y Ty 2y o> 1 zzy®  az xy? T 2y° z
> > 2y? xzy? ay? 1 Y z 2y Tz T2Y T Ty
Ty Ty 2y y zzy  xy? T 2? z y? 1 rzy®  xz
zy? | axy® oz 2P y? T Ty Tz T2y z 2y 1 Y
2y 2y Ty T2Y y zy? z xy? T T2Y Tz > 1
2y? 2y? > zy?  xzy? z 2y 1 y T Ty Tz T2y
T2y | T2Y Y 2y Ty  z2Y Tz y? 1 2y? z zy? x
zzy? | zzy®  ay? y? 2y° Tz T2Y T Ty 1 y z 2y
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Table 8: Gs =< z,y,2 >, 22 =y> =22 =1, yx = 2y, vz = 22, Yz = T2y,
Z(G

) =A{1}

. 1 x z Tz Y y? Ty zy? 2y 2y wzy  xay?
1 1 T z Tz Y y? Ty xy” 2y 2> wzy  xzy?
x T 1 Tz z Ty zy? y y? zzy  x2Yy® 2y 2?
z z Tz 1 T 2y 2y wzy  mzy? Y y? Ty xy?
Tz Tz z T 1 zzy  z2Y® 2Y 2? Ty zy? y >
y y zy T2y Ty > 1 29> z zzy®  x2 zy? x
3> y: o ozzy® xy® zyP 1 Y xz xzy x Ty z 2y
Ty Ty T2y 2y y zy? T zzy? zz zy? z y? 1
zy® | zy® 2t v xzy? x Ty z 2y 1 y Tz x2Yy
2y 2y Y Ty zzy  2y> z y? 1 xy? T zzy? xz
2y? 2 xy?  zzy? )t z zy T Ty Tz T2y 1 Y
xzy | x2Y xy y 2y xzy?  xz x1? x y? 1 29 z
zzy? | zzy? 9P 2 xy? Tz xzy 1 y z zy T Ty
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