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Analysis of duration and convexity of coupon
obligation

Vincent Šoltés and Michal Šoltés

Abstract. Duration and convexity of coupon bonds are analysed in this paper. There is
derived new formula for duration of the coupon bonds. The proof is based on the calculation of

the sum some special sequences without using derivation and integration.

1. Introduction

The main objective of the paper is to analyze duration and convexity of coupon
obligation. It is just this analysis that will help us understand their definitions and
prove the statement applying these characteristics in certain sense.

If coupon obligation with nominal value F, coupon rate r, expiration period n
and desired return rate i is supposed, then theoretical value of the obligation can
be calculated by well known formula:

V =
n∑

t=1

Fr

(1 + i)t +
F

(1 + i)n . (1)

Duration D of such obligation is defined as follows:

D =

n∑
t=1

t · Fr

(1 + i)t + n · F

(1 + i)n

V
(2)

and convexity with the formula

K =
1

(1 + i)2

[
n∑

t=1

t (t + 1) Fr

(1 + i)t +
n (n + 1) · F

(1 + i)n

]
. (3)

Relation (1) is clear, as, it is, actually, the present value of cash flows from
the obligation that is the same as theoretical value of obligation. It is obvious as
well that the higher interest rate is, the lower theoretical price of obligation is and
vice-versa, the lower interest rate is, the higher theoretical price of obligation is.

Relations (2) and (3) are taken as a matter of course by definition. Nevertheless,
it is interesting to find out how these definitions came out and why it was important
to define such terms. Economy literature shows statements, which say that duration
and convexity are the criteria of price of obligation sensitivity to the interest rate
variation. The higher duration or convexity is, the more sensitive obligation to its
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price at the interest rate variation is. But this cannot be seen from definitions (2)
and (3).

2. Fundamentals of duration and convexity

Let us calculate relative change of theoretical price V at the change of interest
rate i at first. We have

∂V

∂i
V

=

n∑
t=1

−t · Fr

(1 + i)t+1 − n · F

(1 + i)n+1

V
= − 1

1 + i


n∑

t=1
t · Fr

(1 + i)t + n · F

(1 + i)n

V

 ,

then using (2) we easily find out, that

D = −

∂V

∂i
· (1 + i)

V
. (4)

Let us calculate the second partial derivation of theoretical price V by interest
rate i. We have

∂2V

∂i2
=

∂

∂i

[
n∑

t=1

− t · Fr

(1 + i)t+1
− n · F

(1 + i)n+1

]
=

n∑
t=1

t(t + 1) · Fr

(1 + i)t+2
+

n(n + 1) · t
(1 + i)n+2

=

=
1

(1 + i)2

[
n∑

t=1

t(t + 1) · Fr

(1 + i)t
+

n(n + 1) · F
(1 + i)n

]
so

K =
∂2V

∂i2
. (5)

We can see, that convexity of coupon obligation is simply the second partial
derivation of its theoretical price by interest rate.

3. Usage of duration and convexity for calculation of estimation of
theoretical price change at the change of interest price

Let us suppose coupon obligation, we know its theoretical price V1, duration D
and convexity K at the interest rate i1. The aim is to calculate, how its theoretical
price will change when interest rate changes from value i1 to value i2. Using Taylor’s
sequence we obtain, that this price V2 can be calculated by formula

V2 = V1 +
∞∑

n=1

(
∂nV

∂in

)
i=i1

· (i2 − i1)
n

n!
. (6)

If we mark change of theoretical price ∆V = V2 − V1, change of interest rate
∆i = i2 − i1 and from Taylor’s sequence we suppose only items with first and
second partial derivation, then using (4) and (5) we obtain, that
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∆V =̇ − DV1

1 + i1
· ∆i +

1
2
K (∆i)2 . (7)

Relationship (7) allows us to estimate the change of theoretical price of obligation
at the change of interest rate i, if we know duration and convexity. We can observe
continual proportion; i. e. the change is higher with higher duration D or convexity

K. As weight of duration in the relationship (7) p1 = −V1 · ∆i

1 + i1
is significantly

higher than weight of convexity p2 =
1
2

(∆i)2, duration only is used in practice.
Nevertheless, it is clear that both are very important characteristics, which should
be known to every investor when investing to obligations.

4. Derivation of new formulas for calculating convexity and
duration

Main disadvantage of formulas (2) and (3) is the fact, that they include sum with
respect to maturity period of obligation and calculation may be long and difficult
at the high maturity period. In the paper [4], a new formula for calculation of
duration of coupon obligation is derived using integration of power sequences and
subsequent derivation of its sum. In this part, we derive this formula using only
elementary mathematics.

From formulas (2) and (1) after using substitution x =
1

1 + i
we have

D =

n∑
t=1

t · xt +
n

r
· xn

n∑
t=1

xt +
1
r
· xn

.

Firstly, we find the sum of series in the numerator. We have

n∑
t=1

t · xt = x + 2x2 + 3x3 + ... + nxn =

=
(
x + x2 + x3 + ... + xn

)
+

(
x2 + x3 + ... + xn

)
+ ... +

(
xn−1 + xn

)
+ xn =

= x · 1 − xn

1 − x
+ x2 · 1 − xn−1

1 − x

+... + xn−1 · 1 − x2

1 − x
+ xn · 1 − x

1 − x
=

=
x

1 − x

(
1 − xn + x − xn + x2 − xn + ... + xn−1 − xn

)
=

=
x

1 − x

(
1 − xn

1 − x
− nxn

)
=

=
x

(1 − x)2
(
1 − (n + 1) · xn + nxn+1

)
As

n∑
t=1

xt = x · 1 − xn

1 − x
,

after substitution for both sums of series, we have
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D =

x

(1 − x)2
[
1 − (n + 1) xn + nxn+1

]
+

n

r
· xn

x · 1 − xn

1 − x
+

1
r
· xn

,

from which after substitution for x and after modification we obtain

D =
1
i

 (1 + i)n+1 + ni

(
i

r
− 1

)
− (1 + i)

(1 + i)n +
i

r
− 1

 (8)

which is the same as the formula (*) in the paper [4]. Formula (8) with the formula
for convexity

K =
Fr

i3

2 (1 + i)n+2 − (n + 1) (n + 2) i2 − 2 (n + 2) i − 2 + n (n + 1)
i3

r
(1 + i)n+2

 (9)

derived in the paper [5] makes calculations of duration and convexity of coupon
obligations much easier.

References

[1] Berinde, V., Exploring, Investigating and Discovering in Mathematics, Birkhäuser Verlag, 2004
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[3] Hrvoová, B., Analýza finanèných trhov Sprint v fra, 2001
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