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New refinements for the AM-GM-HM inequalities

MIHALY BENCZE

ABSTRACT. In this paper we introduce new means which give new refinements for the AM-GM-HM
inequalities.

1. MAIN RESULTS
Theorem 1. Ifz;, >0 (k =1,2,...,n), then

n n
%kz Tk 2 5y O Y2 (Yo T2) = i Lo = fE— )~
=1 =1

1
eyclic Py \3/1112( Yz Ye2

cyclic

n

St
ICX::1H

Proof. a3 + a3 = (a1 + az) (a% +a3 — alaz) > ajas (a1 + ag),

n n
23 ai= % (at+ad) > X araz (a1 +az) >2n \/H>a,§
k=1 cyclic cyclic k=1
Ifar = Y (k=1,2,...,n), then

1 n 1 : r ’
- ;xk 25 > s (Yo + ) >

cyclic

In this we take z;, — i (k=1,2,...,n), therefore

n
2n n
H ik 1 1 1 Z @ '
> m(ﬁ* 372) > o
cyclic k=1
Remark. B (z1, 22, ..., %,) = 5= > /2122 (¢/T1 + ¢/x2) and
cyclic
_ 2n
B (x1,x9,....xy) = ’ - ’
cyzcz:w Fores (E”/E + \S/E)

are new means introduced in [1].
The inequalities of theorem can be written A > B > G > B> H.
Application 1.1. In all triangles ABC holds:
1) 2 (s* = 3r2 —6Rr) > s> + r> — 2Rr > 12Rr
2) s (32 - 12Rr) >5(A4R+r) — sr? > 3sr?

Received: 1.07.2006. In revised form: 14.09.2006
2000 Mathematics Subject Classification. 26CD15.
Key words and phrases. Inequality, best constants, geometric inequality.

7



8 Mihély Bencze

3) (4R +7)° —12s2R > s2 (2R — r) > 3s2r
4) (2R — 1) ((43 +7)? = 85%) + 6Rr? >

(2R —r) (s* +r® — 8Rr) — 3Rr* > 61r?

[\D\r—l

5) (4R +71)* =32 (2R +7) > 1 ((4R +7)° 4+ 827‘) —s’R > 6s°R

Proof. In inequalities Y- 2® > L[] (z+y) — ayz > 6ayz, we take (z,y,2) €
{(a,b, ¢),(s—a,s—=b,s—c),(ra,rp,Te); (sm 5,sin” 5, sin 5) (cos2 Q,COSQ g,cos 5

These inequalities are refinements for classical triangle inequalities (Euler, Gerret-

2 A 2 B 2C

sen etc.).

Application 1.2. In all tetrahedrons ABC'D holds:

1
1 1 8
e g VR (Ve ) 2 T >

Vhaho \ Vha ' Vho
2)
8
,Zra_szm\/a+e/r Hr>z (1 +(1)22r
m Vra Y

Proof. In Theorem 1 we take n = 4 and
(1’ Y,z t) S {(h(l7 h’b7 h’Ca hd) (raa TbsTe, Td)}
Application 1.3. In all triangles ABC' holds:

1)
2s 6 12sRr
\/ r >
3 _GZ\F<[+\[) - 1 (1, 1 s24+1r2+4Rr
v\t
2)
1 . .
%2623(s—a)(s—b)(\3/s—a+\3/s—b)2\/357“22
S 6 S 3sr
- 1 1 1 T 4R +r
DOy ey (%w + %4,)
3)
4R 6
LT S e () 2 U 2 = = 1)z3r
W T
4)

A B s
— > = E ctg—ctg— ctg + ctg -
2 2 r
- / / 4
3t92t92(3tg2 Stg2> R—l—’l‘

2 C

)}
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5)
4R+7" \/ \/ \/ \/7
= tg=tg— [ {/tg= = I
253 ( ; "
3r
2 -
Z {’/ctg%ctg% (i/ctgg + ¢ ctgg) s
6)
2R — A B 2
R ! > 62\/8111 = sin? (\/sm 2—!—\/8111 2) ¥ 1gR2 >
6 3r2
> 25
1 1 1 s? 4+ 1?2 —8Rr
Z Vsin2 %sin2 % 3/sin? % + Vst %
7)
4 B A , B 2
R—’_rz:\/cos2 cos22<\/cosz2+§/00522>> Y 1§R22
> 6 352
24 (4R +7)?

1 1 s
Z \/cos2 cos? B (%/COSQQ + %/coszg)

Proof. In Theorem 1 we take n = 3 and

(x,y,z) € {(CL,b,C),(S*CL,S*Z),S7C),(7”a,?"b,7”c);

92’92a92 ; 092,0927092 ;
A B C A B C
.2 .2 ) . 2 2 2
(sm —2,sm —2,sm 2), (cos —27cos —2,005 2)}

These inequalities give new refinements for classical triangle inequalities (Euler,
Gerretsen etc.).

Application 1.4. We have the following inequalities:

11 2 n+1
“N"2>B(2:=, .. > { 1>
gz B (25 ) T

n
23(2,‘;’,...,”+1>2 ln
m
f% 2_: %
Application 1.5. We have the following inequalities:
n+1
1 1 12 n 1
1-— -2>Blz, .. > >



10 Mihély Bencze
>B(;,§,..., j—l) > 1“
n 15~ 1
L4525

Application 1.6. We have the following inequalities:

n+1 2 2 27
T S N (e e R M Y At
n e k2 22 32 (n+1) 2(n+1)

2 2 2 _
ZBG?I}yR”ﬂESW1>E 1i11
1+ﬁk¥2m

Application 1.7. We have the following inequalities:

n ( 1 1 1 ) 1
> B T o0 IR} Z 2
n+17~ 1-272-3" " n(n+1) tn+1) (n))?

L S U VU
- 1-272:377""nn+1)) ~ (n+1)(n+2)
Application 1.8. We have the following inequalities:

2" -1 > B (1,2,22,...,2"71) > 2"

-1
2 >
n =

n—1
> B (1,222 > 12
2n — 1

Theorem 2. Ifz; >0 (i =1,2,...,n),a € (—00,0]U[1,400), k € {1,2,...,n}, then

n n n

2 n 2 | | 2 n
L 3 <1+ +%> El
T; k o

1=1 cyclic i=1

1 ¢ + ...+ Tf 1 1+ ...+ Tk
— L TR s & .- TR
Ly e Ly

i=1 cyclic cyclic
1 e\
r1+ ... +xp
> E —) | =1z E x| 2
n ‘ k n 4
cyclic i=1

If in this we take z; — xi (i=1,2,...,n), then we obtain the another inequali-
ties.

Application 2.1. In all triangles ABC holds
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1)
2(s2 =72 —4R 1 2
(S r3 T> > 5 (352 —7r? 74Rr) > (S) > (\/3 45R7‘> >
4sRr 2 12 3
=9 2+ 12+ ARr 2 L 22 s24r24dRr\2 _ 1
Ya+s) (A - &
2)
s2—2r2 —8Rr _ s® —r2 —ARr 5\ 2 3
> > (= > (Vsr2) >
3 = 6 = (3) = ( s ) =
sr 2 12 35212
=N\irsr) = 2 Z(4R )% — 242
c +7r — 4S8
Z ((s—a)(s—b))
3)
2 2 22 2 2
(AR+r)" —2s Z(4R—|—7‘) s > 4R+ Z(W) >
3 6 3
12 35212
>9r? > 5 >
- - 1 1 ~ s2 —8Rr — 2r2
S (%)

Proof. In Theorem 2 we take n = 3, & = 2 so we obtain

2 2 2 2 2 2 2
x —|—y3—|—z Z(a:+y) —I—(y—1|—2z) +(z + ) Z(Jﬁ—g—i—z) 2(W)22

9 S 12 S 3
2 = 2 2 Z 71 1 1
1 1 1 1 1 1 1 1 1\2 S+t
(;+5+2> (;+§) +(y+;) +(z+3) v
and in this we take
(x,y,2) € {(a,b,¢),(s—a,s —b,s—¢),(Ta,Tb,7c)} -
Theorem 3. If o € (—00,0] U [1,400)and x; >0 (i =1,2,...,n), then

" 3 1\° n\"
Seed T () s (1) =
i=1

i=1 cyclic

S|

n n n
- n 1 — _1 _1l\N® = n 1 :
T a T, “+4...+x, ¢ 1
> PR (i > o
i=1 Ti i=1
cyclic

Proof. In Theorem 2 we take z; — xf (t=1,2,...,n). These inequalities are
new refinements for AM-GM-HM inequalities.
Remark. The following

1 1\ @
1 e+ ..t xp
SYRPRITI Sy C ST

cyclic
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1. 2\°
Da<$1,$2,...,l‘n): (nz.%‘lCX) N
i=1

- n
Da (x17x27"'7xn) = 1 9

Co (21,22, ..., Tpn) = < — 1>a

cyclic

are new means for which A > C, > D, > G > D, > C, > H. These where

introduced in [1].
Application 3.1. In all triangles ABC holds

1)
2
; > C, (a,b,¢) > Dy, (a,b,c) > V4sRr >
_ _ 12sRr
>D > >
iy a(a,b,c)_ a(a7b7c)_ 82+7‘2+4R7"
2)
%ZCa(s—a,s—b,s—c)ZDa(s—a,s—b,s—c)Z\/357“22
_ _ 3
zDa(s—a,s—b,s—c)zCa(s—a,s—b,s—c)z4RS_:T
3)
4R
3+r Z Ca (Ta,’l"b,'f’c) 2 Da (raarlnrc) Z v Sgr 2
> Dfa(”ﬂaaTbarc) > Cfa(rumrb,rc) > 3r
4)
2R — A B A B 2
R TzCa sin2—,sin2—,sin29 > D, Sin2—,sin2—,sin2g > 3T72
6R 2 2 2 2 2 2 16 R2

— A B C — A B C 3r?
> D, (sin2 §,Sin2 E,sin2 2) > Cq (sin2 5,51112 §,sin2 2) > m

5)
» B 2 C 2 s

4R A A B C
6;7’ > C, (coszz,cos 5,c0s 2> > D, (C0822,C082 5,005 2) > Y 162 >

— A B — A B C 2
> D, (cos2 —, cos? —, cos? C) > C, (cos2 —, cos? —,(3082 ) > LQ
2 2 2 2 2 2 s2 4 (4R +r)

These inequalities are new refinements for a lot of classical triangle inequalities
(Euler, Gerretsen etc.).
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Theorem 4. If f: R — Risconvexandx; € R (i =1,2,....,n), k € {1,2,....n}, then

fo CEEDY f(”“”"’z ”’“) >f<;f:m>
=1

cyclzc

If f is concave then we have the reverse inequalities. This is a refinement of Jensen’s
inequality.

Proof.
_ > — > _— ] >
DWIEED> DLy ().

cyclzc cyclic
= n 4~ k N né&=""]"
cyclic i=1
Application 4.1. Ifz; >0 (i =1,2,...,n), then
1 — " T, + a9+ ...+ a8 2 1 n

(13a) = I e s L s |
i=1 cyclic =1 H fk Z z;
cyclic =1

a new refinement of AM-GM-HM inequalities.
Proof. In Theorem 4 we take f (z) = Inx.

Theorem 5. If f : R — R is bijective and convex, g : R — R is bijective and concave
x, € R(1=1,2,...,n), ke {l,2,...n}, then

(L5 ) <t 3 (P )

cyclic

gxigizf(gl(“”fgl(“) (Zg x>

cyclic

<

Proof. The function f is convex and bijective, therefore in Theorem 4 we take
x; — f~H(x;) (1 =1,2,...,n), so we obtain

%ZCEZ‘_ Zf( CC1 +k+f ( )2]0(7112][_1(1'1))
i=1 i=1

cyclic

The function g is concave and bijective, therefore in Theorem 4 we take z; —
gt (x;) (i =1,2,...,n), so we obtain

foz_ Z (g_ (xl)—’—'llg'—i_g_ (mk)) §9<izg_1 (ch)> .

cyclzc i=1

Application 5.1. Ifz; >0 (i=1,2,...,n)and k € {1,2,...,n}, then

1 n n n
<

A Y %+ N e S 1 S
5 e” ...FeTk = Yxy...
In Z e Z In k Z:l T4 cyclic T Tk
1=

cyclic
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These are new refinements for AM-GM-GM inequalities.
Proof. In Theorem 5 we take f () = e¢” and g (z) = Inx.
Remark. The following

1
Pz, a0,0020) = —
In (71; > e“’i)
i=1
n
Fg(l'l,l‘g,...,l‘n) = T BN 5
e®l1 4..4e%k
> ln< - >
cyclic
n

Fg(l'l,xg,...,fﬂn) = 1
> 5/90190127%

cyclic

_ 1

Ft(x17$2;-'-;zn) = 1T 1 1 a(t€{172,3})
t(?l’ﬁ""’wn)

are new means for which F; < F, <H < F3 <G<F3 <A< F, < F.
Ifx, € mM](i=1,2,....,n), thenm < F; < F; < M.
Application 5.2. In all triangles ABC holds:

1)
Fi(a,b,¢) < Fa(a,b,c) < % =
< Fy(a,b,¢) < VAsRr < Fy(a,b,c) < ? < Fy(a;b,c) < Fi(a,b,c).
2)
Fi(s—a,s—b,5—¢) < Fay(s—a,s—b,5—c) < 4;847:7’ < Fy(s—a,s—b,s—c) < Vsr2 <

SE(S—CE,S—Z),S—C)S
3)

< Fy(s—a,s—bs—c)<Fi(s—a,s—b,s—c).

Wl ®

Fi(ra,7b,7e) < Fo(Ta,7p,7e) < 31 < Fy(ra, 1y, 70) < V2 <

R+r

_ 4 _ _
S FB(Ta7Tb7Tc) S S FQ(T(LaTbvrc) S Fl(Ta7rb7TC)'

Theorem 6. If f : R — R is convex, bijective and increasing, g : R — R is concave,
bijective and increasing, v; € R (i =1,2,...,n)and k € {1,2,...,n}, then

(1l a1 T+ .+ T 1 &
1 ,E N <ol 2 E s TR <,§ <
! <n izlg(xl)> =7 n f( k ) n i=1 e

cyclic

! +.. L1 E
<f an(xlkxk> §f1<n;f($i)>-

cyclic

If f and g are decreasing, then we have the reverse inequalities.
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Application 6.1. If z; >0 (i=1,2,...,n)and k € {1,2,...,n}, then
1 1 n 1

< < < <
1 zn: X\ 1 T S
In{=> ew 1 2Tk =
n 2 Inf~ > e =* o

1 1
1 +'”+1'k
cyclic

[T =

cyclic

Z o Tk <In <71L zn:em”) .

cyclic i=1

n n
gng . H $1—|—.].€.—|—33k Si;l‘ifln

cyclic

These are new refinements for AM-GM-HM inequalities.
Proof. In Theorem 5 we take f (z) = e*and ¢ (z) = Inx.
Remark. The following

1
Fy(z1,22,..,2n) = )
In{i > e
cyclic
1
F5(:U1,x2,...,xn) = )
ﬁ+...+i
n H T
cyclic
— 1
Fi(z1,xe,...ixy) = T i (t € {4,5})
Ft(;vga""x”)

Application 6.2. In all triangles ABC holds:

1y
12sRr 3
< < — < Fj < <
Fi(a,b,c) < Fy(a,b,c) < OB By e Fs(a,b,c) < V4sRr <
S 2s S —
S F3(aabvc) § ? < 4(a7b,c) S Fl(aab,c)'
2)
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