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About the coefficients of Bernstein multivariate
polynomial

MIRCEA FARCAS

ABSTRACT. In this note we want to determinate the coefficients of Bernstein polynomial associated
to the functions e, (z) = zP, p € N, connected with the Stirling numbers of second kind.

1. PRELIMINARIES

Let B,, : C[0,1] — C]0, 1], m a non zero natural number, be the Bernstein oper-
ators defined for any function f € C0, 1] by

- k
(Bmf>(m> = me,k(x)f (m) ) (11)
k=0
where p,,, 1, (z) are the fundamental polynomials, defined by
posle) = (p)aH =2t ke 01 m) (12)
and z € [0, 1].
Forz e R, ke N,letzl® = z(z—1)...(z —k+1), z[% = 1. It is well known that
k
b =" Sk, zeR, keN, (1.3)
v=1

where S(k,v), v € {1,2,...,k} are the Stirling numbers of second kind. These
numbers verify the relations

5(2,1)=5(2,2) =1, S(p,1) = S(p,p) = 1,
forpeN,p>3,ke€{23,...,p— 1} and then can be calculated with (1.4)

1
1 1
1 3 1
1 7 6 1
1 15 25 10 1
1 31 90 65 15 1
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We note S(p, k) = 0 from definition if p, k € N, p < k.
In the k-dimensional case, we have

v v
(an)(xlavxk): Z pul,...,uk;n(xlaw'»xk)f (ﬁv”’af)a (15)
v; 20, v+t <n
pul,...,uk;n(xlv e 7zk) -
= " at a1 = — - — @)V T T T with
Vy...,Vk 1 k ’
n B n!
Vieoooyuk)  viloooplin—vp — o — )
where f and p,,, .., .» are defined on k-dimensional simplex
Ap:x; >20,i=1,....k, 21+ 4+, <1 (1.6)
and f € C(Ag).
2. MAIN RESULTS
In paper [2] we proved that
Bnep) Zm[k]S p,k)x®, m,p € N*. (2.1)

In the following, we want to prove an analogous relations for the Bernstein multi-
variate polynomial.
For the Bernstein bivariate polynomial we have

Proposition 1. If m,p,q € N*, then
(Bmepg) (,) mp+q sz’“ (p,i)S(q, )"y, (22)
=1 j=1
where epq(x,y) = 2Pyd, z,y € As.

Proof. We have

m! g kP19
(Bmepq)(xvy) = E m xkyl(l —x — y) k lﬁimq =
ke d=0, k+1<m
1 m! k,l m—k—l
T mptd > mﬂ?yﬂ*x*y) kP19,
k=0,k+I<m

p q
But k7 = Y~ S(p, i)kl and 17 = > S(q, )1V so that

i=1 j=1

kplq—ZZSp i)S(q, j)kI10)

=1 j=1
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Now, we have

(Bmepq)(x,y)zm;ﬂZZS(m)S(qJ) > k,l,(mm'kl),

i=1 j=1 k,1=0,k+I<m
xkyl(l —r— y)m—k—lk[z]l[j] _

1 P q . L
ZWZZS(PJ)S(QJ)SUZ/]'

i=1 j=1

(m — i — j)lmli+d] i e
Z (k—i)!(l—j)j!(m_k_l)!g;k Yy Il -z —y)m T =

k=il=jk+l<m

1 p q o ' . o
= 2 > m IS (p.0)S(g, ety
i=1 j=1
because
Z (m—1i—7)! b 1o e
[ 1— . m _
G =i —F=m v mey)

k=i l=j,k-+1<m
=@@+y+tl—a—ym I =1.

O
In a similar way, we can prove
Proposition 2. If m,p1,...,px € N*, k € N, k > 3, then
1 P1
(Bmepy..pe) (X1, ... ) = pr—— Z e (2.3)
n1:1
Pr
. Z mPt Tl S (py ng) LS ()2t STk,
’nkzl
where ey, p (T1,... oK) =2 o akr, @, oxp € Ay
Remark 2.1. Obviously,
(Bm,ep())(z’y) = (Bmlep)(x)a m 2 p (24)
and
(BmBOq)(xay) = (Bmeq)(y), m 2> q. (25)
Application 2.1. We have
m—1
(Bmeir)(z,y) = —— Y (2.6)
(m—-1)(m-2) 5 m-—1
(Bmea1)(z,y) = Ty + s (2.7)
m—1)(m—2)(m—3
(Bmesi)(z,y) = ( I 3 X )x3y+ (2.8)
3(m—1)(m—2) , m—
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(m—=1)(m=2)(m=3)(m—-4) ,

(Bmea)(z,y) = — zty+ (2.9)
O = D=2 =)
+ 7(m_2£m_2) 2%y + mn;lxy
(Buneas) (@, y) = = 1)(mm’3 m=3) 22, (2.10)
+ W (2%y + 2y®) + mzjy
(Buess)(a,y) = L= Dm = 2731(;1 —3m=4) a0, 2.11)
MUENUELTUES IO LR UL UEL I
- 3(m—713£m—2) x2y+—<m_ 177)1(47”_2) xy® + mn;l zy
B = M=M= DO =B =) oz
=D =)
L 8lm = 1D(m — Qém —3)(m—4) XN
S =D =2)m=3) s,
P I =) o,
+ 7(m_1)§m_2)x2y+(m_l)(;n_2)xy2+m_51xy.
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