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About the coefficients of Bernstein multivariate
polynomial

MIRCEA FARCAŞ

ABSTRACT. In this note we want to determinate the coefficients of Bernstein polynomial associated
to the functions ep(x) = xp, p ∈ N, connected with the Stirling numbers of second kind.

1. PRELIMINARIES

Let Bm : C[0, 1] → C[0, 1], m a non zero natural number, be the Bernstein oper-
ators defined for any function f ∈ C[0, 1] by

(Bmf)(x) =
m∑

k=0

pm,k(x)f
(

k

m

)
, (1.1)

where pm,k(x) are the fundamental polynomials, defined by

pm,k(x) =
(

m

k

)
xk(1− x)m−k, k ∈ {0, 1, . . . ,m} (1.2)

and x ∈ [0, 1].
For x ∈ R, k ∈ N, let x[k] = x(x− 1) . . . (x− k +1), x[0] = 1. It is well known that

xk =
k∑

ν=1

S(k, ν)x[ν], x ∈ R, k ∈ N∗, (1.3)

where S(k, ν), ν ∈ {1, 2, . . . , k} are the Stirling numbers of second kind. These
numbers verify the relations

S(p, k) = kS(p− 1, k) + S(p− 1, k − 1), S(1, 1) = 1, (1.4)

S(2, 1) = S(2, 2) = 1, S(p, 1) = S(p, p) = 1,

for p ∈ N, p ≥ 3, k ∈ {2, 3, . . . , p− 1} and then can be calculated with (1.4)
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We note S(p, k) = 0 from definition if p, k ∈ N, p < k.
In the k-dimensional case, we have

(Bnf)(x1, . . . , xk) =
∑

νi≥0, ν1+···+νk≤n

pν1,...,νk;n(x1, . . . , xk)f
(ν1

n
, . . . ,

νk

n

)
, (1.5)

pν1,...,νk;n(x1, . . . , xk) =

=
(

n

ν1, . . . , νk

)
xν1

1 . . . xνk

k (1− x1 − · · · − xk)n−ν1−···−νk , with

(
n

ν1, . . . , νk

)
=

n!
ν1! . . . νk!(n− ν1 − · · · − νk)!

,

where f and pν1,...,νk;n are defined on k-dimensional simplex

∆k : xi ≥ 0, i = 1, . . . , k, x1 + · · ·+ xk ≤ 1 (1.6)

and f ∈ C(∆k).

2. MAIN RESULTS

In paper [2] we proved that

(Bmep) =
1

mp

p∑
k=1

m[k]S(p, k)xk, m, p ∈ N∗. (2.1)

In the following, we want to prove an analogous relations for the Bernstein multi-
variate polynomial.

For the Bernstein bivariate polynomial we have

Proposition 1. If m, p, q ∈ N∗, then

(Bmepq) (x, y) =
1

mp+q

p∑
i=1

q∑
j=1

m[i+j]S(p, i)S(q, j)xiyj , (2.2)

where epq(x, y) = xpyq, x, y ∈ ∆2.

Proof. We have

(Bmepq)(x, y) =
∑

k,l=0,k+l≤m

m!
k! l!(m− k − l)!

xkyl(1− x− y)m−k−l kp

mp

lq

mq
=

=
1

mp+q

∑
k,l=0,k+l≤m

m!
k! l!(m− k − l)!

xkyl(1− x− y)m−k−lkplq.

But kp =
p∑

i=1

S(p, i)k[i] and lq =
q∑

j=1

S(q, j)l[j] so that

kplq =
p∑

i=1

q∑
j=1

S(p, i)S(q, j)k[i]l[j].
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Now, we have

(Bmepq)(x, y) =
1

mp+q

p∑
i=1

q∑
j=1

S(p, i)S(q, j)
∑

k,l=0,k+l≤m

m!
k! l!(m− k − l)!

·

· xkyl(1− x− y)m−k−lk[i]l[j] =

=
1

mp+q

p∑
i=1

q∑
j=1

S(p, i)S(q, j)xiyj ·

·
∑

k=i,l=j,k+l≤m

(m− i− j)!m[i+j]

(k−i)!(l−j)!(m−k−l)!
xk−iyl−j(1− x− y)m−k−l =

=
1

mp+q

p∑
i=1

q∑
j=1

m[i+j]S(p, i)S(q, j)xiyj

because ∑
k=i,l=j,k+l≤m

(m− i− j)!
(k − i)!(l − j)!(m− k − l)!

xk−iyl−j(1− x− y)m−k−l =

= (x + y + 1− x− y)m−i−j = 1.

�

In a similar way, we can prove

Proposition 2. If m, p1, . . . , pk ∈ N∗, k ∈ N, k ≥ 3, then

(Bmep1...pk
) (x1, . . . , xk) =

1
mp1+···+pk

p1∑
n1=1

. . . (2.3)

· · ·
pk∑

nk=1

m[n1+···+nk]S(p1, n1) . . . S(pk, nk)xn1
1 . . . xnk

k ,

where ep1...pk
(x1, . . . , xk) = xp1

1 . . . xpk

k , x1, . . . xk ∈ ∆k.

Remark 2.1. Obviously,

(Bmep0)(x, y) = (Bmep)(x), m ≥ p (2.4)

and
(Bme0q)(x, y) = (Bmeq)(y), m ≥ q. (2.5)

Application 2.1. We have

(Bme11)(x, y) =
m− 1

m
xy (2.6)

(Bme21)(x, y) =
(m− 1)(m− 2)

m2
x2y +

m− 1
m2

xy (2.7)

(Bme31)(x, y) =
(m− 1)(m− 2)(m− 3)

m3
x3y+ (2.8)

+
3(m− 1)(m− 2)

m3
x2y +

m− 1
m3

xy
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(Bme41)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)

m4
x4y+ (2.9)

+
6(m− 1)(m− 2)(m− 3)

m4
x3y+

+
7(m− 1)(m− 2)

m4
x2y +

m− 1
m4

xy

(Bme22)(x, y) =
(m− 1)(m− 2)(m− 3)

m3
x2y2+ (2.10)

+
(m− 1)(m− 2)

m3
(x2y + xy2) +

m− 1
m3

xy

(Bme32)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)

m4
x3y2+ (2.11)

+
(m− 1)(m− 2)(m− 3)

m4
x3y +

3(m− 1)(m− 2)(m− 3)
m4

x2y2+

+
3(m− 1)(m− 2)

m4
x2y +

(m− 1)(m− 2)
m4

xy2 +
m− 1
m4

xy

(Bme42)(x, y) =
(m− 1)(m− 2)(m− 3)(m− 4)(m− 5)

m5
x4y2+ (2.12)

+
(m− 1)(m− 2)(m− 3)(m− 4)

m5
x4y+

+
6(m− 1)(m− 2)(m− 3)(m− 4)

m5
x3y2+

+
6(m− 1)(m− 2)(m− 3)

m5
x3y+

+
7(m− 1)(m− 2)(m− 3)

m5
x2y2+

+
7(m−1)(m−2)

m5
x2y+

(m−1)(m−2)
m5

xy2+
m−1
m5

xy.
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