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Geometric prequantization of the dual of Lie algebra
so(6)

MIHAI IVAN

ABSTRACT. We consider the Lie algebra so(6) of the special orthogonal Lie group SO(6) and we
give the construction of the Lie-Poisson structure on the dual of so(6). The goal of our paper is to
construct a geometric prequantization of the Poisson manifold so(6)*, using the Weinstein theory of
symplectic groupoids.

1. INTRODUCTION

In the last time was a great deal of interest in the study of Poisson manifolds
and of Lie groupoids in connection with their deep applications in differential ge-
ometry, symplectic geometry and quantum mechanics; see, for instance Mackenzie
[9], Mikami and Weinstein [11] and Puta [12]. Among the most important subjects
of the theory of Poisson manifolds is of course the problem of their quantization
from the geometric quantization point of view. Moreover, the theory of geometric
quantization was extended to the Poisson manifolds via the theory of symplectic
groupoids in the sense of Karasev and Weinstein.

The problem of geometric prequantization of a Poisson manifold was one of the
principal motivations behind the introduction of symplectic groupoids in Karasev
( [7], 1987 ) and Weinstein ( [14] , 1987 ). There are some many results in this
direction in a series of papers; see for details [8], [12] - [15].

In the papers of Gh. Ivan ( [3] ), Gh. Ivan and Poputa ( [4], [5] ) are given the
constructions of the geometric prequantization of the Poisson manifold so(n)*,
for n = 3,4 and 5. In the sequel, we want to discuss this problem for the Poisson
manifold so(6)*.

2. THE LIE ALGEBRA s0(6)

The Lie algebra so(6) is the algebra of all skew-symmetric matrices of type 6 x 6
with real coefficients and the Lie bracket [-, -] given by the commutator of matrix,
ie. [A,B] = AB — BA, for all A, B € so(6). More precisely, we have:

A A
s0(6) = {( —fﬁ’; A;z > |[A11, Ai2, Azo € M3 (R) },
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where
0 ai Qs az a4 as
Ap=| —ar 0 as |, Aia=| ar ag ag |,
—ay —ag O aypp a1 a2
0 a1z a4
Ay =1 —aiz 0 a3

—ayy —asz 0

and a; € R for i = 1,15. We denote by ¢; ; the matrix of type 6 x 6 having all
elements equal with zero except the element of the position (7, j) which is equal to
one. Then the set of skew-symmetric matrices {¢; ; —¢;;|i < j,i,j = 1,n} is a basis
of the Lie algebra so(6). Hence, so(6) is a Lie algebra of dimension 15. Thus, if we
take E = {E;|i = 1,15}, where:

E; =€1,i41 — €it11  fori=1,5

Esyj =c¢e2j12—€jy00 forj=1,4

Egyp =e3pt3 —€ryss fork=1,3 1)
Eioys =c4544 —Espaa fors=1,2

Eis = €56 — £6,5

we obtain the canonical basis of the Lie algebra so(6).

It follows that, for all A € so(6) there exists o' € R, i = 1,15 such that
A= da'E;, i =1,15.. Also, forall A, B € so(6) we have [A, B] = [o'E;, 3'E;] =
aiﬁj [E’L) Ej]a i, = 177157 where

[Ei, Ej] = ¢} By, i,j,k=T1,15. )

The real numbers cF 4,7,k = 1,15 from (2) are called the structure constants of

1,70 %
the Lie algebra so(6).
Proposition 1. The nonnulls structure constants of the Lie algebra so(6) in the base E
are given in the following relations:

At =-1,i=25 4= -1 Aq;'=1j=79 &' "=-1i=35
el =—1; 1 =1,j=1012; c’=-1,i=4,5 ci;=-1
G =—1; A l=1,j=1314; c%=-1; chg=-1
G =-1 32,13 =—1; s =1 chog=—1
Cs12 = —1; =1 515 = —1

(3.1)
Cé?? =-1 Ctls,ls =-1 Cé?g =-1 Cg,lo =1 C2,11 =1 08,12 =1
C%‘?s =-1 C%flsa =-1 Cg,m =-1 C§,13 =1 03,14 =1 0515,59 =-1
Cg,n =-1L Cg,lg = -1 03,15 =1 Cg,lz = -1 05,14 =-1 cgi5=-1
0%3,11 =-1 0}3,12 =-1 C%(l),lfi =1 0}3,14 =1 Cﬁ),m =-1 C%(l),lfi =-1
cia=-1 ciais=-1 aju=-1 cliis=1 cli;z=-1

(3.2)

k. = —cfi for values of, i and jin (3.1) and (3.2). 3.3)
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Proof. Applying the properties of Lie brackets, we observe that [E;, E;] = 0,

forall i =1,15 and [E;, E;] = —[E;, E;], forall 4,5 = 1,15,i # j. It suffices to
calculate the Lie brackets [E;, E;| forall ¢,j = 1,15 such that i < j.
Using the relation ¢; -5, = { €0 ; f z we obtain the brackets [E;, Ej], i <
it J=

J» 1,7 = 1,15 expressed in the basis {E; | i = 1,15 } as in the following tables:

1] Er | B2 | Es | Eq | BEs | Bg | Er | BEs | Ee
Ey | 0 | —Eg| —E; | —Bs | —Ey | —Fo | B3 | E. | Es
By | Bg | 0 | —Fiw| —FEu| —FEi2| —E1| 0 0 0
Es | Br | Bio| 0 | —Ei3| —FEwu| 0 | —E1 | 0© 0
E, | BEs | BEu | Eis 0 | —Ei5]| O 0 | —E, | O
Es | By | BEiz | Ewa | Ens 0 0 0 0 | —E:
E6 E2 E1 0 0 0 0 —E10 —E11 —E12
E7 —E3 0 E1 0 0 E10 0 —E13 —E14
Es | —E,| 0 0 2 0 | By | Fus 0 | —Es
Eg —E5 0 0 0 E1 E12 E14 E15 0

ITE | Es | Es | Ex | Bs| Bs | B- | Bs | Bo
Frol 0 |=BE5] B, | 0 [0 =B Bs | 0 [0
By | 0 | —Es| 0 | By | 0| —Es| 0 | Eg | 0
Fra| 0 |=FEs| 0 | 0 | B | <Fo| 0 | 0 |Fg
s 0 0 | —Es| Es | 0] 0 |—Es| BEr |0
Fal 01 0 |=BEs| 0 [Bs| 0 [ =BEs| 0 |EB»
B | 0] 0 | 0 | —Es|Es] 0 | 0 | —FEy| Bs
[ ] Ew | En | B | Bz | B | Eis
Lo 0 —Fi3 | —Euu| En Eys 0
E1 | Eis 0 —E15 | —E1o 0 Eqo
Ep | Eig L5 0 0 —F9 | —E11
Ei3 | —FEn | Eo 0 0 —FEi5 | Eu
By | —E1o 0 Eyp | Eis 0 —Fi3
Es 0 —FEi2 | Enn | —Fwy | Eis 0
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15
From equality [Ey, Eb] = —Eg = ) cj ,E;, we obtain the structure constants
i=1

§y=—1and 0{72 =0, forj =1,15,j # 6.

In the same manner, we obtain successively the structure constants of the Lie
algebra so(6), given by the relations (3.1) — (3.3). O

Lete = {e; | i = 1,15 } be the canonical basis of the vector space R'®. Consider
the bijection f : e = {e |i =116} — E = { E; |i = 1,15} defined
by f(e;) = E;, (V) i = 1,15, whith E; € so(5) given by (1) and satisfying the
condition f(—e;) =—F;, (V)i=1,15.

We define on € the brackets [e;, e;], 4,7 = 1,15 by:

leires) = —lessei = £ ([F(e) £(e;))), for i< j and [ene] =0.  (4)
For example, [e1, ea] = f~1([f(e1), f(e2)]) = [~ ([En, E2]) = [~ (—E6) = —es.
It is clearly that :
lei e5] = cf jex, 0,4,k = 1,15 ®)
where cf ; are given in Proposition 1 by the relations (3.1)- (3.3).
If we define now the bracket on R'® by:

[, 9] = cija'y ex, i,k =T1,15 ©)
where z = a'¢;,y = y’e; and ¢} ; are givenin (3.1) — (3.3), then (R',+,-,[-,]) is
a Lie algebra over R of dimension 15.

Wedenoteby f : R'> — s0(6) the extension by linearity of the bijection f,i.e.

f:x:(xl,x2,...,x15)eR15 — f(x):fESO(G) (7)
~ X X . .
where 7 = <_)é} X;i) with X1, X12, X220 € M3(R) given by
12
0 xt a2 23 ot b
X11 = 71’1 0 1‘6 X12 = I7 178 SC9 and
B ) F100 11 12
0 PRE R
X22 — —5,1713 0 11715
gl 15

We can prove the following proposition.
Proposition 2. The map f is an isomorphism of the Lie algebra R'® onto the Lie algebra
s0(6).

3. THE LIE-POISSON STRUCTURE ON THE DUAL OF LIE ALGEBRA so(6)

Let P be a smooth m-dimensional manifold and C*°(P,R) the algebra of
functions of C*°- class from P to R. A Poisson manifold is a pair (P, {-,-}), where
{-,-} is a bilinear operation on C*°(P, R) such that (C>°(P,R) is a Lie algebra and
{-,-} satisfies the Leibniz identity in each argument; that is, for all a,b € R and
fog,h € C°(P,R),themap &, : f € C°(P,R) — & (f) = {h,f} € C°(P,R)
verifies the following identities:
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ffh(af +bg) = aln(f)+bén(g)

L( ) = _gf(h) (8)
En({f9}) {&n(f), 9y +{f.én(g)}  (Jacobi)
En(f-9) = &(f)-g+f &g ( Leibniz).

Let SO(6) be the special orthogonal group, i.e. the group of all matrices X of
type 6 x 6 with real coefficients such that X7 - X = Is and det(X) = 1. Itis obvious
that SO(6) is a closed subgroup of the Lie group Mg(R), so it is a Lie group. Its
Lie algebra is so(6).

Let s0(6)* be the dual space of so(6). We have that so(6)* = so(6) and on other
hand so(6) is isomorphic with the Lie algebra R by f : R® — 50(6), see
Proposition 1.

Then so(6)* has a canonical Lie-Poisson structure ( see [6] ), called the minus
Lie-Poisson structure and it is determined by the matrix given by:

(o)) =~k = (S 112).

with Uy, € Mg(R), Us € ./\/lgxﬁ(R), Uy € MG(R), where

)

0 Ug Uy ug Ug U2 —u3 —Us —Us
—Ug 0 u10 U1 U2 (751 0 0 0
—u7 —UuUio 0 u1s U14 0 (751 0 0
—ug —UuU11 —U13 0 Uis 0 0 U1 0
Un = [ —ug —wz —ug —us 0 0 0 0 up |,
—Uu2 —U1 0 0 0 0 Uu1o Ul U12
us 0 —Uq 0 0 —U10 0 u1s U14
U4 0 0 —Uuq 0 —U11 —U13 0 U1ls
us 0 0 0 —U1p —U12 —Ul4 —Uls 0
0 0 0 0 0 0
—Uuz —Ug —Us 0 0 0
us 0 0 —U4g —Uus 0
0 U 0 us 0 —Us
U12 = 0 0 U2 0 us Uy N
—u7 —ug —Ug 0 0 0
Ug 0 0 —usg —Ug 0
0 Ug 0 Uy 0 —Ug
0 0 Ug 0 uy us
0 uy  ulg  —u; —uz 0
—uiz 0 uls U1 0 —up
Upy — | ~W1a W5 0 0 ulp U1l
uinr  —u 0 0 uls  —Uig
Uiz 0  —up —uws O u13
0 uie  —u;n wiga  —uz 0

and cf j» 1, J, k = 1,15 are the structure constants of so(6), given by Proposition 1.
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It follows that the pair (so(6)*, {-,-}) is a Poisson manifold.

4. THE SYMPLECTIC INTEGRATION OF so(6)*

For basic notions, results and references about Lie groupoids and symplectic
groupoids we refer the reader to [2], [9], [11].

Let (G, o, B, 11, €, 1; Go) be a Lie groupoid over G or a Lie groupoid with the base G
(see [9]). We recall that (G; Gy) is a pair of manifolds equipped with two surjective
submersions o, 3 : G — G (the source and the target), a differentiable map 1 :
Go = {(z,y) € G G| Bx) = aly)} — G, (v,y) — plz,y) = xy (partial
multiplication law), an injective differentiable map ¢ : Go — G, v — e(u)
(inclusion map) and a differentiable map ¢ : G — G,z — «(z) =z~ (inversion
map).

These maps satisfy the following algebraic axioms generalizing those of group :

e a(ry) = a(r) and B(zy) = B(y), forall (z,y) € Gay;

o (associativity) (zy)z = x(yz), in the sense that, if one side of the equation is
defined so is the other and then they are equal ;

o (identities) for each v € G we have (e(a()),z) € G(2), (v,e(8(x))) € G(2) and
la(e) -z =x-e(f(z)) = z;

o (inverses) for each x € G wehave (z7',z) € G), (z,27') € Gy, -2z~ ! =
e(B(z)) and 71 -z = e(a(z)).

The subset e(Gg) of G is the set of units of the groupoid G over Gj.

Example 1. Let be the cotangent bundle T*SO(6) of the manifold SO(6) and
7w T*SO(6) — SO(6) its projection. Then the addition in the fibers defines
a Lie groupoid structure on T*SO(6) for which Gy = SO(6), o« = 8 = m,¢ :
T*S0O(6) — T*SO(6) is the multiplication by —1 and ¢ : SO(6) — T*SO(6) is
the zero section. O

A symplectic groupoid is a Lie groupoid (G, «, 3, p,¢,t;Go) endowed with a
symplectic structure w on G for which the graph { (x,y,pu(z,y)) € G x G x
G| (V) (x,y) € G2y } of the groupoid multiplication 1 is a Lagrangian submanifold
of (GXGXGwdwd (—w)).

A symplectic groupoid is denoted by (G,w).

This interesting class of groupoids, which was introduced in [2], arises in the
integration of arbitrary Poisson manifolds.

Example 2. On the Lie groupoid 7%S0(6) there exists a canonical symplectic
structure. For this, we can define the 1- form 6 on T*SO(6) by 6(v)(g) = v(T7(g)),
where v € T*SO(6), g € T,(T*SO(6)), and T'7m : T(T*SO(6)) — TSO(6) is
the tangent map to = : T*SO(6) — SO(6). Then we define w = df so the pair
(T*SO(6),w = df) is a symplectic manifold.

It is easy to prove that this symplectic structure given on 7*SO(6) is compatible
with the groupoid structure of 7*SO(6) over SO(6), see Example 1.

It follows that (T*SO(6),w = df) is a symplectic groupoid over SO(6). O
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A symplectic integration of a Poisson manifold (M, A) ( see [12]), is a symplectic
groupoid (G, w) which realizes the Poisson manifold (M, A); i.e. such that the base
G with the induced Poisson structure A is isomorphic to (M, A).

Theorem 1. The pair (T*SO(6),w = df) is a symplectic groupoid over so(6)*.

Proof. Let L, and R, be the left and right translations by g in SO(6). These
actions can be lifted to left and right actions on T*SO(6) as follows. Define
L:(g,un) € SO(6) x T*SO(6) — L(g,un) = (TynLg—1)*up € T*SO(6)

R:(g,un) € SO(6) x T*SO(6) — R(g,un) = (ThgRy-1) up € T*SO(6).

These two commuting actions have the following Ad*—equivariant momentum
maps:

Jr tup € T*SO(G) — JL(uh) = (TeRh)*uh S 80(6)* and
Jr iup € T*SO6) — Jr(up) = (TeLp)*up, € so(6)*.

Then T*SO(6) is a groupoid over so(6)* with Jg, J;, as the source and target
maps.

Using the canonical identification 7*SO(6) = SO(6) x so(6)* by right transla-
tions and the notations év € T,S0(6), d;h = T(Ry)d; and vo g = v o Ad(g) =
Ad(g)*v, we may describe the symplectic groupoid structure as follows:

Oé(l/,g) = ﬂ(l/,g) =Vv-g; E(l/) = (V7e); /j‘((yvg)v (V : gvh)) = (l/vgh) and
L(I/,g) = (V7g)_1 = (V ’ 979_1)'

The symplectic structure w = df in this representation is given by :
w((6v,89), (8v',69")) =< 0v',8g- g7t > — < v, 69" - (¢/)! >=<v,[6g- 971,89 -
(g7 >,
where < -, - > is the pairing between so(6)* and so(6). O

Theorem 2. Let (T*SO(6),w = df) the symplectic groupoid over so(6)*. Then the
induced Poisson structure on so(6)* is exactly the canonical Lie-Poisson structure on it.

Proof. We have that the pair (so(6)*,{-,-}) is a Poisson manifold (see Section 2).

The dual space so(6)* carries a canonical Lie-Poisson structure defined as fol-
lows. For f,g € C*(s0(6)*,R) define

of og

{fghr(@) == <v,[5, 0] > (10)

where [+, -] is the standard Lie bracket on so(6) and the element % is given by:

Df(u) w=<w, g—f >, forall u,w € so(6)*,
u
(here Df is the derivative of f).
In fact, the bracket {-,-}.p is the one induced on so(6)* by identifying
C*(s0(6)*,R) with left invariant functions on 7*S0O(6). In terms of a basis {e;}
and its dual basis {e’} with u = u;e’ the formulas (10) becomes

of 0
(Goburl == Yo db, 5t 2 an

4,5,k

where ¢} ; are the structure constants of the Lie algebra so(6).
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Using the isomorphisms 7T*SO(6) =2 SO(6) x so(6)* = SO(6) x R'® (see Propo-
sition 2), it is easy to deduce that the induced Poisson structure {-, -}, on so(6)* is
in fact the canonical Lie-Poisson structure {-, -}, p on so(6)*. O

Theorem 3. The symplectic integration of the Poisson manifold (so(6)*,{,-}) is the
symplectic groupoid (T*SO(6),w = df) over so(6)*.

Proof. By Theorem 1, the pair (T*SO(6),w = df)) is a symplectic groupoid over
so(6)*. By Theorem 2, the induced Poisson structure on so(6)* is isomorphic to
(50(6)*, {- }).

It follows that (T*SO(6),w = df) is a symplectic integration of the Poisson
manifold (so(6)*, {-,}). O

5. GEOMETRIC PREQUANTIZATION OF s0(6)*

Let us consider the following diagram:

(o) = (%)

where in the right hand H, is a Hilbert space and ¢° is a map which assigns to
each f € C*(so(6)*,R) a self-adjoint operator 653 : Ho — Ho and in the left
hand so(6)* is the dual of Lie algebra so(6) togheter with its canonical Lie-Poisson
structure.

The arrow left to right is called prequantization; i.e., it is a procedure to derive
from the classical dates (so(6)*,{-,-}.p) and the quantum dates (Hq,d°) such
that the following conditions, called Dirac conditions, to be satisfied:

(D1) 07,y = 07 +3g;
(D2 62f = (1'5?;
(D3) 5?,150(6)* = Tdy;

(Dy) [5?,52] = ihéf{)ﬁg}w

for each f,g € C*°(s0(6)*,R) and for each a € R, where 5 is the Planck’s
constant divided by 2.

Let L : SO(6) x SO(6) — SO(6) be the action of SO(6) on itself by right
translations and L7 its lift to 7*SO(6). This action has the momentum map.J :
T*S0(6) — so(6)* given by:

(J (ug))(§) = ug (T Ry ()

which is a Poisson map; see, Marsden and Ratiu ([10]).

It is well known that (T*SO(6),w = df) is a quantizable manifold from the
geometric point of view (since w is a exact form); see Puta ([12]). Then its Hilbert
representation is

HY = L*(T*SO(6),C)

where L?(T*SO(6),C) denotes the Hilbert space of complex-valued functions
defined on T*SO(6) which are square integrable and the prequantum operator
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0“ : H® — 'H“ is given by:
0F = —ihXy — 0(Xy) + f,
where X is the vector field which is canonically associated to f.
For H and 6 we take
Ho =HY = L*(T*SO(6),C) and 6% = 6%, foreach fec C*(R",R). (12

Theorem 4. The pair (Ho,8°) where Hy and 6° are given by (12), gives rise to a
prequantization of the Poisson manifold so(6)* = R!5.

Proof. For the proof we shall verify Dirac’s conditions (D) — (D4). The condi-
tions (D7) — (D3) are easily verified. For the condition (D) we have succesively:

0 507 _ [§w w _ iH W —
[6]')59] - [51"0005_(]004] - Zh’g{fooé,gooz}u, -

— s H W _ ;150 00 15
= Zh(s{f,g}Lpoa = Zhé{fﬂ}LP’ (V) f,g c C (R ,R)7

where we have used the property of a to be a Poisson map, that is

{foaagoa}w:{fag}LPoa- O
Using the same arguments as in the paper of Chernoff ([1]) with obvious modi-
fications it is easy to prove the following theorem.
Theorem 5. Let O(L*(T*SO(6), C)) be the space of self-adjoint operators defined on
L*(T*S0O(6),C) . Then the map:

f€C>(s0(6)",R) — &} € O(L*(T*S0(6),C))
gives rise to an irreductible representation of C>(so(6)*, R) onto O(L*(T*SO(6),C)) .
]

For more details concerning the geometric quantization and its applications in
geometry and quantum mechanics, see [8], [12], [13], [15].
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