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On a result of D. D. Stancu

IoAaNA TASCU AND ANDREI HORVAT-MARC

ABSTRACT. We will present two results concerning some approximation properties of the bivari-
ate operator of D.D. Stancu, using a different technique. The article presents a teaching method of
calculation.

1. INTRODUCTION

For RY = {f;f : I — R,I = [0,1]}, in [5] D.D. Stancu has introduced the
operator 527, defined for any function f € Rf, by

m 7

k+a
a,B
(5577 mek r(E9). (B)
where
Dk (X) = (7]?) 2¥(1—2)™ % forany 0<a<g. (1.2)
Assume that f € R 0<a; < B1 and 0 < @ < (2. Denote by IS,S?“&), ysy(,(”’ﬁ?)
the parametric extensions of sie?)
k+a
S(Omﬁl) m < , ) 13
(. w,y) = Zpk g (13)
(8825 ) (2, ) an g, I (1.4)
Y i n+ B2

where the fundamental polynomials p,, ; (y) are analogues with (1.2).

Proposition 1.1. The parametric extensions IS,S? LA 1), yS,(Laz’ﬁ 2) satisfy

xSy(rlLXhBﬂ . ys'r(lazﬁz) :ysr(za2ﬁ2) . zsr(r?lﬁﬂ — Sﬁ%ﬁl?az’ﬁ2)~

Their product is the bivariate operator S,(,fi Lheafe)  RIP R which for any function
feRrR” gives the approximation

k+a1 j+as
(a1,81,02,82) 1 1
(S f) kzojzopmk pn] )f(m‘i‘ﬁl’n‘i‘ﬁg) . ( 5)
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Properties of the bivariate operator of Stancu type were studied by D. Barbosu
in [1], [2], [3] and other papers. Next, we will present some of them.

Theorem 1.1. The bivariate operator of Stancu type has the following properties: (i) it is
linear and positive;

(11)( 041751702752 600> z y _1

(S ez e10) =z+ a,;_ﬁfgl ;
(Sﬁiﬂiﬂl’w’ﬁz 601) afljr%fz ;
(St Plen) (@) = o + fi5E) + sl
(StanesMeny ) (3, y) = y? + P 4 loamuon) CrtpsBayen)

where we denote by e;;(z,y) = z'y? (i = 0,2, j = 0,2) the test functions.
(iii) if f € C(1?),
then the sequence {S,(,‘f N } is uniformly convergent to f in I2.
(m,n)EN* xN*

Note that for o = 3 = 0 the operator (1.1) is the classical Bernstein operator.

2. MAIN RESULTS
Theorem 2.2. (Stancu, D. D. [5]) If f € C(I?), then we have the estimation

2 1 .
‘f(l’,y) — (5'7(7‘;‘%51,&2,52)10) (m7y)’ < (3) w (f, vm +45; , Vn + 52> 7

m+ n+ s
where w denotes the first order modulus of smoothness.

We use the next result concerning the order of approximation.

Theorem 2.3. ( Shisha, Mond, [3]) Let X and Y be two compact intervals from R.
Consider L : C(X xY) — C(X xY) a linear and positive operator. Then for any
felC(X xY), (x,y) and 61,92 > 0 is valid the estimation

I(f =Ly < [flz,y)|-[1-L(L2,y)|
+ [ (1;2,y) + \/L ((z — )2 2,y)L(1; 2, y)

+ 5—2\/L((y — %)%z, y)L(l;m,y) (2.6)

+ Tléz\/L((x—~)2;x,y)L((y—*)2;$’y) w(d1,02)

where we denote by x — - and y — * that x and y are fixed points.
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Applying this theorem to the bivariate operator of Stancu, we obtain

[f(,y) =SS ees B fL < | f(a,y)] - |1 = SSenPreaP2) (L, y)|

+ |:Sr('¢ii;ﬁ1,a2~ﬂ2 1 x,y \/S(a%ﬂhazﬁz) 1: x’y)Sﬁi%ﬁhazﬁﬂ((

L= ')2;:177y)

\/5(0‘1,51,02752) 1, y)Sr(T(:%ﬂhMﬂz) ((y — %)%z, y)

5152 \/Sﬁg,ln’ﬁhagﬁz) (( N2z, y) 57(%%51»@2,62) ((y — )22, y) W(d:185) . (2.7)
Proof. Using the Theorem 1.1 we can write

ma(l—z) (a1 — fra)?
it B2 (mt Bi)?

Sﬁ%ﬁh@ﬁz)((x_ .)Q;x,y) =

1— _ 2
Sy i) = )

Hence (2.7) is equivalent to the following

_ gla1,f1,02,62) 1 fma(l—2) (a1 —Bix)?
e =S Il [1—’— 51\/(m+51)2 - (m + (1)?

1 jny—y) (02— Pay)?
02 \| (n+ B2)? (n+ B2)?

L J(mal—2) (01— Bio)) (my(l—y) (02— Pay)’
+5162\/<(m+ﬁl)2 + (m + 1)? ) <(n+ﬁ2)g + 0T ) >]w(51,52)

= [1+5(ml+61)\/7ﬁ+ 52(n 1+52>\/Tﬁ2

1 m n
— = 01,02). (2.8
+5152(m+61)(n+62)\/(4 +ﬁl) (4+ﬁ2)}‘“( 1,02). (28)
V 4 vV 4
In the inequality (2.3) we put §; = m and d2 = ::ﬁfg and then we
obtain the desired inequality. O

Lemma 2.1. Considering that ¢ is a positive number and 0 < « < 3, we can write

k+a 2
dim (m+8) Y pm,n(x)(erﬁ_x) =0,
r’fzt%iw|26

forany z € [0, 1].
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Proof. From (1.5), we obtain the inequality

i 2
(m+f) Z Prmn (T) < to 1‘) < w Sﬁ;’iﬁ;ﬁl’”’m)((x — -)4;x,y) :

m+p3
Ete _|>s
(2.9)
A simple computation yields
1
S @) = gy mln = Dm = 2)a% + 3m(m — 1)a*

+  mz+ 3ama + 3az’m(m — 1) + 3ma’z + o*],

1
TR
+ m(m —1)(m — 2)(6 + 4a)z>
+ m(m —1)(6a% + 120 + 7)a?

+ m(4a® + 60 +4da+ 1)z + o).

57(7;{%,61@2752)((;54)(% y) — m(m — 1)(m — 2)(m — 3).%‘4

Hence
Q(m?‘r?a7/6) (2.10)

S (e = ) = ST

where
Q(m,z,a, B) = z* [sz —8mfB3 — 6m — 6mpB% + 54]
+ a3 [ — 6m? 4 8ma + 12mfB + 12mafB + 6mG% + 12m — 4a62]
+ z? [3m2 — 6ma? — 12ma — Tm + 6a268% — 12ma — 4m5]
+ x[()‘maz +dma +m — 30435} +ao®. (211)
From (2.4) - (2.6) it follows that
kta  \°_ Qmz,a.p)
_ < XN )
(m + ) Z Pmn(2) (m—l—ﬁ x) - 82(m+p6)3

kot
| 5555 —a20

The proof of lemma is complete. O

Theorem 2.4. If (z,y) € I? and f € C(I?) satisfy the properties
(i) f has continuous partial derivatives;
(ii) f has second partial derivatives,

then
min{m + By, n + Ba}[S{L 20 (f)(2,y) — fla,y)]
of of
< (a1 —b) 5 (@9) + (a2 —yBa) 7 (@.9)
1-— 0?2 1-— 0?2
D e+ M2 ), @12

with equality if m + 31 = n + Ba.



On a result of D. D. Stancu 63

Proof. Using the corresponding Taylor series, we get

f(s,t) = flz, )+11'[(5x)gi(x,y)Jr(ty)g;(x,y)
2 5 2
+21!{(‘”” G (@) + 2 = )t~ 0) 5 3 () + (¢ -5 L ()

+(s—2)pa(s —2) + (s — 2)(t = ylpa(s — 2t —y) + (t =y ps(t —y), (213)
where the mappings yi1, p2, pt3 are bounded and

lim gy (h) =0, lim pa(he,he) =0, lim ps(h) = 0.

h1,ho—0

I .
In (2.8) we take s = m—:_ogl and ¢t = Zl—:_(;z , multiply by pp, 1(2)pn,;(y) and we

obtain

6‘f « (0%
(S”g?,zﬁlya2762)f) (z,y) — fla,y) = 87($7y)57(n,}njﬂ17 zﬂ2)((, — )i, y)

of (a1,81,02,82) .
+a¢xms ((x = y)sz,y)
0*f (1,1 ,c2,52) 2
+§ﬁ(ﬂ?y)5 w2 (=)@, y)
2f 5(041 B1,a2,02) .
+t o5 8xa ( y) m,n ((_'x)(*_y)wxvy)

+ 5 Tf ( 7y)57(‘2131,[31,0427[32) ((* - y)27 $7y) + (Rm,nf)(xa y) 3

where

k+ 2 k+
( mnf 1‘2/ mek: ( ! _$> ,Ul( ! _$>

m+ By m+ Oy
) k+a1 _ j+O{2 _
+kz::0jz=(:)pm,k(m)pw(y) <m+51 x) (nJrﬁg y)

. <k+041 e )
\msp v Y

n . 2 .
+§:nm@0(j+a2—y>/m<3+a2—y>. (2.14)
j=0

n + B2 n+ o
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Since
(a1,P1,02,82) oy —
S’m,n (( —{L‘),l’,y) = 7m+51 N
a « « _yﬁ
Stia™ ) (¢ — )i a,y) = 7Z+6Q2,
5(017517(12762)((. . :E)Q' - ) _ mx(l — x) (al — xﬁl)Q
m,n I 7y (m+61)2 (m+,61)2 )
S(a1,51,a2,52)((* _ )2, z ) _ ny(l—y) (a2 — yﬂ2)2
m,n y bl ?y (n+/82)2 (n+/32)2 )
1,01,02, 0[1—51,',6'1 a2_y/62
S'Sr(inﬁ Ja 62)((._x)(*—y);x,y) ) . et
we get

of a; —zf of az — Yo

(a1,B1,02,82) _ ZJ S _J7e

(St 1) (w,9) = Flos) < G () 2T+ 5 ) S
O*f r(l-2) (v — 55/51)2 O*f ap —xf oz —yB
9a? mt o (m+61)2]+8x8y(x’y) m+B n+t b

10%f yd—y) | (a2 —yB)*
2 872 (@) [ n + fo + (n+ (2)2 } + (R f)(2,y) -

% (z,9) [

Then, multiplying the previous inequality by min{m, n} we find

lim _min {m + f81,n + B2} [Sgﬁ;’ﬁl’”ﬁ?) (f) (@ y) = [ (=, y)}

sN—00 a
< o = ) g + (aa —y2) G (00
L2 -2)0%f y(1-y) 0°f
L AR T

+ lim min{m+ Bi,n+ B2} Rm n- (2.15)

m,n— o0

(z,y) +

Now, we have to prove that

lim min{m+ S1,n+ B2} Ry = 0.

m,n— oo

Let € > 0. Since, Ain})ul (h) = 0, there exists an ¢’ > 0 such that for any |h| < ¢’

we have |u1 (h)] < e. Since . l}’m 2 (h1,h2) = 0, there exists §" > 0 such that
1,h2—

for every |h1| < ¢” and |ha| < 0" the inequality |u2 (h1,h2)| < € holds. From

’lin}) w3 (k) = 0 we obtain that there exists an 6"’ > 0 such that for any k, with

|k| < 0", we have u3 (k) < e. Consider 6 = max{d’,d"”,6"”}. Hence, for every
h, (h1,he) , k with |h| < 6, |hi] < §, |ha| < 0 and |k| < ¢ we get |u1 (R)] < &,
|2 (h1, ho)| <&, |us (k)| <e.
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Let us consider sets

I = {0,1,2,..,m},
= {0,1,2,...,n},
k+0[1
I, = {kel;|————2x| <6y,
! m+ OB }
L o= dpern|Fru s
2 - 7m+61 T = B
. Jj+as
J1 = e J; — oy,
1 J n+ Gs Yy
. J+as
Jy = e J; —y|>6
2 ] n+62 Yyl =

The maps p1, p2 and p3 are bounded, so that we can write

2
k
Rl < 5 oo (o) (55 ) | (5%
1

-3

2
+ 5 poe (@) (25— o) [ (R85 )|
kels
k j k
+ XX v (@) png (0) [ B — o] [ 2% — | o (B2 -
kel jed1

+(sup [p2]) | 3 Pk (@) |55% — x| | | X Py ()

kel JEJ2
+(sup [pal) [ 3 gk (@) [ =] | | 3 pay (v)
kely je1

+(suplpal) | 3 P (@) |22 — 2| ) [ 2 pus )

Jtas
n+B2

Jtas
n+B2

Jtas
n+pB2

kel JEJ2
j+as ? Jtas
+ 2. P (Y) (1]1+ﬁz - y) ‘“3 (n+ﬁ2 - y)‘
JjE€J1 2
+(suplsl) T pay () (2552 —v)
JjEJ2

For k € I and j € J;, we have

k+0[1 <
— 6,
i m+ 1 v
k+ oq .
Jtas
H2 erﬂl_gC”H’BZ y>

Jtaz -
M3 "+ Ba Yy .

and

Jtas
’ n+P2

-y

65

)

(2.16)



66 Ioana Tascu and Andrei Horvat-Marc

Moreover we have

5 Do () (B2 — )" < X pus (o) < 32 (@) = 1

kel kel

kta jta ar—zf1 | c2—yPBa.
> gk (@) [y = 2] | | 2 Ps W) |55 — Y] ) S Sgmt i
kel JEJ2

k+ j+ —zB —yBa.
Z Pm.k (:ZZ) 7n+oé11 - Z Pn,j (y) i.;;z -y S %T%ll ! %,
kely jer

k+ j+ —zf3 —yBa.
Z Pm k (aj) m+oé11 - T Z Pn,j (y) il+%z ) S a;l+%11 : QZ+%227
kels JjEJ2

Z Pnj (y) (gli%z - y) z Pnj ( ) < Epn,j (y ) 1;

JEJ JjEJ

S Y bk (2) py () |y < 5 5 b () s () < 1.
keljeJ, kelhjeJi

k+aq o
m+F1

Consequently (2.11) is equivalent to

2
(R f) (,9)] < 3¢+ (sup 1)) D ponci (@) (k+a1 - x)

kels m+ﬁ1

o —zB1 s —yBa . E ; J+ o -
m+pB n+ B - <bup|#3|)jehpn7] ) <”+ﬁ2 y)
(2.17)

+ 3 (sup |p2l)

Now, from the inequality

. k+ o 2
mln{m+ﬁ1,n+ﬁ2} me,k (x) ( — Z‘)

el m+ By

< (m+p1) Z pm,k(x)(k+a1$>2 (2.18)

Ko m + /31
tog
o m‘>5

) 2
min {m + B1,n + B2} an)j () (j + a9 _y)

it n+ s
Jt+ o ?
< (n+ ) Z P, (Y) <n B y> (2.19)
|52 |20

and Lemma 2.1, we obtain

kE+a ?
min {m+ﬁ1,n+ﬂ2}zpmk ( 1—x> =0

m,n— oo m
kels +ﬁ1
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and

: 2
min {m+ B1,n+ B2} an,j(y) <J+a2_y> _0

m,n— o0 n +
: Py B2

Hence, there are m(, n(, € N such that for every m,n € N withm > mg and n > nj,
we have

. k+ 2 3
min {m + f,n + B2} I;bpm,k (x) <m+C§1 - x) < e(sup|pi) " (2.20)
and
J+ o ?
win m -+ -+ 5o 3o ) (L5252 < 0) <clwla) . @2
JEJ2
Since,

L (o= 1) (0 — y)
m,n— o0 Max {m + 517 n+ 62}

=0 (2.22)

then there exist m{j, nj € N such that for every m,n € N, withm > m{ and n > n{

we have ( B ( )
a1 — IP1) (e — YP2 -1
. 2.23
max {m + B1,n + B2} < & (sup fpa]) 223
Let my = max{mymy} and ny = max{ngy,ng} Hence for any

m,n € N withm > my and n > ng, by (2.14), (2.15) and (2.17) we can write
min {m + B1,n+ B2} |(Rmnf) (z,y)| < e Bmin{m+ B1,n+ B2} +5). (2.24)
This is equivalent with
min {m,n} (Rm.nf) (z,y) = 0.

REFERENCES

[1] Bérbosu D., Approximation properties of a bivariate Stancu type operator, Rev. Anal. Numer et Theor.
de I’Approx., Tome 34, Nr. 1, (2005), 17-21

[2] Barbosu D., Approximation of functions with several variables by linear type operators, Editura Riso-
print, Cluj - Napoca, 2002 (in Romanian)

[3] Bérbosu D., Barbosu M., Some properties of the fundamental polynomials of Bernstein-Schurer, Bul. St.
Univ. Baia Mare, Ser. B, 18, Nr. 2 (2002), 133-136

[4] Barbosu D., Bivariate operastors of Schurer-Stancu type, An. St. Univ. Ovidius Constanta, 11 (1)
(2003), 1-8

[5] Stancu D. D., On a generalization of Bernstein’s polynomials, Studia Univ. Babes - Bolyai, pp. 31-44,
1969

[6] Stancu D. D., The remainder of certain liniar approximation formulas in two variables, J. SIAM Numer.
Anal. 137-163, 1964



68 Ioana Tascu and Andrei Horvat-Marc

[7] Stancu D. D., Coman Gh., Agratini O., Trimbitas R., Numerical Analysis and Approximation Theory, I
Presa Universitard Clujeand, Cluj - Napoca, 2001 (in Romanian)

NORTH UNIVERSITY OF BAIA MARE

DEPARTMENT OF MATHEMATIS AND COMPUTER SCIENCE
VICTORIEI 76, 430122 BAIA MARE, ROMANIA

E-mail address: itascu@yahoo.com

E-mail address: hmandrei@yahoo.com



