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Some interpolation schemes with triangular and
rectangular nodes of Birkhoff type

MARIUS M. BIROU

ABSTRACT. If P;,i = 1,7 and Q;, j = 1, r are univariate Lagrange interpolation projectors so that
the parametric extensions are bivariate projectors which form the chains, i.e.
PI<P<..<PLQI<Qi<.. Q]
the bivariate Biermann interpolation projector is given by
By = PQle .. ® PO}
(see [8]).

In [3], using chains of bivariate Birkhoff projectors which are parametric extensions of some uni-
variate Birkhoff interpolation projectors, we defined the bivariate Biermann interpolation projector of
Birkhoff type. In this article, we give some properties of this projector. The bivariate Biermann in-
terpolation projectors of Birkhoff type with triangular and rectangular nodes are presented. We give
representations of these projectors by cardinal functions and we determine the approximation orders.
Some numerical examples are given.

1. INTRODUCTION

In this article we construct interpolation schemes using boolean methods and
parametric extensions of univariate Birkhoff interpolation projectors. Boolean meth-
ods in multivariate approximation were introduced by Gordon W.J. in 1969 in [9].
These results were extended by Delvos EJ., Posdorf H., Schempp W. [6], [7], [8].

Let X, Y be the linear spaces on R.

The linear operator P defined on space X is called projector if P? = P. The
operator P¢ = I — P, where I is identity operator, is called the remainder projector
of P.

The range space of projector P is

R(P)={Pf|f € X}
The set of interpolation points of projector P is denoted by P(P).
Proposition 1.1. If P, () are commutative projectors then we have

R(P® Q) =R(P)+R(Q)

P(P& Q) =P(P)UPQ) (.1
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If P, P, are projectors on space X, we define relation “<”:
P<P&sPP=P (12)
We have the following result from [8].

Proposition 1.2. Let r € N, Py,..., P, univariate interpolation projectors on C(X ) and
Q1,. .., Q, univariate interpolation projectors on C(Y'). Let P|,..., P!, QY,..., Q! be
the corresponding parametric extension. We assume that

P<P<---<P, Q<@<--<Q (1.3)

We have that
B, =PQl®PQ!_ & - ®PQY (1.4)
is projector and it has representation

T r—1
B, =Y PnQlim— Y PLQ/_, (1.5)
m=1 m=1
Moreover, we have
By = PC+ P2Q1% + -+ POQIE + Q[ = (PIOQI7 + -+ P7QIT) (16)
where PC = I — P, I is identity operator.

Letbe z;, € [a,b], ry, € N, N, C {0,1,...,r}, k = I,mand n = |N1| + | V2| +
e [N — 1.

The univariate Birkhoff interpolation operator is an operator B : X — [P, which
interpolates some derivative (not necessary consecutive) of function f € X on the
set of nodes, i.e.

(BAHD (xx) = fP(@p), k=T,m, jeN

Remark 1.1. The problem of univariate Birkhoff interpolation has unique solution
if corresponding determinant is nonzero.

Particular cases of Birkhoff operator
e a Birkhoff operator B : X — P, which interpolates some consecutive deriva-
tive of function f € X up to some given orders on the set of nodes, i.e.

(BAHD (2x) = fD(@r), k=T,m, j=0.r

is called Hermite interpolation operator
e a Birkhoff operator B : X — IP,, which interpolates the function f € X on the
set of nodes, i.e.

(Bf)(xx) = f(zx), k=1,m
is called Lagrange interpolation operator.

In Section 2 we present the Biermann interpolation projector of Birkhoff type
from [3]. We prove some properties of this projector in Section 3. In Sections 4
and 5 we develop Biermann operators of Birkhoff type with triangular and respec-
tive rectangular elements. These interpolation schemes are useful tools in finite
element method.
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2. PRELIMINARIES

Let be the univariate Birkhoff interpolation projectors

P17"'7PT5Q17"'7Q7’
given by

(P f1)(@ Zzb P@:), 1<m<r

i=1p€lim

@2.7)
(Qnf2)(y Z Zb (Q) yj), 1<n<r.

j=1q€Jjn

where f; : [a,b] — R is a function for which there are f(p)( i)yt = 1,km, p € Lim,
m = T,rand fo : [c,d] — R is a function for which there are f{?(y,), j = 1,1,
Assume that
{x17" nL} C [a’ b]
{yh oY, C [Cv d]’
with
1<k <ks<--- <k

l<h<lb<--<l 28

and

IimCIi,m+17 Z':]-7km7 m=1,7"—1

JjnngnH, j=1,ln,n=1,7‘—1.

(2.9)

The cardinal functions bfg,

m () _ s T
biy v )(xl,) 0, v#i, j€Im 2.10)
b ! (xl) - 6]1)7 ] S Ilm

=T1,rand 527;1, n = 1,r satisfy the conditions

for p € Liy,, v,i = 1, kp, and respective

n (i)
bifm( v) =00 # 5y 1€ o (2.11)
b (y)—éjq,ZEJjn

Jq

forq € Jjn, v,j =1,1,.

If f:[a,b] X [¢,d] — R, than the parametric extensions are given by

(P zm:Zb ) fPO(z;y), 1<m<r

1=1 p€lim

ln

@Dy => 3 o) f O (z,y;), 1<n<r

j=1 quJn
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Theorem 2.1. The parametric extensions
P/ Pl // Q//
L 1o, Qr
are bivariate interpolations projectors which form the chains i.e.
]DI’S...SPT’7 ’I’S...SQ’T’.
The proof of this theorem results using conditions (2.8) and (2.9). The projectors

P/ ,Q! are commutative
PQI =P Q' 1<mmn<r.

n’

The tensor product pr0]ect0r P}, Q" has the representation

(PLQ"f)(2,y) Z 3 Z ST @, () 10D (25, 5)

1=1 p€lim j=1 quJn

and interpolation properties
(Pr/anrif)(p’q) (xia yj) = f(;l%q) (.237;, yj)
1<i<k ]-Sjglna pGIima qGJ]n

The projectors P/, ..., P.,QY,..., Q. generate a distributive lattice on C([a, b] x
[e,d]). A special element of thlS lattice is
B =PQ!®---®PQ], reN (2.12)

which is called Biermann interpolation projector of Birkhoff type.

Remark 2.2. If instead of Birkhoff projectors we use Lagrange univariate projec-
tors, i.e.

ILim ={0},i=1,kp,m=1,r
Jin ={0},j=1,lh,n=1,r
we obtain Biermann interpolation projector, studied by Delvos E, Posdorf H. [6],

[7].

Remark 2.3. The classical Biermann interpolation projector with triangular nodes
was given the first by Stancu D.D. in [13]. Triangular grids were used the first by
Biermann O.[1] in 1903, but in context cubature.

Remark 2.4. If instead of Birkhoff projectors we use Hermite univariate projectors,
ie.

Iz'm = {07 1, ,u7m},z = 1, ms T = 1,7"
Jjn = {O, 1, ...,an},j = 1,ln,n = 1,7"
we obtain Biermann interpolation projector of Hermite type [2] , [4].

Remark 2.5. In [3] we studied two particular cases of Biermann interpolation pro-
jector of Birkhoff type
¢ Biermann interpolation projector of Abel-Gonciarov type

k‘m—mlﬂ—{j 1}j= T, =7,T
ln=n,Jij={t—1},i=1,r,j=1,r
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e Biermann interpolation projector of Lidstone type
km =2,1; = I5; = {0,2,...,2i — 2}
ln=2,J15 = Jo; = {0,2,...,25 — 2}
3. PROPERTIES OF BIERMANN INTERPOLATION PROJECTOR OF BIRKHOFF TYPE

Leta; = [Iii| + - - + [Tk, il, Bi = [Tl + -+ | T4, 1 <@ <.

Proposition 3.3. The range space of projector BZ is given by
R(BP) =Ma, 1 @M, 1+ +1, 1 @1, 1. (3.13)
Proof. Taking into account Proposition 1.1 we have
R(BF) = R(P{Q) + -+ R(PIQY).
As
R(Pn) =4, -1, 1<m<r
R(Qn) =Tp,—1, 1<n<r
it follows (3.13). O
Proposition 3.4. The projector BP satisfy interpolation properties
(BE N (i,y5) = £ (i, ) (3.14)
1<i<ky,, 1<i<lbiiom, 1<m<r
P € Lim \ lim-1, q€ Jrt1-m
where I; 1 =0, k1 <@ < kyy, 1 <m <rand ko = 0.
Proof. From Proposition 1.1 it follows that
P(BY) =P(PQ) & & P(PQY).
We denote
Z(P) = {fP9 (x5, y;)| (PHPD (@i y5) = FOO (@i,55)}
Then we have

I(Br) = Z(PIQ;) U - UL(P/QY)

Next we determine the sets Z(P;,Q;",;_,,), 1 <m <.

We have
I(PQY) = {f PV (zsy)l i =T ki, j =T, p € L, ¢ € Jjr}
= {fPD(z,y) i =1k, j =10, p€Lu\Lo, q€Jj}
where Ijo =0,i =1, k;
For m = 2,r we have
(P Q1) = { PP @i, yj) i = Tk, 5= Lli1—my P € Limy ¢ € Jjri1-m}
= {2 (@i, y) i = Lkm 1, 5= Llrg1i-m P € Lim—1, ¢ € Jjrp1-m}
V(P (@i, ;) i =T km1, § = Llrt1—m, P € Lim \ Lim—1, ¢ € Jjrt1-m}
UL @D (@i y)| i = Kt Ry § = T lvaom, P € Tims 4 € Jjrs1-m)
= {1P @i,y i =Tk 1, § = Llg1-m, P € Lim—1, ¢ € Jjri1-m}
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U{f(p’q)(xzyyjﬂ 1= 17kma ] = 1ylr+1fma p S Ilm \Ii,mfla q € Jj,TJrlfm}

"2 A U Chy
where I; 1 —@ i=kmn-1+1Lkn
As Ay, CI(P),_1Qry2—m), m = 2,r it follows that
I(B,)=CiuCyuU---UC,,
and the sets C}, j = 1, r are disjoints. So, relation (3.14) holds. (]

Taking into account (1.5) we have

r+1 m

(BEf)(@.y) ZZ Yoo D @b ) P (@) (3.15)

m=11i=1p€lim J=1 q€Jjrt1-m

r—1 km lr—m

D2 X @h W @),

m=11i=1pElim j=1 q€EJj r—m

From Proposition 3.4 we have the following representation of the projector B”
by cardinal functions

r+1 m

BPf = ZZ YooY Y el (ayy). (3.16)

m=11i=1pel;n\Iim-1 J=1 q€Jjrt+1-m
Proposition 3.5. The cardinal functions ;; are given by formulas
O (w,y) = Y b5,@)b ) — Y b ()b (3.17)
?Equ GGqu
1<i<kn, 1<j<ljyi-m, 1<m<r

p e Ilm \Ii,mfly qc Jj,rJrlfm
where

qu {se{l,...;r}{|ieXs,pe€lis, j€Yrs1-5, ¢ € Jjry1-5}
Bzgz{se{l,...,r—1}|ieXs,peIis,jeYr,s,quj,r,s}
Xs={1,...,ks}, Ys={1,...,0ls}, 1<s<r

Proof. For the function

Fla,y) = b, (2)b5, (y):
we have
B.f = (I)fj‘-’.
Taking into account relation (1.5) it follows that

(I)pq ZPI r+1 s ZP ( Jq)
= D QL) - Y K000

se{l,...,r} se{l,...,r—1}
1€Xs,pELis i€ Xs,pELGs
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_ s Tr4+l—s s Tr—s
- Z bip ® qu Z bip ® qu :
s€{l,...,r} s€{l,..,r—1}
1€Xs,pEL;s 1€EXs,pEL;is
JE€EYr+1-5,9€ S5 r+1-s JEYr—5,q€ETj r—s

O

Proposition 3.6. If f € C*Pr([a,b] x [c,d]) we can give the following representation
for the remainder term in Biermann interpolation of Birkhoff type.

b d
- / o (@, 8) F@O) (5, y)ds + / s, (9 )8 (2, 1)t
a C
r=1 b ed
+ Z / / SOa""*'/n (x’ s)wﬁﬂl (y’t)f(aTi"“ﬁ"n)(S?t)det
m=17a c

r b pd
- Z / / S00(7'#»17777, (x’ s)wﬁﬂl (y’ t)f(ar-*—l_m’ﬂﬁm) (S, t)det
m=174 J¢

where the kernel functions are given by relations

_ am—1
Yo (2,5) = Py, l%] , 1smsr
oo
wﬁn(y,t)=in ﬂf’ , 1<n<r

(24 =0,ifz <0and zy = zif 2 >0).

Proof. If f1 € C%m[a,b] si fo € CPn[c, d] then
b

(PS5 f1)(x) = fi(x) — (P f1)(z) = / Pa,, (T, ) 1(am)(s)cls7 1<m<r

a

d
(Q5f2)(y) = fay) — (Quf2)(y) = / 0 (O (0)dt, 1 <n <
Using formula (1.6) we get (3.18). d

Proposition 3.7. We assume that |al,|b|,|c|,|d| < land I, C {0,1}. Leth=b—a =
d—cand ¢ = min{,_pm + B, 0 <m < r} with ag =0, By = 0. Than we have

Proof. Taking into account

fi(@) = (P fi)(x) = O(h*™), 1<m<r

f2(y) = Quf2)(y) = O(K"), 1<n<r
and using formula (1.6) we get (3.19). O
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4. TRIANGULAR ELEMENTS
Let be the interpolation nodes

(i —1h (j—Dh .
i = ) - ] ]-Sy Sv h
1 YT hizn >0
and

km=m, l,=n,1<m,n<r
Ly ={0}, 1<m<r

im =11} 2<i<m,2<m<r
Jin={0},1<n<r

jn:{1}7 2<j<n,2<n<r
Let be the univariate Birkhoff interpolation projectors

(P f1)( ZZb

i=1pElim

an? Z Z b (q)

Jj=1q€Jjn

), 1<m<r

yj), 1<n<r

where the functions b;; and b’ are obtained from conditions (2.10) and respective
(2.11).

As the conditions (2.8) and (2.9) are satisfied, it follows that the parametric ex-
tensions are projectors which form the chains

Pl <..<P, Q/<..<qQ!
The Biermann interpolation operator of Birkhoff type is defined by
BB

Pl QI/ @ @ Pl /I
The projector B2 has the following interpolation properties

(Bf;f)(wl,yl) = f(z1,y1),
(BE SO (@i, 1) = FEO (@i, ),
(BP O (@1,y) = FOV (@1, 95),
(Bff)(l’l)(xi,yj) = f(Ll)(xiyyj)y 2<i<r
The range space of the projector B i

R(BF) =

2<i<r,
2<5<n,
2<j53<r+1-—u.

Iy I 1+ 1L QI o+ ...+ 11,1 ® 1

We have the following representation of projector BZ by cardinal functions
r r+l—-m

BII=3 2 X X w0y (4.20)
= j=1 p€lm,m q€Jj rr1—m
where
r+1—j r—j
(I)pq Z b b7 +1— 9( ) .
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FIGURE 1. Triangular elements r = 5

1<m<r, 1<j<r+1-m, pC€lnm, qE€Jjrti-m-

The approximation order is r, i.e.

fla,y) = (BY f)(w,y) = O(h"), h— 0.

(4.21)

We approximate the function f : Ty — R f(z,y) = 1/(1 + 22 + y?) using
Biermann interpolation of Birkhoff type. In tabel are given the estimations of error

in max-norm.

[1f =B/ /]

0.16666666666667
0.24232025881303
0.03580421497499
0.02297335750323

QI = W[ N

5. RECTANGULAR ELEMENTS

Let be the interpolation nodes
(1+2(r—1i))h

i-1= — ; i = —%2i-1, 1<i<
T2;—1 2(2T—1) i) T2;—1 (3 T
(426~ j)h .
Toj-1 = 1) Toj = —Toj—1, 1<j<r

and
km =2m, l, =2n, 1 <m,n<r

Ly ={0},1<m<r
Lim={1},2<i<2m,1<m<r
Jin={0}, 1<n<r
Jm={1},2<j<2n,1<n<r
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The univariate interpolation Birkhoff projectors are given by

(P f1)(z ZZb Dz), 1<m<r

i=1pElim

(Qnf2)(y ZZb D), 1<n<r

j=1 quJn

where the cardinal functions b}, and g?q are obtained by conditions (2.10) and re-
spective (2.11).

As the conditions (2.8) and (2.9) are satisfied, it follows that the parametric ex-
tensions are bivariate projectors which form the chains

P <..<P, I<.<qQ
The Biermann interpolation projector of Birkhoff type is given by
B =PQ!®..aP,
The projector BZ has the interpolation properties
(BY )(@1,91) = flzr,91),
(BZ /)P @iyn) = [ (i), 2<i< 2,
(B NOV(@r,yy) = fOV (@nyy), 2<j <2,

(B7Bf)(11)(x77y]) = f(Ll)(xhyj)a
2<i<2m, 2<j<2(r+1-m), 1<m<r.

> n u u ] ]
> n n ]
> [ ]
» [ ]
> u n n

FIGURE 2. Rectangular elements r = 3

The range space of projector B is

R(BP) =TI ® Myy_1 + 3 @ Map_g + ... + Mypq @ TIy.
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We have the following representations of the projector B by cardinal functions

2m 2(r+1—m)

B f = Z > Z Sy e (ay)  (522)

m=11=2m—1 pELlim qEJ7 r+1—m
where
[r+1-1] [r—4]
iy = Y L@y - Y 05, @b ()
s=[i52]+1 s=[15]+1

1<i<2m, 1<j3j<2(r+1-m),1<m<r, p€lim, ¢€Jjrt1-m.
The approximation order is 2r, i.e.
f@y) = (BZf)(@,y) = O(*), h—0. (5:23)

We approximate the function f : [-1/2,1/2] x [-1/2,1/2] — R, f(z,y) =
1/(1 + 2% 4+ y?) using Biermann interpolation of Birkhoff type. In table are given
the estimations of error in max-norm.

r [ [[f-BPf]
2 | 0.69160966670624
3 | 0.04507288326815
4 1 0.02652021446710
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