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Some interpolation schemes with triangular and
rectangular nodes of Birkhoff type
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ABSTRACT. If Pi, i = 1, r and Qj , j = 1, r are univariate Lagrange interpolation projectors so that
the parametric extensions are bivariate projectors which form the chains, i.e.

P ′

1
≤ P ′

2
≤ ... ≤ P ′

r, Q′′

1
≤ Q′′

2
≤ ... ≤ Q′′

r

the bivariate Biermann interpolation projector is given by

Br = P ′

1
Q′′

r ⊕ ... ⊕ P ′

rQ′′

1

(see [8]).
In [3], using chains of bivariate Birkhoff projectors which are parametric extensions of some uni-

variate Birkhoff interpolation projectors, we defined the bivariate Biermann interpolation projector of
Birkhoff type. In this article, we give some properties of this projector. The bivariate Biermann in-
terpolation projectors of Birkhoff type with triangular and rectangular nodes are presented. We give
representations of these projectors by cardinal functions and we determine the approximation orders.
Some numerical examples are given.

1. INTRODUCTION

In this article we construct interpolation schemes using boolean methods and
parametric extensions of univariate Birkhoff interpolation projectors. Booleanmeth-
ods in multivariate approximation were introduced by Gordon W.J. in 1969 in [9].
These results were extended by Delvos F.J., Posdorf H., SchemppW. [6], [7], [8].
LetX , Y be the linear spaces on R.
The linear operator P defined on space X is called projector if P 2 = P . The

operator PC = I−P , where I is identity operator, is called the remainder projector
of P .
The range space of projector P is

R(P ) = {Pf |f ∈ X}

The set of interpolation points of projector P is denoted by P(P ).

Proposition 1.1. If P , Q are commutative projectors then we have

R(P ⊕Q) = R(P ) + R(Q)
P(P ⊕Q) = P(P ) ∪ P(Q)

(1.1)
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If P1, P2 are projectors on spaceX , we define relation “≤”:

P1 ≤ P2 ⇔ P1P2 = P1 (1.2)

We have the following result from [8].

Proposition 1.2. Let r ∈ N, P1,. . . , Pr univariate interpolation projectors on C(X) and
Q1,. . . , Qr univariate interpolation projectors on C(Y ). Let P ′

1,. . . , P
′
r, Q

′′
1 ,. . . , Q

′′
r be

the corresponding parametric extension. We assume that

P1 ≤ P2 ≤ · · · ≤ Pr, Q1 ≤ Q2 ≤ · · · ≤ Qr (1.3)

We have that

Br = P ′
1Q

′′
r ⊕ P ′

2Q
′′
r−1 ⊕ · · · ⊕ P ′

rQ
′′
1 (1.4)

is projector and it has representation

Br =

r∑

m=1

P ′
mQ

′′
r+1−m −

r−1∑

m=1

P ′
mQ

′′
r−m (1.5)

Moreover, we have

BC
r = P ′C

r + P ′C
r−1Q

′′C
1 + · · · + P ′C

1 Q′′C
r−1 +Q′′C

r − (P ′C
r Q′′C

1 + · · · + P ′C
1 Q′′C

r ) (1.6)

where PC = I − P , I is identity operator.

Let be xk ∈ [a, b], rk ∈ N, Nk ⊂ {0, 1, . . . , rk}, k = 1,m and n = |N1| + |N2| +
. . .+ |Nm| − 1.
The univariate Birkhoff interpolation operator is an operatorB : X → Pn which

interpolates some derivative (not necessary consecutive) of function f ∈ X on the
set of nodes, i.e.

(Bf)(j)(xk) = f (j)(xk), k = 1,m, j ∈ Nk

Remark 1.1. The problem of univariate Birkhoff interpolation has unique solution
if corresponding determinant is nonzero.

Particular cases of Birkhoff operator
• a Birkhoff operator B : X → Pn which interpolates some consecutive deriva-

tive of function f ∈ X up to some given orders on the set of nodes, i.e.

(Bf)(j)(xk) = f (j)(xk), k = 1,m, j = 0, rk

is called Hermite interpolation operator
• a Birkhoff operator B : X → Pn which interpolates the function f ∈ X on the

set of nodes, i.e.

(Bf)(xk) = f(xk), k = 1,m

is called Lagrange interpolation operator.
In Section 2 we present the Biermann interpolation projector of Birkhoff type

from [3]. We prove some properties of this projector in Section 3. In Sections 4
and 5 we develop Biermann operators of Birkhoff type with triangular and respec-
tive rectangular elements. These interpolation schemes are useful tools in finite
element method.
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2. PRELIMINARIES

Let be the univariate Birkhoff interpolation projectors

P1, . . . , Pr, Q1, . . . , Qr

given by

(Pmf1)(x) =

km∑

i=1

∑

p∈Iim

bmip(x)f
(p)
1 (xi), 1 ≤ m ≤ r

(Qnf2)(y) =

ln∑

j=1

∑

q∈Jjn

b̃njq(y)f
(q)
2 (yj), 1 ≤ n ≤ r.

(2.7)

where f1 : [a, b] → R is a function for which there are f
(p)
1 (xi), i = 1, km, p ∈ Iim,

m = 1, r and f2 : [c, d] → R is a function for which there are f
(q)
2 (yj), j = 1, ln,

q ∈ Jjn, n = 1, r.
Assume that

{x1, . . . , xkm
} ⊆ [a, b], 1 ≤ m ≤ r

{y1, . . . , yln} ⊆ [c, d], 1 ≤ n ≤ r

with
1 ≤ k1 ≤ k2 ≤ · · · ≤ kr

1 ≤ l1 ≤ l2 ≤ · · · ≤ lr
(2.8)

and
Iim ⊆ Ii,m+1, i = 1, km, m = 1, r − 1

Jjn ⊆ Jj,n+1, j = 1, ln, n = 1, r − 1.
(2.9)

The cardinal functions bmip,m = 1, r and b̃njq , n = 1, r satisfy the conditions

{
b
m (j)
ip (xν) = 0, ν 6= i, j ∈ Iνm

b
m (j)
ip (xi) = δjp, j ∈ Iim

(2.10)

for p ∈ Iim, ν, i = 1, km and respective
{
b
n (i)
jq (yν) = 0, ν 6= j, i ∈ Jνn

b
n (i)
jq (yj) = δjq , i ∈ Jjn

(2.11)

for q ∈ Jjn, ν, j = 1, ln.

If f : [a, b] × [c, d] → R , than the parametric extensions are given by

(P ′
mf)(x, y) =

km∑

i=1

∑

p∈Iim

bmip(x)f (p,0)(xi, y), 1 ≤ m ≤ r

(Q′′
nf)(x, y) =

ln∑

j=1

∑

q∈Jjn

b̃njq(y)f
(0,q)(x, yj), 1 ≤ n ≤ r
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Theorem 2.1. The parametric extensions

P ′
1, . . . , P

′
r, Q

′′
1 , . . . , Q

′′
r

are bivariate interpolations projectors which form the chains i.e.

P ′
1 ≤ · · · ≤ P ′

r, Q′′
1 ≤ · · · ≤ Q′′

r .

The proof of this theorem results using conditions (2.8) and (2.9). The projectors

P ′
m, Q

′′
n are commutative

P ′
mQ

′′
n = P ′

mQ
′′
n, 1 ≤ m,n ≤ r.

The tensor product projector P ′
mQ

′′
n has the representation

(P ′
mQ

′′
nf)(x, y) =

km∑

i=1

∑

p∈Iim

ln∑

j=1

∑

q∈Jjn

bmip(x)̃b
n
jq(y)f

(p,q)(xi, yj)

and interpolation properties

(P ′
mQ

′′
nf)(p,q)(xi, yj) = f (p,q)(xi, yj)

1 ≤ i ≤ km, 1 ≤ j ≤ ln, p ∈ Iim, q ∈ Jjn

The projectors P ′
1, . . . , P

′
r, Q

′′
1 , . . . , Q

′′
r generate a distributive lattice on C([a, b]×

[c, d]). A special element of this lattice is

BB
r = P ′

1Q
′′
r ⊕ · · · ⊕ P ′

rQ
′′
1 , r ∈ N (2.12)

which is called Biermann interpolation projector of Birkhoff type.

Remark 2.2. If instead of Birkhoff projectors we use Lagrange univariate projec-
tors, i.e.

Iim = {0}, i = 1, km,m = 1, r

Jjn = {0}, j = 1, ln, n = 1, r

we obtain Biermann interpolation projector, studied by Delvos F., Posdorf H. [6],
[7].

Remark 2.3. The classical Biermann interpolation projector with triangular nodes
was given the first by Stancu D.D. in [13]. Triangular grids were used the first by
Biermann O.[1] in 1903, but in context cubature.

Remark 2.4. If instead of Birkhoff projectors we use Hermite univariate projectors,
i.e.

Iim = {0, 1, ..., uim}, i = 1, km,m = 1, r

Jjn = {0, 1, ..., vjn}, j = 1, ln, n = 1, r

we obtain Biermann interpolation projector of Hermite type [2] , [4].

Remark 2.5. In [3] we studied two particular cases of Biermann interpolation pro-
jector of Birkhoff type

• Biermann interpolation projector of Abel-Gonciarov type

km = m, Iji = {j − 1}, j = 1, r, i = j, r
ln = n, Jij = {i− 1}, i = 1, r, j = i, r
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• Biermann interpolation projector of Lidstone type

km = 2, I1i = I2i = {0, 2, ..., 2i− 2}
ln = 2, J1j = J2j = {0, 2, ..., 2j − 2}

3. PROPERTIES OF BIERMANN INTERPOLATION PROJECTOR OF BIRKHOFF TYPE

Let αi = |I1i| + · · · + |Iki,i|, βi = |J1i| + · · · + |Jli,i|, 1 ≤ i ≤ r.

Proposition 3.3. The range space of projector BB
r is given by

R(BB
r ) = Πα1−1 ⊗ Πβr−1 + · · · + Παr−1 ⊗ Πβ1−1. (3.13)

Proof. Taking into account Proposition 1.1 we have

R(BB
r ) = R(P ′

1Q
′′
r ) + · · · + R(P ′

rQ
′′
1).

As
R(Pm) = Παm−1, 1 ≤ m ≤ r

R(Qn) = Πβn−1, 1 ≤ n ≤ r

it follows (3.13). �

Proposition 3.4. The projector BB
r satisfy interpolation properties

(BB
r f)(p,q)(xi, yj) = f (p,q)(xi, yj) (3.14)

1 ≤ i ≤ km, 1 ≤ j ≤ lr+1−m, 1 ≤ m ≤ r

p ∈ Iim \ Ii,m−1, q ∈ Jr+1−m

where Ii,m−1 = ∅, km−1 < i ≤ km, 1 ≤ m ≤ r and k0 = 0.

Proof. From Proposition 1.1 it follows that

P(BB
r ) = P(P ′

1Q
′′
r ) ⊕ · · · ⊕ P(P ′

rQ
′′
1).

We denote

I(P ) = {f (p,q)(xi, yj)| (Pf)(p,q)(xi, yj) = f (p,q)(xi, yj)}

Then we have
I(Br) = I(P ′

1Q
′′
r ) ∪ · · · ∪ I(P ′

rQ
′′
1)

Next we determine the sets I(P ′
mQ

′′
r+1−m), 1 ≤ m ≤ r.

We have

I(P ′
1Q

′′
r ) = {f (p,q)(xi, yj)| i = 1, k1, j = 1, lr, p ∈ Ii1, q ∈ Jjr}

= {f (p,q)(xi, yj)| i = 1, k1, j = 1, lr, p ∈ Ii1 \ Ii0, q ∈ Jjr}

where Ii0 = ∅, i = 1, k1

Form = 2, r we have

I(P ′
mQ

′′
r+1−m) = {f (p,q)(xi, yj)| i = 1, km, j = 1, lr+1−m, p ∈ Iim, q ∈ Jj,r+1−m}

= {f (p,q)(xi, yj)| i = 1, km−1, j = 1, lr+1−m, p ∈ Ii,m−1, q ∈ Jj,r+1−m}

∪{f (p,q)(xi, yj)| i = 1, km−1, j = 1, lr+1−m, p ∈ Iim \ Ii,m−1, q ∈ Jj,r+1−m}

∪{f (p,q)(xi, yj)| i = km−1, km, j = 1, lr+1−m, p ∈ Iim, q ∈ Jj,r+1−m}

= {f (p,q)(xi, yj)| i = 1, km−1, j = 1, lr+1−m, p ∈ Ii,m−1, q ∈ Jj,r+1−m}
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∪{f (p,q)(xi, yj)| i = 1, km, j = 1, lr+1−m, p ∈ Iim \ Ii,m−1, q ∈ Jj,r+1−m}
not
= Am ∪ Cm

where Ii,m−1 = ∅, i = km−1 + 1, km.
As Am ⊆ I(P ′

m−1Qr+2−m),m = 2, r it follows that

I(Br) = C1 ∪C2 ∪ · · · ∪ Cr,

and the sets Cj , j = 1, r are disjoints. So, relation (3.14) holds. �

Taking into account (1.5) we have

(BB
r f)(x, y) =

r∑

m=1

km∑

i=1

∑

p∈Iim

lr+1−m∑

j=1

∑

q∈Jj,r+1−m

bmip(x)̃b
r+1−m
jq (y)f (p,q)(xi, yj) (3.15)

−
r−1∑

m=1

km∑

i=1

∑

p∈Iim

lr−m∑

j=1

∑

q∈Jj,r−m

bmip(x)̃br−m
jq (y)f (p,q)(xi, yj).

From Proposition 3.4 we have the following representation of the projector BB
r

by cardinal functions

BB
r f =

r∑

m=1

km∑

i=1

∑

p∈Iim\Ii,m−1

lr+1−m∑

j=1

∑

q∈Jj,r+1−m

Φpq
ij f

(p,q)(xi, yj). (3.16)

Proposition 3.5. The cardinal functions Φij are given by formulas

Φpq
ij (x, y) =

∑

s∈A
pq

ij

bsip(x)̃b
r+1−s
jq (y) −

∑

s∈B
pq

ij

bsip(x)̃b
r−s
jq (y) (3.17)

1 ≤ i ≤ km, 1 ≤ j ≤ lr+1−m, 1 ≤ m ≤ r

p ∈ Iim \ Ii,m−1, q ∈ Jj,r+1−m

where

Apq
ij = {s ∈ {1, . . . , r}| i ∈ Xs, p ∈ Iis, j ∈ Yr+1−s, q ∈ Jj,r+1−s}

Bpq
ij = {s ∈ {1, . . . , r − 1}| i ∈ Xs, p ∈ Iis, j ∈ Yr−s, q ∈ Jj,r−s}

Xs = {1, . . . , ks}, Ys = {1, . . . , ls}, 1 ≤ s ≤ r.

Proof. For the function

f(x, y) = brip(x)̃b
r
jq(y).

we have

Brf = Φpq
ij .

Taking into account relation (1.5) it follows that

Φpq
ij =

r∑

s=1

P ′
s(b

r
ip) ⊗Q′′

r+1−s(̃b
r
jq) −

r−1∑

s=1

P ′
s(b

r
ip) ⊗Q′′

r−s(̃b
r
jq)

=
∑

s∈{1,...,r}
i∈Xs,p∈Iis

bsip ⊗Q′′
r+1−s(̃b

r
jq) −

∑

s∈{1,...,r−1}
i∈Xs,p∈Iis

bsip ⊗Q′′
r−s(̃b

r
jq)
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=
∑

s∈{1,...,r}
i∈Xs,p∈Iis

j∈Yr+1−s,q∈Jj,r+1−s

bsip ⊗ b̃r+1−s
jq −

∑

s∈{1,...,r−1}
i∈Xs,p∈Iis

j∈Yr−s,q∈Jj,r−s

bsip ⊗ b̃r−s
jq .

�

Proposition 3.6. If f ∈ Cαr ,βr([a, b] × [c, d]) we can give the following representation
for the remainder term in Biermann interpolation of Birkhoff type.

f(x, y) − (BB
r f)(x, y) (3.18)

=

∫ b

a

ϕαr
(x, s)f (αr ,0)(s, y)ds+

∫ d

c

ψβr
(y, t)f (0,βr)(x, t)dt

+

r−1∑

m=1

∫ b

a

∫ d

c

ϕαr−m
(x, s)ψβm

(y, t)f (αr−m,βm)(s, t)dsdt

−
r∑

m=1

∫ b

a

∫ d

c

ϕαr+1−m
(x, s)ψβm

(y, t)f (αr+1−m,βm)(s, t)dsdt

where the kernel functions are given by relations

ϕαm
(x, s) = P c

m

[
(x − s)αm−1

+

αm!

]
, 1 ≤ m ≤ r

ψβn
(y, t) = Qc

n

[
(y − t)βn−1

+

βn!

]
, 1 ≤ n ≤ r

(z+ = 0, if z < 0 and z+ = z if z ≥ 0).

Proof. If f1 ∈ Cαm [a, b] şi f2 ∈ Cβn [c, d] then

(P c
mf1)(x) = f1(x) − (Pmf1)(x) =

∫ b

a

ϕαm
(x, s)f

(αm)
1 (s)ds, 1 ≤ m ≤ r

(Qc
nf2)(y) = f2(y) − (Qnf2)(y) =

∫ d

c

ϕβn
(y, t)f

(βn)
2 (t)dt, 1 ≤ n ≤ r.

Using formula (1.6) we get (3.18). �

Proposition 3.7. We assume that |a|, |b|, |c|, |d| ≤ 1 and Ik ⊂ {0, 1}. Let h = b − a =
d− c and q = min{αr−m + βm, 0 ≤ m ≤ r} with α0 = 0, β0 = 0. Than we have

f(x, y) − (BB
r f)(x, y) = O(hq), h→ 0. (3.19)

Proof. Taking into account

f1(x) − (Pmf1)(x) = O(hαm), 1 ≤ m ≤ r

f2(y) − (Qnf2)(y) = O(hβn), 1 ≤ n ≤ r

and using formula (1.6) we get (3.19). �
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4. TRIANGULAR ELEMENTS

Let be the interpolation nodes

xi =
(i− 1)h

(r − 1)
, yj =

(j − 1)h

(r − 1)
, 1 ≤ i, j ≤ r, h > 0

and
km = m, ln = n, 1 ≤ m,n ≤ r

I1m = {0}, 1 ≤ m ≤ r

Iim = {1}, 2 ≤ i ≤ m, 2 ≤ m ≤ r

J1n = {0}, 1 ≤ n ≤ r

Jjn = {1}, 2 ≤ j ≤ n, 2 ≤ n ≤ r.

Let be the univariate Birkhoff interpolation projectors

(Pmf1)(x) =

m∑

i=1

∑

p∈Iim

bmip(x)f
(p)
1 (xi), 1 ≤ m ≤ r

(Qnf2)(y) =

n∑

j=1

∑

q∈Jjn

b̃njq(y)f
(q)
2 (yj), 1 ≤ n ≤ r

where the functions bmip and b̃
n
jq are obtained from conditions (2.10) and respective

(2.11).
As the conditions (2.8) and (2.9) are satisfied, it follows that the parametric ex-

tensions are projectors which form the chains

P ′
1 ≤ ... ≤ P ′

r, Q′′
1 ≤ ... ≤ Q′′

r

The Biermann interpolation operator of Birkhoff type is defined by

BB
r = P ′

1Q
′′
r ⊕ ...⊕ P ′

rQ
′′
1 .

The projector BB
r has the following interpolation properties

(BB
r f)(x1, y1) = f(x1, y1),

(BB
r f)(1,0)(xi, y1) = f (1,0)(xi, y1), 2 ≤ i ≤ r,

(BB
r f)(0,1)(x1, yj) = f (0,1)(x1, yj), 2 ≤ j ≤ r,

(BB
r f)(1,1)(xi, yj) = f (1,1)(xi, yj), 2 ≤ i ≤ r, 2 ≤ j ≤ r + 1 − i.

The range space of the projector BB
r is

R(BB
r ) = Π0 ⊗ Πr−1 + Π1 ⊗ Πr−2 + ...+ Πr−1 ⊗ Π0.

We have the following representation of projector BB
r by cardinal functions

BB
r f =

r∑

m=1

r+1−m∑

j=1

∑

p∈Im,m

∑

q∈Jj,r+1−m

Φpq
mjf

(p,q)(xm, yj) (4.20)

where

Φpq
mj(x, y) =

r+1−j∑

s=m

bsmp(x)̃b
r+1−s
jq (y) −

r−j∑

s=m

bsmp(x)̃b
r−s
jq (y)
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FIGURE 1. Triangular elements r = 5

1 ≤ m ≤ r, 1 ≤ j ≤ r + 1 −m, p ∈ Imm, q ∈ Jj,r+1−m.

The approximation order is r, i.e.

f(x, y) − (BB
r f)(x, y) = O(hr), h→ 0. (4.21)

We approximate the function f : T1 → R f(x, y) = 1/(1 + x2 + y2) using
Biermann interpolation of Birkhoff type. In tabel are given the estimations of error
in max-norm.

r
∥∥f −BB

r f
∥∥

2 0.16666666666667
3 0.24232025881303
4 0.03580421497499
5 0.02297335750323

5. RECTANGULAR ELEMENTS

Let be the interpolation nodes

x2i−1 = −
(1 + 2(r − i))h

2(2r − 1)
, x2i = −x2i−1, 1 ≤ i ≤ r

x2j−1 = −
(1 + 2(r − j))h

2(2r − 1)
, x2j = −x2j−1, 1 ≤ j ≤ r

and

km = 2m, ln = 2n, 1 ≤ m,n ≤ r

I1m = {0}, 1 ≤ m ≤ r

Iim = {1}, 2 ≤ i ≤ 2m, 1 ≤ m ≤ r

J1n = {0}, 1 ≤ n ≤ r

Jjn = {1}, 2 ≤ j ≤ 2n, 1 ≤ n ≤ r.
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The univariate interpolation Birkhoff projectors are given by

(Pmf1)(x) =

2m∑

i=1

∑

p∈Iim

bmip(x)f
(p)
1 (xi), 1 ≤ m ≤ r

(Qnf2)(y) =
2n∑

j=1

∑

q∈Jjn

b̃njq(y)f
(q)
2 (yj), 1 ≤ n ≤ r

where the cardinal functions bmip and b̃
n
jq are obtained by conditions (2.10) and re-

spective (2.11).
As the conditions (2.8) and (2.9) are satisfied, it follows that the parametric ex-

tensions are bivariate projectors which form the chains

P ′
1 ≤ ... ≤ P ′

r, Q′′
1 ≤ ... ≤ Q′′

r

The Biermann interpolation projector of Birkhoff type is given by

BB
r = P ′

1Q
′′
r ⊕ ...⊕ P ′

rQ
′′
1 .

The projector BB
r has the interpolation properties

(BB
r f)(x1, y1) = f(x1, y1),

(BB
r f)(1,0)(xi, y1) = f (1,0)(xi, y1), 2 ≤ i ≤ 2r,

(BB
r f)(0,1)(x1, yj) = f (0,1)(x1, yj), 2 ≤ j ≤ 2r,

(BB
r f)(1,1)(xi, yj) = f (1,1)(xi, yj),

2 ≤ i ≤ 2m, 2 ≤ j ≤ 2(r + 1 −m), 1 ≤ m ≤ r.

FIGURE 2. Rectangular elements r = 3

The range space of projector BB
r is

R(BB
r ) = Π1 ⊗ Π2r−1 + Π3 ⊗ Π2r−3 + ...+ Π2r−1 ⊗ Π1.
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We have the following representations of the projector BB
r by cardinal functions

BB
r f =

r∑

m=1

2m∑

i=2m−1

2(r+1−m)∑

j=1

∑

p∈Iim

∑

q∈Jj,r+1−m

Φpq
ij f

(p,q)(xi, yj) (5.22)

where

Φpq
ij (x, y) =

[r+1− j

2
]∑

s=[ i−1

2
]+1

bsip(x)̃b
r+1−s
jq (y) −

[r− j

2
]∑

s=[ i−1

2
]+1

bsip(x)̃b
r−s
jq (y)

1 ≤ i ≤ 2m, 1 ≤ j ≤ 2(r + 1 −m), 1 ≤ m ≤ r, p ∈ Iim, q ∈ Jj,r+1−m.

The approximation order is 2r, i.e.

f(x, y) − (BB
r f)(x, y) = O(h2r), h→ 0. (5.23)

We approximate the function f : [−1/2, 1/2] × [−1/2, 1/2] → R, f(x, y) =
1/(1 + x2 + y2) using Biermann interpolation of Birkhoff type. In table are given
the estimations of error in max-norm.

r
∥∥f −BB

r f
∥∥

2 0.69160966670624
3 0.04507288326815
4 0.02652021446710
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3, 41-55

[3] Birou M., Biermann interpolation of Birkhoff type, Rev. Anal. Numer. Theor. Approx., 34(2005), no. 1,
37-45

[4] Birou M., Some interpolation schemes with triangular and rectangular nodes of Hermite type,
Numerical Analysis and Approximation Theory, Cluj, 2006, to appear
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