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Modified Jakimovski-Leviatan operators

ALEXANDRA CIUPA

ABSTRACT. Inthis paper we modify the Jakimovski-Leviatan operators, in order to improve the rate
of convergence. We estimate the order of approximation and we give a Voronovskaya type theorem.

1. INTRODUCTION
In 1969, A. Jakimovski and D. Leviatan [4] introduced a Favard-Szasz type op-
erator, as follows: if g(z Z anz", g(1) # 0 is an analytic function in the disk

|z| < R, R > 1, let p;, be the Appell polynomials defined by the relation

= Zpk(a:)uk (1.1)
k=0
Therefore, the polynomials are
k xk—u
pr(z) = ;aum7 keN.

Let E be the class of functions of exponential type, which satisfy the property
|f(t)] < cett, (t > 0) for some finite constants ¢, A > 0. In [4], the authors consid-
ered the operator P, : E — ([0, 00)

P(fix) = %Zpkm <> n€N. (1.2)

k
Remark. If g(z) = 1, by (1) we obtain py(x) = % and we obtain Szasz-Mirakjan
operators: ’
= (n)E (ke
Sa(fir) =y k!) ! <n) :

k=0
A. Jakimovski and D. Leviatan established the analogue to Szasz’s results, as well
as certain other approximation theorems. B. Wood [6] proved that the operators
P, are positive if and only if

ar
k> 0,(k=0,1,...).
g(1) — ( )

Throughout this paper we will assume that the operators P, are positive.
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In [2] was studied the rate of convergence of the sequence (P, f) to f:
If f € Fand f € C0,al, then

I LW (L
Pa(f52) — S >|§<1+¢+n L ) (5 72)

where w is the first order modulus of continuity of f.

Ispir Nurhayat [3] investigated the approximation of continuous functions hav-
ing polynomial growth at infinity, by the operator given in (1.2). Ulrich Abel and
Mircea Ivan [1], gave an asymptotic expansion of the operators P,, and their deriva-
tives.

2. THE MODIFIED OPERATOR

In this paper we will modify the operator (1.2), in order to improve the rate of
convergence of the sequence (P, f) to f.

Let Cp be the set of all real-valued functions f uniformly continuous and
bounded on [0, co) with the norm defined by

Ifll = sup [f(x)]. (2.3)

z€[0,00)
For a fixed 7 € N = {0, 1,... } we denote by
Cp ={f € Cgsuchas f’,,,.7f(r) € Cpl.

The norm in C} is given also by (2.3).
Let r € N be a fixed number. For f € C, x € [0,00) and n € N we define the

operators
o r f@ <k> ;
e "* n
Parlfio) =y om0 — («-2)" 4

= 7

where p;, are Appell polynomials defined by (1.1).
Remarks. 1. For r = 0, we have P, o(f;z) = P,(f; x).
2. P, o(eo;z) = Pp(ep;z) =1, where eg(z) =1, 2 > 0.

Lemma 2.1.
For every fixed ¢ < r, g € N, we have

P, r(eq;x) = 2%, where eg(x) = 2, x € [0,00).
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Proof. For ¢ < r and z € [0, 00), we have

P (o) = Z(Sépk(m); q(q — 1)..}!(q—j+1) <7Iz>” (x_ fL)a

e () (4)7 ()

—nx oo

= eg(il) Zpk(nm)xq =z9P,(eg;x) = 2.
k=0

In order to prove the main results we will use a result due to U. Abel and M. Ivan

[1], concerning Jakimovski-Leviatan operators:
Lemma A. Foreach x > O0and all s = 0,1,2, ..., the central moments of the operators
P, satisfy the estimation

s+1

Pn((-—:v)s;w)=0(”_[ : ])’ (n = o0),

where [s] denotes the integral part of s.

3. MAIN RESULTS

We will estimate the order of approximation of a function f € C} by the se-
quence (P, , f), using the first order modulus of continuity:

w(f;0) = sup |[|f(z+h) = f(2)].
0<h<6
z€[0,00)
Theorem 3.1. Let r € N be a fixed number. There exists a positive constant C(r),
depending only on r, such that

o) — o A e
Partfi9) = S0 £ €0) o (195 2 )

forevery f € Cpandn € N\ {0}.

Proof. For r = 0, the inequality is known. Let f € C}, r > 1 and y € [0,00) be a
fixed point. We apply the following modified Taylor formula

") )
fa) =S P -y

Jj=0

(z—y)"
(r—1)!

k
We choose y = — for fixed ¥ € Nand n € N* = N\ {0} and we have

+

/0 ="y + i@ —y) — fO ), @€ 0,00).

o]
—nx
€

7 (@)

f(l') = Pn,r(l; I)f(l‘) =
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x/01(1 — )t {fW (i +t (a;— D) — ™ <7]z>}dt.

By the properties of the modulus of continuity, for ¢ € [0, 1], we have

o o2 (2]
st (-5

k
T — =
n

o2k
It results that
00 .kl
$10) = Pasl )] < gy Do)
/01(11&)’“1 <1+\f :c> (f” \/ﬁ) dt
L
< f:pk: (nx) " n (1+\f x—fLDw(f(T);\}ﬁ)-

Therefore,
[f(x) = Py

1 .
A(fi) < 2 (50 2 ) (Palle = i) + VP~ 1 52))
Next we use Cauchy’s mequahty and Lemma A, and we obtain

nl@r+1)/2]
and

. 1/2
Palle = tf70) < {Pue - 0P < {210

My(r) *
. r+1 2T+2 1/2 2
Palle = f+152) < {P(o = 022 < {2204
where M (r), Mx(r) are positive constants, depending on r. It results that

stz () (o) e i)

'r+1+



Modified Jakimovski-Leviatan operators 17

b (G G

1 1
=C(r)———=w f(r);>.
( ) n[r"'%] < \/ﬁ
Corollary. If f € C%, r € N*, then
lim [P, ,(f;z) — f(z)| =0, z€][0,00).

Theorem 3.2. If f € C;"2, for a fixed r € N, then for every x € [0, 00) we have

(1) (4
Poy(fiz) — f(z) = (—1)rf(r+1()!)Pn((t —x)"h )
f(r+2)(x)

+(—=1)"(r + l)m

1

P(t—z)""2) 40| ———— ], as n — oco.

Proof. If x = 0, we have P, ,.(f;0) = f(0), ne N*,r € N.

Let z > 0 be. The function ) € C;**7/, 0 < j < r, so we can apply Taylor
formula

‘ e NICER)
i=0

where ¢ € [0, 00) and ;(t; ) = () is a function such that ¢, (t)t"+2~7 € C};*7

T (- x)' + it ) (t — ) T,

k .
and tlim ©;(t) = 0. We choose t = —, we replace f () in (2.4) and we obtain
—T n

k)j

_ oo r— — r4+2—j i
" ( O+ () (k
Pastria) = S5 Sty At 3 S (2 )

=0 i=0
k J
e—nw 2 r <xn> k k r+2—j
e e (5 (¢
= 7! n n
= A, . (x) 4+ Bn,(x)
We have
k J
e~ Nz o T (x_n> r+ f(l)(.’b) k l—j
Anrla) =y 20 D 25 (5-=)

—nm oo T T f(l) < >l
Zpk {l_ a—j)! -z

(r+1) T p(r42) e
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We observe that

becausez ( ) =0forl>0

7=0
f(T+1) —nx X r+1 7 41
=L\ _1)7 '
Sy = r+1)! g1 Zpk Z( ) j
But Z (r * 1> (=1)", therefore

(r+1) (g
)Tf ( )

S2= (=1 (r+1)!

(Po(t —2)" " 2).
In the same way, we obtain

(r+2) ( .
Sy =(-1)"(r+ 1)f(r+2()!>Pn((t — )" 2 2).

It results that

(@) = Fla)+ (1 LD p gy (35)
wr o (r+1)! " ’ ’
L) "

For B,, ,, we have

e Nz es} r+2 r 1 k
B, Zpk ( ) D (1Y =g, <x>
7=0 J: n
We denote by

60(t) = Z(—l)j%@j(t;x), t € [0, 00)

and we can write

By (x) = Pp((t - 2) 29, (1); ).
By Cauchy’s inequality and Lemma A, we obtain

|Bur (@) < {Pu((t —2)* 45 2) Y2 Pa (97 (1); 2) } /2

1 1/2
< {M1(7”)n[(2r+5)/2]} {Pu(@7(t); 2)}'/?
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1

W{Pn@?(t);x)}l/ga

where M (r), M(r) are positive constants depending on r.

= M(r)

But
lim P, (¢2(t);z) = ¢2(z) = 0
therefore
Bus() =0 ——— ). n—w. (3.6)
n n[7‘+§]

By (3.5), (3.6) we get to the desired result.

Remark. Let us consider 7 = 0 in Theorem 3.2. We obtain: if f € C%, then

Pulfio) = @) = P = 2)iz) + LR (0= 0% 40 (1),
We replace here
P,(t—z;z) = % i((ll))

Pn((t_aj)Q;x) = % + % . W’

and we obtain the Voronovskaya Theorem for the Jakimovski-Leviatan operators:

T nlPy(fi2) — 2] = L0 @)+ 517,
REFERENCES

[1] Abel U. and Ivan M., Asymptotic expansion of the Jakimovski-Leviatan operators and their derivatives,
Functions, series, operators, Budapest, 1999, 103-119

[2] Ciupa Alexandra, On the approximation by Favard-Szasz type operators, Rev. Anal. Numer. Theor.
Approx. 25 (1996), 57-61

[3] Ispir N., Weighted approximation by modified Favard-Szasz operators, Intern. Math. Jour., Vol. 3, No. 10
(2003), 1053-1060

[4] Jakimovski A. and Leviatan D., Generalized Szasz operators for the approximation in the infinite interval,
Mathematica (Cluj), Vol. 34 (1969), 97-103

[5] Rempulska L. and Walczak Z., Modified Szasz-Mirakjan operators, Mathematica Balkanica, Vol. 18
(2001), 53-63

[6] Wood B., Generalized Szasz operators for approximation in the complex domain, SIAM J. Appl. Math.,
Vol. 17, No. 4 (1969), 790-801

DEPARTMENT OF MATHEMATICS

TECHNICAL UNIVERSITY OF CLUJ-NAPOCA

C. DaAlcovicIu 15

400084 CLUJ-NAPOCA, ROMANIA

E-mail address: Ciupa.Alexandra@math.utcluj.ro



