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Differentiability with respect to delays for a
Lotka-Volterra system*

DI1ANA OTROCOL

ABSTRACT. We study the differentiability with respect to delays using the weakly Picard operators
technique.

1. INTRODUCTION

Consider the following Lotka-Volterra differential system with delays
l‘;(t) = fz‘(t, l‘1(t), l‘g(t), l‘l(t - 7'1), xg(t - 7'2)), 1= 1, 2, te [to, b] (11)

{ zl(t) :W(t)’ te [tO_TlatO]v a1 2)
I’Q(t):w(t), t€ [to*’]’g,to}. :
Suppose that we have satisfied the following conditions:
H)to<b, 7,71, 72 >0, 1 <72 <7, 71,72 € J, J=[to, 7] a compact interval;
(Hz) fz S Cl([to,b] X R4,R)7 1=1,2;
(H3) there exists Ly > 0 such that
ofi

Hauj(ta u13u27u37u4)

< Ly,
R

forallt € [to,b], u; € R, j=1,4, i=1,2;

(Ha) ¢ € C([to — 7, t0], R), ¥ € C([to — 7, t0], R);

In the above conditions, from the Theorem 1, in [4], we have that the problem
(1.1)=(1.2) has a unique solution, (z1(t), z2(t)).

2. WEAKLY PICARD OPERATORS

In this paper we need some notions and results from the weakly Picard operator
theory (for more details see I. A. Rus [9], [8], M. Serban [14]).

Let (X,d) be a metric space and A : X — X an operator. We shall use the
following notations:

Fy:={x € X | A(z) = x} - the fixed point set of 4;

I(A) .={Y € P(X) | A(Y) C Y} - the family of the nonempty invariant subset
of A;

Antl = Ao A" A" = 1x, A' = A, n € N - the iterant operators of 4, where
1x is the identity operator;

P(X):={Y C X | Y # 0} - the set of the parts of X.
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Definition 2.1. Let (X, d) be a metric space. An operator A : X — X is a Picard
operator (PO) if there exists z* € X such that:

(i) Fa={z"};

(ii) the sequence (A™(zo))nen converges to z* for all zp € X.
Definition 2.2. Let (X, d) be a metric space. An operator A : X — X is a weakly
Picard operator (WPO) if the sequence (A" (x))nen converges for all z € X, and its
limit ( which may depend on z ) is a fixed point of A.

Theorem 2.1. Let (X, d) be a metric space and A : X — X an operator. The operator A
is WPO (c-WPO) if and only if there exists a partition of X,

X = U X,
AEA

such that:

(1) X» € I(A), X € A, I(A)-the family of nonempty invariant subsets of A;

(b) Alx, : X» — X is a Picard (c-Picard) operator for all X € A.
Theorem 2.2. ( Fibre contraction principle ). Let (X, d) and (Y, p) be two metric spaces
amd A: X xX —-XxX, A=(B,C), (B: X - X, C: X xY =Y )atriangular
operator. We suppose that

(i) (Y, p) is a complete metric space;

(ii) the operator B is PO;

(iii) there exists L €10,1) such that C(x,-) : Y — Y isa L-contraction, forall x € X;

(iv) if (x*,y*) € Fa, then C(-,y*) is continuous in z*.

Then the opemtor Ais PO.

3. MAIN RESULT
Now we prove that
zi(t,-) € CY(J), forallt € [ty — 7,b], i = 1,2.
For this we consider the system
zi(t) = filt,z1(t), xa(t), 21 (t — 11), 22(t — T2)), i = 1,2 (3.3)

where t € [to, b], 1 € C[to —T1, b] N Cl[t07b], To € C[to — To, b] N Cl[to, b]
From the above considerations, we can formulate the following theorem

Theorem 3.3. Consider the problem (3.3)—(1.2), in the conditions (Hy)-(Hy). Then the
problem (3.3)~(1.2) has a unique solution (z%,z3), x; € Clto — 11,b] N Cto,b], x5 €
Cl[to — 72,b] N Cto, b] and the solution is differentiable on Ty and .

Proof. In what follows we consider the following integral equations:

x1(t, 71, 72) =
@(t) te [to —Tl,to]

olto +ft Jilsw1 (871, moh 2 (s T, o) (s — 71,71, T2 X2 (S—T2 T, TR))ds, t € ol

=

2(t, 71,72
{ t€ tQ—TQ,to]

Ylto)+ [, foAsw1 (871w (8 T T (5 — T, T Tk (5 — T L) s, t € o,
(3.4)
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Now, let take the operator
Af : Cltg — 11, b x Cltg — 12,b] — Clto — 11,b] x Clto — 72,0,
given by the relation
Ap(z1,22) = (Ap, (21, 32), A, (21, 72))

where

o(t), t € [to — 71, t0]
A (z1,22)(t, 71, 72) = <p(t0)+ft2f1(s,x1(s,ﬁ,72),x2 (8 T1,72);

X1(8—T1,T1,To) X2 (s — To, T, 2)ds, t € o,

d)(t), te [to - TQ,tOL

Af2 (1'1’ IQ) (tv 71, TQ) = ’(/)(to) —l—fttofg(@m (8,7'1,7’2),1‘2 (8, 7'1,7'2),
X1 (S —T1, T, )2 (s — T, 1, T2))ds, t € [ol.
Let X := C[to—11,b] x Clto — 72,b] and |||, the Chebyshev norm on X. It is clear,
from the proof of the Theorem 1 ([4]), that in the conditions (H;)—(H4), the operator
Ay is a Picard operator.
Let («7, z3) the only fixed point of Ay.
We consider the subset X; C X,

Ox; .
X1 = {(21,22) € X | ai €Clto—7,b], i =1,2}.
We remark that (z7, 23) € X1, A(X1) C X1, A: (X1, [']lo) = (X1, |-|l) is PO.
We suppose that there exists (;i , gz’ ,i=1,2.
1 T2
Then, from (3.4) we have that:
oxj(t,m)
67'1 N
_/tafi(s,mf(s,ﬁ),xS(s,Tl),x’{(s—ﬁ,7'1),363(8—7'2,71)) 6x’{(s,71)d
= . St
to Ouy on

+/t Ofi(s,xi(s,11),x5(s,71), x5 (s—T1,71), x5(s—T2,71)) . 833;(5,7'1)d&F
t

o 8’[1,2 87’1

+/t8fi(s7x*{(s,Tl),x§(s77'1),x’{(s —T7,71),25(8 — T2, 71))
t 8“3

0

oxy(s —1,71) 0xi(s —11,71)

|2 T IL T e gy SR T LT

[ ot (-1) + o7, ds+
/tafi(s,.’)’f{(s,7’1),1‘;(877‘1),.’,6){(8—7‘177’1),1'3(8—7‘2,7’1)) 0x5(s — 12,71)

+ . ds,
to 8U4 87’1

where t € [t, 0], i = 1,2.
This relation suggests us to consider the following operator

CriXxX—X
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where
Cf(xl,x27u7v)(t,T1) = O, forallt € [to—Tg,to]
0, forallt [to — Tl,to]

le(.l'l,l'Q,U,’U)(t,Tl)

and

Cr(xy, w2, u,v)(t, 1) :=

:/t 8fi<s7x1(877-1))$2(S7T1)7x1<s_TlaTl)amQ(s_TQ)Tl))u(S7Tl)ds+
to 8“1
+/t 8fi(3ax1(877-1)7x2(8a7—1)7x1(3_7—177-1)7'7:2(8_7-27T1))v(877_1)ds+
to Oug
+/t afi(5,$1(8,71)71'2(3,7'1),1'1(8*7'1,7'1),1’2(5*TQ,Tl))'
to 8’11,3

. [ﬂ(s—ﬁ,ﬁ) . (—].) —’LL(S —Tl,Tl)] dS+

n /t Ofi(s,x1(s,71), x2(s,71),x1(s — 71, 71), x2(s — T2, 71))

Dus v(s — T2,71)ds,

to

forallt € [to,b].
We denoted here

Ox1(t Oxa(t Ozi(t — T
att) = 2 oy = 920 gy gy = 22T,
Oz (t — Oxa(t —
w(t—m) = :mgﬁ 7'1)7 ot — 1) = xggﬁ T2)

In this way we have the triangular operator

D: X xX—-XxX

(Ilv €2, U, ’U) - (Af(zlv Iz), Cf(‘rla Zr2,u, U))
where Ay is a Picard operator and C¢(z1, 2, -,-) : X — X is an L-contraction, with
4L
L= —f, where p is the Bielecki constant we use in [4].

p
From the fibre contraction theorem we have that the operator D is Picard oper-
ator and Fp = (x7, 3, u*, v*).
Let (x7, 25, u*, v*) the only fixed point of the operator D. Then the sequences
(T1,n41, T2,n41) 1= A(T1,0,T2,0), N EN,

(un+11vn+1) = C(ml,n7x2,naun7vn): n €N,

converge uniformly (with respect to ¢t € X) to (z},z3,u*,v*) € Fp, for all
1,0, 2,0, U0, Vo € X.
If we take

10 = 0, w209=0,

01,0 02,0
U = =V, Yo = = Oa

071
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then

U1 =

By induction, we obtain that

Up = —, Vn € N,

Uy = —, Vn eN.

So
unif 4
Ti, — X asn — oo,
unif 4
oy, — Tyasn — 00,

axl,n unif *
— U asn — oo,

87’1
61‘27” unif
— v*asn — oo.
87'1
From the above consideration we have that there exist o L= 1,2 and
T1
ox; oz}
1 _ ’U,*, Lo — g%
87’1 8’7'1
Analogously we can prove the differentiability with respect to 7. O
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