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Some refinements of relative information inequality

J. ROOIN AND A. MORASSAEI

ABSTRACT. In this article, using some refinements of Jensen'’s discrete inequality, we give some new
refinements of Kullback-Leibler’s relative information inequality.

1. INTRODUCTION

Let C be a convex subset of a real vector space, 1, -+ ,z, € C,and ¢ : C —
R a convex mapping. Also, let p = (p1, -+ , ) and A = (A1,---, A,) be two
probability measures; i.e. p;, A\; >0 (1 <i<m, 1<j<n)with
Z,Uq:]. and Z)\j:].
i=1 j=1
By a (discrete separately) weight function (with respect to 1 and \), we always
mean a mapping w : {(4,7): 1 <i<m, 1<j<n} — [0,00),such that

> w(iyj)pi =1 (j=1,--,n),
i=1
and
w(i, A =1 (i=1,---,m).
j=1
For example, if u = (u1, -+ ,uy) and v = (vq, - ,v,) with |lul| = (37, w?)V/2 < 1

and o] = (37—, v})!/? < 1 belong to u and A respectively, then the function w
with

w(i,j)=1+uv; (1<i<m,1<j<n)
is a weight function.
In Theorem 5.2.3 of [2] the following refinement of discrete Jensen’s inequality is
established, see also [4] and [3]:
If wy and wo are two weight functions, then we have

n

® Nag | <D A oY wii i),y wa(i )N | <> Ne(xs),
j=1 i—1 j=1 j=1 j=1

(1.1)
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where the arithmetic mean A is defined for an integrable function f over an interval with
end points a and b, by

b
A(f;a,b) = 2 i a/ f(z)dx. (1.2)

(Weset A(f;a,a) = f(a).)

In the following section, using this fact, we refine the ( Kullback-Leibler’s relative)
information inequality, and in particular, we obtain some inequalities concerning
special means.

2. MAIN RESULTS

Letp = (p1,--- ,pn) and ¢ = (q1,--- ,qn) be such that p;,¢; > 0(1 < j < n)
with 377, p; = >°7_, ¢; = 1. The Kullback-Leibler’s relative information D(p||q)
is defined by

Dl =Y pjimn 2. (23)
= W
The information inequality [1] is
D(pllq) > 0. (2.4)

In this section, using the refinement of discrete Jensen’s inequality described
above, we give some new refinements of information inequality (2.4). In partic-
ular, we get some interesting inequalities between various means of p;’s and g;’s,
which are difficult to handle them directly.

Theorem 2.1. With the above assumptions, we have
—Hi

D(pllg) =W [T | wii,h)g;, > walisi)as >0, (2.5)
i=1 j=1 j=1

where the identric mean I is defined for each a,b > 0 by

a if a =0,
I(a,b) = AL
(.5) L&) ias,

In particular,
n n n
I <Il1@ia) <]]»" (2.6)
i=1 i=1 i=1

Proof. The function ¢(z) = —Inx is convex on (0, +00). So, letting \; = p,; and
;= Z—; (1 <j <n)in(1.1), and taking into account that
A(=In;a,b) = —InI(a,b) (a,b>0),
we get (2.5).
The inequalities in (2.6) follow from (2.5), by taking
. Coy O
m=n, W = pi, CUl(Z,]) = 17 Wg(l,]) = 7-] (27.] = 17 ,’I’L),
j
and considering I(ac,bc) = cI(a,b) (a,b,c>0). O
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Theorem 2.2. With the above assumptions, we have

n w1 (j)twa(ig)

2 2 j=1— =2 Piki
Dpllg) =In |JIT] [D wili,i)pi| + |D_ walisi)ps > 0.
i=1 j=1 j=1
(2.7)
In particular,
n D pi n p2 m;ﬂu
2 > I(1,= > 1. (2.8)
E((J) 1;[1 ( q?)

Proof. The function ¢(z) = zlnz is convex on (0,+400). So, letting \; = ¢; and

;= Z—j (j=1,---,n)in (1.1), and taking into account that
A(p;a,b) = aerlnI(aQ,bQ) (a,b>0),
we get (2.7).
The inequalities in (2.8) follow from (2.7) by taking
= = 1 (09) = 1 (i) = 22 (i = Lo ).

Theorem 2.3. With the above assumptions, we have

n

4 pPj m n 4 w1 (%,5)p; n 4 w2 (%,5)p;
() <X\ G

j=1 P
where the logarithmic mean L is defined for each a,b > 0, by

a if a = b,

L(a,b) = b—a .
’ — if .
Inb—1Ina ifa7b

In particular,

ﬁ 43 p‘7<§: L ﬁ 4\ e <y (2.10)
j=1 \Pj _i:lpz ) T '

=1 Dbj Di

Proof. The function ¢(x) = e” is convex on R and we have
A(p;a,b) = L(e®, eb) (a,b € R).
Therefore, taking z; = In Z—j and \; = p; (1 <j <n)in(1.1), we get

n m
; n i,7)p; In -4 n i,7)p; In -4
exp E p;In pqi < E wiL (623—1‘”1(”)174 " e j=1@2(0)P; nPj)
j=1 J i=1

n .
g Dj exp (hl qj) ,
=1 &
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which yield (2.9).
Now, letting m = n, p; = p;, w1(4,j) = 1 and wa(3,j) = ‘;—J] (i,j =1,--+ ,n) in
(2.9), we get (2.10). O

Remark 2.1. If we set g; = % (1 < j < n), the relative information inequality (2.4),
yields the entropy of the probability distribution inequality:

H(p17"' >pn) = _szlnpz S Inn.

i=1

This inequality has been refined in [5] as

byidess
n J VP
2 2 j=1 2 Pj

%S HI Zbijpj ) Z%‘Pj Spri, (2.11)
i1 i=1 =1 i1

where B = [b;;] and C = [¢;;] are two n x n double stochastic matrices [2]. It is easy
to see that (2.11) is an special case of (2.7), taking m = n, u;, = ¢; = %, wi(i,§) =
nbij? wQ(Za.]) = ncij (Zv.] = 17 e an)'

Remark 2.2. If we change the roles of p;’s and ¢;’s with each other in (2.6) and (2.8),
and multiply them correspondingly, we get

n n n
. . Pit+a; . .
[Irid <[1wia) = < | J][20'a" (212)
=1 1=1 =1
and .
n Pit4i n . .
Ip2.2)\ = Pi gdi
1< ((p“qi)> <%, (213)
i Pigq; i1 Pi 4

which are symmetric with respect to p;’s and ¢;’s.
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