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About Simpson-type and Hermite-type inequalities

MIHALY BENCZE AND ZHAO CHANGJIAN

ABSTRACT. Inthis paper we introduce new means and prove new relations between classical means
based on the Simpson formula and Hermite integral inequality.

1. INTRODUCTION
b . . .
Letbe 0 < a < b, then A (a,b) = % is the arithmetical mean, G (a,b) = Vab

. . 2ab
is the geometrical mean, H (a,b) = j_ 7
a

is the harmonical mean,

b—a
Liab) = e
L
. . . 1 /¥\b—a. . .
is the logarithmic mean, I (a,b) = = is the identric mean.

In [2], M. Bencze introduced a method to obtain new means and refinements.
In this paper we apply this method to Simpson formula and to Hermite integral
inequality, to obtain new relations and refinements between classical means.

2. SIMPSON-TYPE INEQUALITIES
Theorem 2.1. If f : [a,b] — R is four times differentiable and ) (z) > 0 for all

x € [a,b],thenff(a:)dxg b—Ta (f(a)+4f(a+b) +f(b)>.|ff(4)(x) < 0 for

p 2
all z € [a, b] , then the reverse inequality holds.

Proof. Using the Simpson formula we have

/bf(fc)dfc= Gl (f(a)+4f(a+b>+f(b)> _O— gy,

6 2 2880

where s € [a,b]. If f®) (z) > 0, for all 2 € [a, ], then we have the first inequality,
if f4) (z) < 0forall z € [a,b], then we obtain the reverse inequality. Equality in
Simpson formula is obtained for polynomials of degree three. a
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Corollary 2.1. If & € (—00,0) U (1,2) U (3, +00) , then
L (aoz+17 b(y-{-l)

L (a,b)
If a € (0,1) U (2,3), then we have the reverse inequality.

< %A (a®,b%) + ;AO‘ (a,b).

Proof. In Theorem 2.1, we take f (z) = z®.

Problem 2.1. Determine the best constants =,y > 0, such that
L (a(y-l—l’boz-i-l)
L (a,b)

forall a,b > 0and « € (—o0,0) U (1,2) U (3,+0) .
Corollary 2.2. If & > 0, then
3 < 1 4 2
La+ab+a) ” Ha+a,b+a) Ala+a,b+a)
1
4o

(z+y) < zA(a”,b%) + yA® (a,b)

Proof. In Theorem 2.1, we take f (z) =

Problem 2.2. Determine the best constants z,y > 0, such that
z+y < z n Yy
La+ab+a) ” Ha+a,b+a) Ala+a,b+a)’
forall a,b > 0and o > 0.

Corollary 2.3. If « € R, then 3L (a®,b%) < A (a®,b%) + 2G* (a,b).

Proof. In Theorem 2.1, we take f (z) = e** and a — lna, b — Inb.
Problem 2.3. Determine the best constants =,y > 0, such that
(x +y) L (a*,b") <zA(a®,b*) + yG* (a,b)
forallz € Rand a,b > 0.
Corollary 2.4. If & > 0, then
Pla+a,b+a)>A%(a+a,b+a)G(a+a,b+a).
Proof. In Theorem 2.1, we take f (z) = In(x + ) .
Problem 2.4. Determine the best constants =,y > 0, such that
IFV(a+a,b+a) > A" (a+a,b+a)GY (a+a,b+a)
foralla > 0anda,b > 0.
In the following we give some refinements for the proved inequalities.

Theorem2.2. If f:[a,b] — R isabsolute continuous, differentiable and
my < f'(x) < mo, forall z € [a,b], then

jf(m)dx—bg“<f<a>+4f(“‘;b>+f<b>> < 2 (ma—mn) (b~ )"



10 Mihaly Bencze and Zhao Changjian

Sa+b . a+b
x—T, ifxe |a,—
Proof. If P (z) = a5 . ath , then
x 6 e 5@
b
P @) f(x)de =
’ a+b
2 5a+b ’ b a+5b /
= ) (== frayde+ [ (=) [/ () do
a a+b
2 b
b—a a+b
- (@ () 1 rm) - [ r @
and
/ H S5a+b / 5b 5
/|P(x)|dx = /a:— o da:—l—/ x—a+ de==(b—a)?,
6 6 6
a a a_b

b

/P(x)dx _ /bP ) ' (@ dm—/P < ml—;m2>dx,

a

therefore

/ b , mi+m
— [P @) £ @ ds| = |[ o) (@) - T ) e <
mi+mo| 8 my 2
< ma |f ()~ " [P ) o < 1P @) de =
5 2

= (ma —mq) (b—a)”.

Corollary 2.5. If o € (1,2) U (3, +00), then
A(a®,b™) + 24% (a,b) — 3L (a®T1, b2+ <

Sa

o1 (A (a™,b*) — G? (a,b) A (a*2,b*7?))
andifa € (0,1) U (2,3), then
3L (a1, 0°T1) — A (a®, b%) — 24% (a,b) <

20 (A0, b%) — G2 (a,0) A (a2, %))

Proof. In Theorem 2.2 we take f (z) = z®.
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Corollary 2.6. If & > 0, then

3 1 2
- - <
La+a,b+a) H(a+a,b+a) Ala+a,b+a) ~

- 5A(a+ a,b+ ) (A (a3,b3) —G(a,b)A(a,b))

- 3G* (a,b) '
Proof. In Theorem 2.2 we take f (z) = L . O
T+ o

Corollary 2.7. If & > 0, then

A(a®,b%) 4+ 2G* (a,b) — 3L (a®,b%) <

- 5a (A (@™t b2 ) — G2 (a,b) A (a1, 0971))

- 12L (a,b) '
Proof. In Theorem 2.2 we take f () = e**, @ — Ina, b — Inb. O
Corollary 2.8. If & > 0, then

IP(a+a,b+a) < ox 5 (A (a2,b2) — G2 (a,b))
Gla+a,b+a)A?(a+a,b+a) ~ P 6G? (a + a,b+ «)

Proof. In Theorem 2.2 we take f (z) =In(z + «). O

3. HERMITE-TYPE INEQUALITIES

Theorem 3.1. Let f : [a,b] — R be a nonconstant convex function, M = sup |f’ (z)|,

z€(a,b)
then
max{(b—a)f (a—2|—b) ;

300 @+ FO)+ 5 6=~ (70~ 7 (@)

Proof. We have the following inequalities:

a+b

- )s/bf(:c)dxs%(b—a)(f(a)Jrf(b))
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(see [3]), and
1

7 0 = F (@) =00+ 50— a) (f (@) + 1 () <

< [1@)de < H0-a) 7@+ 0)+ 5 60 - 17 0) - f (@)
(see [5]).
Corollary 3.1. If & € (—00,0) U (1,2) U (3, +00) then

A 2a b2(y _ G« b
max 4 A (a.b) (a?,b%) (a,b) _
2v2ab=1\/A (a2, b2) — G2 (a, b)
a1 RV AR ey L (goTt poatl
_ab \/A(a ,b) G (a’b)+A(a(’,b(’) SM
2\/5 L ((l, b)

< min {A (a®,b™): A (a®, b) + abf’—l\/A (a;;/b;) — G2 (a,b)_
A (012047 b2a) o Ga (a7 b)
T 2\Babe1 /A (a2, %) — G2 (a,b)

Proof. In Theorem 3.1, we take f (z) = z°.

Corollary 3.2. If & > 0, then

max{ 1 (a+a)’ /A7) — G (a,b)

A(a,b) +a’ 2v/2G4 (a + o, b + )

A ) = G2 (a,b) A(a,b) +a }< 1 -
2v2 (a + a)? G?la+a,b+a)| ~ Lla+a,b+a) —

<mm{ A@b+a  Aab) +a VA2 ) — GZ(ab)
- G?2(a+a,b+a) G?(a+a,b+a) 2v2 (a + a)?
(a+a)® VA(a? V%) — G*(a,b)
2v2G* (a + a,b + «) '
1
r+a

Proof. In Theorem 3.1, we take f (z) =

Corollary 3.3. If & > 0, then

)

" 2v2abo /A (a2,b2) — G2 (a, b)
ab®y/A(a?,b?) — G2 (a,b) o pa o po

_ NTAPR] +A(a,b)}§L(a,b)§

o {Ga () L@ (A ) — G (ab
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) ab®\/A (a?,b?) — G2 (a,b)
< A(a*b%); A(a™,b™) + —
> min { (Cl ) (a ) 2\/5[/ (a, b)
_ L (aa b) (A (aa’ ba) -G (av b))
2v/2be /A (a2, %) — G2 (a,b) |
Proof. In Theorem 3.1, we take f () = e** and a — Ina, b — Inb. O

Corollary 3.4. If & > 0, then

max{% In (G? (a,b) + 2aA (a,b) + o?) ; % In (G? (a,b) + 20A (a,b) + o?) —

2v2 (a + a) 2v2L2 (a4 o, b+ a)
<lnl(a+a,b+a)<

_VA@ ) — G2 (a,h) | (ata)/A(a?D?) - G (a,b)} <

< min {ln (A(a,b)+ a); % In (G? (a,b) + 20A (a,b) + a?) +
VAEH-Ch  (a+a) VARG - C@D) }

2v/2 (a + a) 2v/2L2 (a + o, b + a)
Proof. In Theorem 3.1, we take f () = —In(z + «). O
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