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A formula involving the Bernstein fundamental
polynomials

MIRCEA D. FARCAS

ABSTRACT. In this article we want to determinate a relation between the Bernstein fundamental
multivariate polinomyals.

1. PRELIMINARIES

In this section we recall some notions and results which we will use in this
paper. Let B,, : C(Agx) — C(Ayg), m a non zero natural number, be the Bernstein
multivariate operators (see [2]) defined for any function f € C(Ay) by

14} Vi
Buf) (@1, zi) = Y Do (@1 zi) - f (E’ o E) (1.1)

Ve v >0

vit... v <m
where p,, .. vom (21, ..., zx) are the fundamental polynomials, defined by

m Vi Vi m—vi—...— Vg
Do (L1, T) = et (l—xy — . — ) ,
Viy...,VE
with
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vi,o.oovk)  viloool(m—v— =)

where f and p,, . ., . are defined on k-dimensional simplex
Ay >0,1 € {1,2,...,k},$1+...—|—1‘k <1.

Forz e R, k€N, letzl?l = 2(z—1)... (z —k+1), 2% = 1. It is well known that
(see [4])

k
J)k = Z S(k7 V)$[V]7 HARS R7 k € N*7 (12)
v=1
and
k
o =3 " s(k,v)a”, zeR, keN, (1.3)
v=1

where S(k,v), v € {1,2,..., k} are the Stirling numbers of second kind, and s(k, v),
v € {1,2,...,k} are the Stirling numbers of first kind. These numbers verify the
relations (see[4])

S(p, k) =kS(p—1,k)+S(p—1,k-1), S(1,1) =1, (1.4)
S(2,1)=5(2,2)=1, S(p,1) =S(p,p) =1,
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forpeN,p>3,ke{23,...,p—1},and

s(p,k)=s(p—1,k=1)=(p—1)s(p—1,k), s(1,1) =1, (1.5)
s(2,1) = —1,5(2,2) = 1,

forp >3,k €{2,3,...,p—1}. We note S(p, k) = 0 and s(p, k) = 0, from definition,
ifp,k € N,p < k,orif k =0and s(0,0) = 1. In the paper [1] we proved that

Proposition 1.1. If m,py,...,pr € N, then

1

(Bmepr..pp) (@1, 20) = (1.6)
p1 Pk
. Z . Z mlrt el §(py ng) S(pr, ni)xyt ..ok,
ni=1 nkzl
wheree,, . (@1,...,xp) =2 o2l (2, .. 2k) € Ay
2. MAIN RESULTS
Theorem 2.1. We have the formula
1% 1% X X k
1 k 1...2k .
Z (E - 1'1) s (E - xk) pul,...,uk;m(xlv oo ,$]€) = T Z aimz
V1, >0 =0
vi+...tr<m
2.7)
where
: k
a; = Z(—l)f( )s(k- —jii—j), (2.8)
— J
7=0
i1€{0,1,...,k}.
Proof. Because
%1 Vg %1 Vg V1 Vg
(L) (Bog) =2 S ey
X m m
=1
k 1% 1%
1 k
+Z_ R R i (=D)Fzy .. 2y,
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we have

%1 Vi
E (— —a:l) (— —a:k,) Durem (T15 o, T) =
m m

V1,0 >0
vi+.. . Arp<m

k
= (Bmen~ 1 xl,... sz m€1...0...1 ($1,-~~,$k)+-~~+
=1
+ (1) 2y .. 2k (Bmeoo..o) (@1, .- Tk) =
E\ ml¥] E\ mlF—1 k(k
(- (e ()

k k
T1T2 ... Tk AN k—i] _ T1%2...Tk AW
== 2 (z')mm[ =L ()m

=0

S im —mfnikx’“fj Xij(—l)j(k.)s%—j,i—j) '

j=1 i=0 \j=0 J

s

We used Proposition 1.1, from where we have

k]
m
(Bmeir.a)(x1,...,xx) = R Tk i (Bmer. o) (@1, ..., k) =
[k—1]
m .
= le...xk,ze {1,2,,k},
k2]
zizj(Bmei.0..0..1)(@1,...,2,) = le T T T

1,] € {1,2,...,k},i < j,...,xl...xk(Bmeowo)(xl,...,xk) =21...Tk.

U
Remark 2.1. Obviously, ag = 0. From (1.5) we have that s(k,1) = (—=1)=(k — 1)!
sothata; = (—1)*"1(k —1)!, for k > 2; for k = 1 we have a; = s(1,1) — s(0,0) = 0.
Remark 2.2. Because s(k, k) = 1 we have
k k
aj = Z(—1)9< > =0.
i=0 J
Remark 2.3. From (1.5) we can easily obtain that s(k, k — 1) = —@,
k > 1. So that we have for k£ > 3
k—1 k—1
Ak 1
ar1=> (D )stk—Gk—j—-1)==) (-1} ———-
1= 3 7 (5)s R
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Particular cases:

1) For k£ = 1 we have

3 (i - x) Piam(z) = AT g, (29)
=0 m m

2) For k = 2 we obtain the formula

LNy j ag + a1m + aam? Ty

ZZ <__x> <__y> pi,j;m(xay) = 0 ! 2 2 Yy =—-—— (210)

e m m m m

=0 j=0
demonstrated in [3]

3) For k = 3 we obtain

Z (% - x) (% - y) (% - Z> Pijitsm (2, 2) = (2.11)

i,4,k>0
it+j+k<m
ag + aim + agm? + azm? 2xyz
= 3 TYz = ——5
m m

because a; = (—1)%- 2! = 2 and ay = 0 from Remark 2.3.
4) For k = 4 we obtain

m

V1 Vo V3 Vy
g — —I1 ——2 — — I3 - pm,vz,v;;,m;m(mlam2ax3am4) =
m m m m

vy,v2,v3,v420
vitvatvgtrg<m

(2.12)
3m —6
m3

ag + arm + a2m2 + a3m3 + a4m4
= T1T2X3T4 =
m4

T1X2X3L4

because

ay = (—=1)*-3! = —6ay = (g) -5(4,2) — (i) -s(3,1) + (;‘) -5(2,0) =3

and a3z = 0 from Remark 2.3.
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