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Operators of Bernstein type

OvIDIU T. PoP

1. INTRODUCTION

Letm € Nand B,, : C([0,1]) — C([0, 1]) be the Bernstein operators, defined for
any function f € C([0,1]) by

Bul)) =3 (@) ( i ) (L)
k=0

m
where p,,, 1.(z) are the fundamental polynomials of Bernstein, defined as follows
posto) = ()=o)t 12)

forall z € [0, 1].
It is known that

z(1—2)

(Bmeo)(x) =1, (Bmel)(x) =, (BmeQ)(x) =2’ +

where eg(z) = 1, e1(z) = z and ex(x) = 2%,V x € [0, 1], m € N*,
We shall also take into account that ¢, : I — R, ¢, (z) = |t — x| and of

Theorem 1.1. Let L : C(I) — B(I) a linear and positive operator with the property

Le():eo.
IffeCp(),thenVzel,V§i>0

(LHE) - F@)] < (1+67 VTR @) wr(). (L4)
(ii) If fis derivableon I and f' € Cp(I), thenVax € I,V >0
I(Lf) (@) = f(z)| <
< |f@)l|(Lex)(@) — 2l + V(T2 @) (1407 VT2 @) wpr(9). (15)
For the proof check [4].
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2. PRELIMINARIES

We consider the sequences of nodes ((zp.k)_g: m) L and (Y k)pgm) 1
defined by

0= Tmo < Tm,1 < < ZTmm-1 < Tm,m = ]-7 (21)
0= Ym0 < Ym,1 < < Ymm—-1 < Ym,m = 1 ) (22)

k-1 k
—<zpr<—, ke{l,2,...,m—1}, (2.3)

m m

k k+1
5 < PR ke m— 1y, 2.4)

m m

For the sequences of nodes defined above, we define the operators sequences
(Bm,s)mZI, (Bm,d)m21 through

Bm $9 Bm d: C([O 1]) - C([O’ 1])

B o f)(@ me k(@) f (@) (2.5)

m df me k(T ym,k’) 5 (26)

where f € C([0,1]) and m € N*.

Proposition 2.1. The operators from the sequences (B, s)m>1, (Bm,d)m>1 are linear
and positive operators.

Proof. Let m € N*. Then we have thatV f,g € C([0,1]),V o, 8 € R,V z € [0,1],

[ ms(af+ﬁg mek O‘f"‘ﬁg)(xm,k) =

m

m

=a me,k(a?)f(xm,k) + B pmk(@)g(@mr) =
k=0

= k=0
= O‘(Bm,sf)(x) + ﬁ(Bm,Sg)(m) = (aBm,sf + ﬁBm,Sg) (.13) ;

that B,, . is a linear operator.

We consider the function f € C([0,1]), f(z) > 0,V = € [0,1]. According to
the operator’s definition B,, s, we have that (B, sf)(z) > 0,V = € [0, 1], so the
operator B,, , is positive.

Analogously we prove for B,,, 4 operator. |

Proposition 2.2. The operators B,, s, By,.4, m € N* verify

(Bm.seo) (#) =1,  (Bm,aco) () =1 (2.7)
YV €10,1], ¥ m € N* and
=1. (2.8)

[Bm.sl =1, [|Bm,
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Proof. We have that (B, seo)( me k = (Bmeo)(xz) = 1, when we took

(1.3) into account. We take into account that || By, s|| = || Bm.s€oll and according to
(2.7) By, s€0 = €, SO || Bm,s|| = 1. Analogously, we prove for the B,, ; operators.
([

k k
Observation 2.1. We consider z,, , = —, ymr = —, k € {0,1,...,m}, and so we
m m

obtain Bernstein operators.

3. MAIN RESULTS
Theorem 3.2. For all function f € C([0, 1]), we have

n}iinoo (Bm,sf) () = f(z) uniformon [0, 1] (3.1)
and
'rr}iizﬂoo (Bm,af) () = f(z) wuniformon [0,1]. (3.2)

k-1 k
Proof. From —— < z,, 1 < — by multiplying with p,, x(x), summing after k
fromltom —1 and SUMMING iy 0(2) im0 N Pry.m (T) Ty, m, WE have

m—1 E_1 m
> k() +a™ < (B ser)( Z
k=1 o
= k 1
or _ _ m _ m <
me m m me k ) x =~
k=0
< Bure)@) € i) X |
< #(2)—

or (Bpe1)(x) — % [(Bmeo)(z) = (1 —2)™ —a™] < (Bm,se1)(x) < (Bme1)(z).

Taking (1.3) into account, we have

2=t (L= a)" 42" < (Bser)(0) <,

SO

, VYzel0,1], VmeN*. (3.3)
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2

2 k2
< Lo,k < W’

k—1 k (
From —— <z, < —, k € {1,2,...,m — 1} we have
m m
ke{1,2,...,m—1},

ml k2 k 1
or — (— EPYLI —) <

m?2 m2  m?2
k=1
m—1 m—1 k2
< pmk(x)xfmk < Pmk(T)—, ke{l,2,...;m—1},
k=1 k=1

o Yo (£) 25 pmks

Thus,

(Bnea)() = — (Buned)(w) + = (Buneo)(w) + = o™ = = [a™ + (1 —0)"] <

< (Bm,SCQ)(x) < (BmGQ)(x)’

m m m
1—
< (Bm.sea)(z) — 2% < 2127 (g
m
1
Butz(l—=z) < e vz €[0,1], so
z(1—x) 1 2
0< — < —, Yzel0,1]. (3.5)
m i4m m

We consider the function g, : [0,1] — R, g (z) =1 — 2™ — (1 — )™ and we have
g () = —=m [a™~ ! — (1 — 2)™!]. If m = 1, the function g, is constant, g (z) = 0,
Ve l0,1]. If m > 2, then

O —

Im +

gm |0/ N0
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SO gm(z) > 0,V = € [0,1], V. m € N*. Heeding (3.5) and the things proved above,
we have that

2 2x

-2 T
m m
2 1-2) 27 1
< Fmyallon) 20 L g, Yael0,1]. (36)
m m m m

From (3.4)—(3.6), it results that

\(Bm,seg)(x)—xﬂgz, Vzel0,1, VmeN*. (3.7)
m
From (2.7), (3.3) and (3.7) it results that lim (B, se0)(z) = 1,
m—0o0
lim (B se1)(x) = z, lim (B se2)(z) = z? uniform on [0,1] and accord-
m—0o0 m—00

ing to the Theorem of H. Bohman and P.P. Korovkin, (3.1) follows.
In the same way, we prove that

1
[(Bm,qe1)(x) — x| < g Vzel0,1], VmeN* (3.8)

and 3
‘(Bm,deg)(a:) — a:2| < g Vaeel0,1], VYmeN", (3.9
from where (3.2) is obtained. O

Theorem 3.3. For all function f € C([0, 1]), we have that

(B ) () — £(2)] < 3y ( !

ﬁ)’ Vazel0,1], VYmeN" (3.10)

and

|(Bm,af)(x) = f ()]

IN

1
< — . .
< (1+v5)wy (\/ﬁ> Veel0,1], YmeN . (311)
. 1 1
Proof. From (3.3) it results that —— < (B, se1)(z) —2 < —, ¥ = € [0,1], from
m m
where 5
—22(Bm.se1)(z) € —222 + — | Vazel0,1], VmeN. (3.12)
m

From (3.7), it results that
2
(Bm.sea)(x) < 2 + —, Vaeelo1], YmeN. (3.13)

We have that (B, s¢2) (z) = (Bm,se2)(z) — 22(Bm,se1)(x) + 22 (Bm seo)(z) and
according to (2.7), (3.12) and (3.13), we obtain
(Brwg?) @) < 20X <2 vic01), Ymen. (3.14)
m m
From the inequality (1.4), taking (3.14) into account, we have

(B f)(@) — ()] < <1 n 6%) ws(0)
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1
and considering 6 = ——, we obtain (3.10).
m
In the same way, using (2.7), (3.8) and (3.9), we obtain (3.11). O
Theorem 3.4. If the function f : [0, 1] — R is derivable on [0, 1] and f’ € C([0, 1]), then

! ! iw/ L T
(B0 = S| < o 1P @)+ =g (=) Yoe ] @19

and
(Bl ) ~ 1) < 17 + (=) ¥oe . @

Proof. Using (1.5), (3.3) and (3.14), we have

s 2 (1512 o
(B )0) = S| < o 7))+ o= (14672 ) w0

1
and considering 6 = ——, we obtain (3.15). Analogously, we obtain (3.16). O

v
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