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The inclusion-exclusion principle and the pingenhole
principle on distributive lattices

VASILE PopP

ABSTRACT. We present concrete examples of lattices endowed with “measures” (related to contest
problems). The corresponding applications of the two principles are illustrated.

1. INTRODUCTION

We present concrete examples of lattices endowed with “measures”, examples
5.1-5.6, related to contest problems. The corresponding applications of the two
principles are illustrated by problems 6.1-6.7.

Usually the two principles are formulated with respect to a finite set.

If Aisafinite set, A1, Ay, ..., A, C A aresubsets of A and we denote by | X| the
number of elements of the set X C A, then the two principles are stated as:

1| UAI—ZIAI—ZIA NAj|+ 3 [AinA;NAl -
1<j i<j<k
(The mcludmg excluding principle)

Af Z |A;| > |A| then there exist i # j such that A; N A; # 0.

(Dlrlchlet principle)

Many problems of geometric nature require the extension of these principles;
the appropriate framework is that of the distributive lattices.
On such a lattice it is necessary to replace the cardinal of a set by a suitable "mea-
sure”.

2. PRELIMINARIES
We will give a short presentation of the notions used in this paper.

Definition 2.1. An ordered set (L, <) is called lattice if for every x and y in L there
exists
inf{z,y} =x Ay € Land sup{z,y} =xVye L. O
Remark 2.1. 1) If z A y = z then z is defined by the properties:
z<uz,z<yandifa<zxanda <y, thena < z.
2) If z V y = u then w is defined by the properties:
r<u,y<uandifz <aeandy < a, thenu < a.
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3) A lattice can be regarded as a triplet (L, Vv, A) where 7V and ”A” are associa-
tive and commutative operations on L with the properties:
zA(zVy)=zandzV (zAy)=2x

forevery x and y in L.
4) On the lattice (L, Vv, A) the order relation is defined by:

x<yiffrAny=zxoriffxvy=y.
Definition 2.2. The lattice (L, V, A) is called distributive if:
xA(yVz)=(xAy)V(@eAz)andzV(yAz)=(xVy) A(zV2)
for every z,y, z in L.

Remark 2.2. The lattice (L, Vv, A) is distributive iff one of the following properties
holds:
a)(zAy)VyAnz)V(zAz)=(xVy) A(yVz)A(zVz)forevery z,y, zin L;
byIfeAz=yAzandzVz=yV z,thenz =y.

Definition 2.3. A function m : L — [0, o] is called measure on the lattice (L, V, A)
ifm(zVy)+m(xAy) =m(x)+m(y), forevery x,y € L.

If m(xz Vy) > m(z Ay) for every z,y in L, the measure m is called increasing
measure.

Remark 2.3. 1) An increasing measure on (L, V,A) = (L, <) is an increasing func-
tion from the ordered set (L, <) to the ordered set ([0, oo], <) (ifz < ythenzVy =y
and z Ay = z, hence m(z) < m(y)).

2) If the lattice L have a least element denoted by () and the function take the
value 0, then: m(@) = 0 and if z A y = 0 then m(z V y) = m(z) + m(y).

3. THE INCLUSION-EXCLUSION PRINCIPLE
Let (L, Vv, A) adistributive lattice and m : L — [0, co] a measure on L.

Theorem 3.1. (Inclusion-exclusion principle) For every finite set having the elements

ai,as, ..., an in L the following relation holds:
n
m(ay V-V ay) :Z(_l)kH Z m(a;, A+ ANaj,).
k=1 1<i1 < <ip<n

Proof. We prove by induction on n.
For n = 1, m(a1) = m(a;) and for n = 2 the relation becomes

m(a1 Vag) = m(ar1) + m(az) — m(a1 A az)

obvious in the Definition 2.3. We suppose that the relation holds for n and we
prove that it holds for n + 1.
We have:

m(ar V--VapVant1) =m((ar1 V- Vap)Vapt1) =
m(a1 V- Vap) +mans1) —m((a1 V- Vap) Aapg1) =
m(ar V-V an) + m(ant1) = m((a1 A anga) VooV (an A angr)) =
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n

z:(—l)k’Jrl Z m(aiy, A ANag,) + m(ans)—

k=1 1<iy < <ip<n
n
—z:(—l)k*'1 Z m(ai, N+ Aag, Aapy1) =
k=1 1<iy < <ip<n
n n
Z m(a;, + m(ant1) + z:(—l)k"'rl Z m(ai, N ANag,)—
=1 k=2 1<ii<-<ip<n
n—1
—(=1)""'mari A Aap Aans1)— Y (—1)FH Z m(ai, A+ A, ANapt1) =
k=1 1<i1<-<ip<n
n+1 n+1
DY man) + DR ST mlan A Aag)
=1 k=2 1<ip < - <ip<n+l
n+1
—l—z:(—l)k*'1 Z m(ai, A---ANag,) +(=1)"m(ar A ANay Aapiy) =
k=2 1<is < <ij <n+1
n+1
> (1 > mlai, A+ Aag,).
k=1 1<is < <ij <n+1
O
Corollary 3.1. (Dual principle) For every a1, as, ..., a, in L we have:

n

m(al/\"'/\GTL):Z(_l)k+l Z m(alv"'vaik)'

k=1 1<i; < <ipx<n

Proof. Using the symmetry of Vv and ”A” in the definition of measure and the
distributivity of the lattice we may replace in Theorem 3.1 ”V” by ”A”. (|

Remark 3.1. 1) If A = {a;| i € I} with I afinite set, then Theorem 3.1 and Corollary

3.1 become:
T : m <\/ ai> = Z(—l)‘KH'lm < /\ ak)

i€l KcCI keK

Ci: m (/\ ai> =Y (-, ( \/ ak>

el KcCI keK
where | K| is the number of elements of the nonempty set K.
2) If we denote by

my = E m(a;, N+ Aaj)
1<i1 < <ip<n

(1)

and
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then from Theorem 3.1 holds:
> (=1)Fmy =0.

4. THE DIRICHLET PRINCIPLE

We deal in what follows with Dirichlet principle.
Let (L, V,A) be a distributive lattice and m : L — [0, oc] a measure on L. For
ai,as,...,a, € L we denote

Ik: \/ (ail/\~'/\aik), k:].,_n

1<y <---<ip<n

n
11:\/a1712: \/ (ai/\aj),...,ln:
=1

1<i<j<n i

=

ai). U
1

Theorem 4.1. (Pingen hole principle or Dirichlet principle) For every finite set with ele-
ments ay, as, ..., a, in L we have the relation:

Z m(ag) = Z m(Iy).
k=1 k=1

Proof. We prove by induction on n.
For n = 1 the relation becomes m(a;) = m(a1), and forn = 2

m(ar) + m(az) = m(ar Vaz) + m(ay A az),

which is true by Definition 2.3.
For n + 1 we have

I]; = \/ (a"il /\---/\aik) :Ik\/(an-‘,-l/\lk—l)a
1<y < <ip<n+1

hence:
m(I},) = m(Iy) + m(ans1 A l—1) — m(Ig A ang1)
and
n n
Zm Ii) :Zm I) + m(ags1) — m(ans1 A1) =
k=1 k=1
m(ag) + (art1) = m(I4q),
k=1
then
n+1 n+1
m(I) = > m(ax)
k=1 k=1
O
Corollary 4.1. (Dual relation) If we denote Uy, = /\ (aiy V-V ay,) then:

1<i1 < <ip<n

> mlar) =Y m(U).
k=1 k=1
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Let (L,V,A) be a distributive lattice with the least element ) and let m be an
increasing measure on L with m(@) = 0. In these conditions the following conse-
quences of Theorem 4.1 holds:

Corollary 4.2. Ifa;, A---Nai, Naj,,, = () for every different numbers iy, ..., 4,,ip+1 €
{1,2,...,n} then:
n n
Zm(ak) <p-m <\/ ak> .
k=1 k=1

Proof. The condition implies 1,11 = 0. From I, < I,_y < --- < Ip4; <--- < L,
follows

m(ln) <m(In-1) <  <mlp1) < m(lp) < - <m(lh)
and hence

S mlar) = Y mI) = m(T) + -+ m(L,) < pm(Ey)
k=1 k=1

Corollary 4.3. Ifpe {1,2,...,n} and

zn:m(ak) >p-m <\"/ ak>

k=1 k=1
then there exist different i1, 45, . . . , i, ip1 Such that:

ail/\'w/\aip/\aipH;é@.

Proof. Ifa;, A---ANaj, Nas,,, =0 foreveryiy <--- <i,then I, ; =0 andfrom
Corollary 4.2, the contrary inequality holds. O

Corollary 44. Ifp e {1,2,...,n— 1} and

m(ag) >p-m <\/ ak>

then there exist different iy, .. ., 4, 4,41 Such that:

M=

el
Il

v

m(ag N+ Nai, Nag,, )

WhereD:Zm(ak)—p-m <\/ ak>.

k=1 k=1
Proof. From Theorem 4.1 we have

> m(ar) =m(L) + - +mI,) + m(lpp1) + -+ +m(ln) <
k=1

< pm(l1) + (n = p)m(lp+1) =p-m (\/ ak) + (n = p)m(Ip+1),
k=1
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hence D
I > .
m(lp1) = n—p
But
m(Ip+1) =m \/ (ail ARBRNA a’ip+1) <
1<ip < <ipr1<n
< Z mla, N Aag,,,).

1<) < <ipp1<n

This sum contains ( —Tii 1> terms, so then there exists one of them such that
p

D
mlagy N+ Nai,,,) >

)

Remark 4.1. If m(a1) + -+ + m(an) > m(ay1 V --- V a,) then there exist 4,j €
{1,2,...,n},4i # jsuch thata; A a; # 0.

This is a particular case of Corollary 4.3 (for p = 1) frequently used as pingen-
hole principle.

O

5. EXAMPLES OF DISTRIBUTIVE LATTICES WITH MEASURE
Example5.1. ((M),C) = ((M),U,n), m(X) = | X|.

If M is a finite set and (M) is the family of all subsets of M, (M) together with
inclusion relation is a distributive lattice in which XVY = XUY and XAY = XNY,
forevery X, Y Cc M.

The function m : (M) — N, m(X) = |X| = the number of elements of the set
X C M, isan increasing measure on (M). The lattice (M) has the least element the
empty set ().

If M is an infinite set, then (M), the set of all finite subsets of M, is a distribu-
tive lattice and on r (M) can be considered the same measure.

Example 5.2. (R, <) = (R, max, min), m(z) = |z|.

The set R of real numbers, with the usual order relation ”<” is a distributive
lattice in which:

xvy:max{x,y}:%ix—yi
My:mm{x,y}:“y%lx—m

The function m : R — [0,00), m(z) = |z| is a measure on R (| max{z,y}| =
|z| + |y| — | min{z, y}|). Because R has not a least element and the measure is not
increasing on R, we can use only Theorem 3.1, Theorem 3.2 and Corollary 3.1 but
we cannot apply Corollary 4.1, 4.2 and 4.3.

As sublattices of the lattice we have the lattices (Z, max, min), (N, max, min) and
(R4, max, min).
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The second and the third has the least element 0 and the measure m(z) = z is
an increasing measure. We can use Corollary 4.1, 4.2 and 4.3.
Example5.3. (N*,|) = (N*,l.c.om., g.c.d), m(x) = log z.

The set of positive integers N* = {1,2,3,...} with the divisibility relation, is a
distributive lattice (N*,|) in which:
xVy=[z,y] =lem{z,y}

]
z ANy = (z,y) =g.cd{z,y}.
The function m : N* — [0, 00), m(z) = log z (the base of logarithm is a number
higher than 1) verifies the relation

log([, y]) +log((x,y)) = logz +logy,

that is increasing on N* and m(1) = 0, 1 is the least element. In this example
Theorem 3.1 and Corollary 3.1 are:

[a a a ] i=1,n i1 <i2<1%3
1,42, ...,0n| =
I I (aiuah) H (ai17a7?25ai37a7?4) s
11 <19 11 <t <tz <ig

At nominator we have all greatest common divisors of the subsets with odd
numbers of elements and at the denominator we have all greatest common divisors
of subsets with an even number of elements from the set {a1, as, ..., a,}.

Hail H[aiuaizvaiz] s
H[ainaiz] H[aiuaizvaizaa@;] s

Example 5.4. A probability space (P, U, N) with a random functionp : — [0, 1] is
a particular case of the lattice ((M), U, N).

Example 5.5. (R,[X],]|), m(f) = deg(f).

(a1,a2,...,a,) =

If R, [X] is the set of all unitary polynomials with real coefficients, the divisibil-
ity relation is an order relation and (R, [X], |) is a distributive lattice in which:

fVvg=1[f,g], the least common multiple and

fANg = (f,g) the greatest common divisor. The function m : R,[X] — N,
m(f) = deg(f) is an increasing measure and f = 1 is the least element.

Example 5.6. (J,,U,N), the set of all Jordan-measurable sets from R"™, and m(X)
is the Jordan measure of X, which is an increasing measure.

The measure in R™ of the parallelepiped
P= H[ai, bz]
i=1

n

m(P) = H(bz — aq)

i=1



The inclusion-exclusion principle and the pingenhole principle on distributive lattices 61

In particular case the measure in R (on a line) is the length, the measure in R?
(on a plane) is the area, the measure in R3 (in the space) is the volume. Because
m(0) = 0 all theoretical results that we have obtained may be applied.

6. APPLICATIONS

In this section we will give some applications.

Problem 6.1. Prove that for every 1000 points situated in a disc with the radius

. . . . 1 . .
R =1, there exists a disc with the radius r = 3 which cover at least 11 points.

Solution. We prove that 11 of the discs D;, ¢« = 1,1000 with the radius r» =

1 . . . . . .
9" centered in the given points have the intersection nonempty. The maximum
covered surface is less than that of the given disc, with the radius increased to

1+ ! SO
91
1000 2
1 1007
S Di|<nm|l+=-) =—.
(szl ) i ( * 9) 81
On the other hand, taking into account Corollary 4.3.
1000
71'
> S(Di) = 1000,
, 81
=1
S0

1000 1000
> S(D;) > 108 (U Di>
=1

i=1

Problem 6.2. Consider the natural numbers a, b, c and denote by M their least
common multiple. Prove that if abc > 4M, then two of the numbers a, b, ¢ have a
common divisor d > 3.

Solution. From the third example we have

abe(a, b, c)
(a,b)(b,c)(c,a)’

From abc > 4M it follows that 4(a, b, ¢) < (a, b)(b, ¢)(c, a).

If we suppose (a,b) < 2, (b,c) < 2and (¢, a) < 2, then two situations can hold:

1. If (a,b) = (b,c) = (¢,a) = 2, then (a,b,c) = 2 and the inequality becomes
4-2<2-2-2(false).

2. If (a,b) = 1 then (a, b, c) = 1 and the inequality becomes

4 < (bye)(c,a) <2-2=4 (false)

So there exists d € {(a,b), (b, ¢), (¢,a)} with d > 3.

M =a,b,c] =

Problem 6.3. Consider a1, as,...,a, € N* and let M be their least common multi-
ple. Prove that if aias ... a, > MP for some p € N*, then n > p + 1 and there exist
p + 1 numbers a;,, ai,, ..., a;,,, which have acommon divisor d > 2.
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Solution. From Example 5.3 it follows that (N*, (-, -), [, -]) is a distributive lattice
and the function lg : N* — [0, c0) is a measure. Taking the logarithm in the given
relation we obtain

n
Zlgai >plg M
i=1

and using Corollary 4.3 it follows that there exist a;, , a,, . . such that

© Qip gy
(aiuaha o aaip+1) 7é 1.

Problem 6.4. In the interior of a polygon having the area 13 we take 10 polygons
having the area 6. Prove that there exist 4 polygons having the overlapping surface

reater than L
g 0

Solution. The area is a measure of the polygons in the plane (see Example 5.6).
If P;,i = 1,10 are the ten polygons, we have

10 10
S <U PZ-> <13and Y S(P;) =60,
i=1 i=1
so the difference
10 10
D =Y S(P)-38 (U H)
i=1 =1
is positive.

Using Corollary 4.4 we obtain that there exist the polygons P,,, P;
that

Pi,, P, such

29
21 1

> =" —_

=7Ch T 7210 70

Problem 6.5. In a cube with the edge 1 we consider n spheres with the sum of their
areas 32. Prove that there exists a line which intersects at least 9 spheres.

S(PilmHQQHsmPM)

Solution. Denoting by S;, the area of the diametral circle of the k' sphere we
know that
D 48, =32.
k=1

. . | .
Because Sy < % (the area of the circle with the radius 5) we obtain 471% > 32,

son > 10.
If we consider the projections Dy, of the spheres S, onto one of the faces of the
given cube, we will have

> Sk =8>8S <U Dk,>
k=1 k=1

and from Corollary 4.3 it follows that there exist 9 discs having nonempty inter-
section. The perpendicular to this plane which passes through one of the points
of intersection of the 9 discs, intersects the 9 spheres (those which have been pro-
jected).
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Problem 6.6. Let Ay,..., A, be finite sets and let x4,...,z, be integer numbers
with thesum: z; +--- + =z, = 0.
Show that

i=1 j=1
(JA] is the number of elements of A).

Solution. |Az U Aj| = |Az| + |Aj| — |Az n AJ|

ZZ |A; U Ajlz,z; = ZZ(|A1| + [Aj)zizi—

i=1 j=1 i=1 j=1
n
—ZZ |[A; N Ajlzx; =2 <ka> (ka|Ak|> —
=1 j=1 k=1
- Z Z |Az N Aj|$i$j = — ZZ |Az N Aj|$i$j.
i=1 j=1 i=1 j=1
If U A = {ai,a9,...,ay} we assign to every set A, a vector V, =
(vk1, - ._., vpn ) Where:
o 1 if a; € Ak
URET 0 if a; € Ag
and thus
N
|Az n AJ| = Zvikvjk.
=1
We have
n n n n
=YY i Ayfaiz; = z > v o) | =
i=1 j=1 k=1 \i=1 j=1
=- Z (z1v1k + - + Tpvnr)? < 0.
Problem 6.7. Let N be a natural number and a1, as, ..., a, Some natural divisors

of it (not necessarily distinct). Prove that

§= Z gy — Z (ai17ai2)+ Z (ailaaizvaiz)_'"+(_1)n71(a1;a2a“'

1<i1<n 1<ip<ia<n 1<iy <ig<iz<n
is a natural number less than or equal to N. Characterize the situation when S =
N. ((z1,...,xx) is the greatest common divisor of the numbers x4, ..., xx).
Solution. If aq, ..., ai are divisors of N then we have:
N N N
<_a_a"'7_ [a1;a2a"'aak]:N
aip asg Qg

(This can be proved by induction on k).
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N . .
Letb; = - and A4; = {b;,2b;,...,a;b; = N}. A, is the set of the multiples of b;;

N

. N _
ithas |4;| = 3= elements, : = 1,n. Then
N
|Ai, N A, | = B b = (@i, ai,)
N

= (a’il y Qg s ais)

[bi1 ) biz ) b13]
and we have

Udil= D 1al= > [Aundul+ D JAuNAgndy|—- =
i=1 1<i1<n 1<i1<iz<n 1<i1<i2<iz<n
= Zah - Z(aiuaiz) + Z(aiuaiwais) B
Each of the sets A; contains only numbers from the set {1,..., N}. So

n

U A;| < N.
=1

Suppose that the numbers a1, ..., a; are less than N. Then b4, ..., by are differ-

ent from 1 and the sets A;, contain only multiples of b; > 2. Thus U A; does not

=1
n
contain prime numbers, hence U A;| < N.
1=1
This means that S = N if and only if at least one of the numbers a4, ..., a, iS V.
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