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A sharp criterion for the univalence of the Libera
operator

ROBERT SzASz

ABSTRACT. Let f be an analytic function of the form f(z) = z + a222 + ... defined in the unit
disc U = {z € C : |z| < 1}. Suitable values of 3 have been determined by a number of authors,

so that Re(zf"(x) + éf”/(z)) > —3, z € U implies the starlikeness of f. In all these previous
papers the method of differential-subordination has been used. We improve their results using the
method of convolution and obtain the biggest possible value of 3 so that the differential inequality

Re(zf"(z) + %f’"(z)) > —f3, z € U implies the univalence of the function f. The integral version of
the result involving Libera operator is given.

1. INTRODUCTION
Let A be the class of analytic functions defined in the unit disk

U={zeC:|z| <1}

which have the development f(z) = z+agz+.... Let K be the subclass of A which
consists of the convex functions. It is well-known that f € K is equivalent to

2f"(2)
f'(z)
The integral operator of Libera will be denoted by

e =2 [ s

The authors proved in [1] and in [2, p. 279] the following result:
[Corollary 5.2 d.1]1If f € Aand

Re(1+ )>0,z€U.

Re(zf"(2)) > —%, 2eU

then L(f) € K.

This Corollary shows that the function L(f) is univalentin U, provided that
Re(zf"(2)) > =2,z € U. The problem to determine the biggest ¢ > 0, for which
the inequality Re(zf"(z)) > —c, z € U implies the univalence of L(f) in U, comes
up naturally.

We are going to answer this question below, but at first we recall some known
results, which we need in our study.
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2. PRELIMINARIES
Definition 2.1. [3] Let f(z) = Y .7 jan,z™ and g(z) = >, b,z" be two analytic

n=0

functions in U. The convolution of the functions f and ¢ is defined by the equality
(f*xg9)(z) = Z anbpz".
n=0

Let Ay be the the class of analytic functions in U which satisfy f(0) = 1.

Definition 2.2. [3] If V C A then the dual of V denoted by V¢ consists of functions g
which satisfy g € Ag and (f x g)(z) # 0 forevery f € V and every z € U.

The class P is the subset of A, defined by
P={fecA: Re(f(z)) >0,z U}.
Lemmaz2.l. [3], p. 23 (Duality theorem) The dual of the class P is

Pl = {f € AlRe(/()) > 5, = € U},

Let hr be the function defined by the equality

1 z z
- T T eR.
|1t a=)

It is simple to observe that h7 is an element of the class A.

hr(2)

Lemma 2.2. [3], p. 94 The function f € A belongs to S*, the class of the starlike
functions if and only if @ * hTT(Z) #O0forallT € Randforall z € U.

Lemma 2.3. [3] (The Herglotz formula) For all f € P there exists a probability
measure £ on the interval [0, 27|, so that

10 = [

or in developed form
27 0
flz)=1+ 2/ (Z z”ei") dp(t).
0 n=1
The converse of the theorem is also valid.

3. THE MAIN RESULT

Theorem 3.1. The biggest value of ¢ for which the condition

Re (zf”(z) + ?f’”(z)) >—c,zeU (3.1)

implies the starlikeness of the function f is ¢ =

2
3
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Proof. The condition (3.1) implies that
c+2f"(z) + 5 ()

C
and from the Herglotz representation theorem we get that there is a measure ;. so
that

cP

ZYL

o] 27
f(z) =2+ 6¢ —/ e =Dt an(t), w(]0,2x]) = 1.
(2) > e (1), n((0,27])
Lemma 2.2 implies that f € S* if and only if
M hr(z)
z

14T
£0,2€U, TR where hp(z —z+§:"+ il
z

= 14T

The condition of starlikeness becomes after some calculations

flz) hr(z) : — 2 o —i(n—1)t
a2 = <1+6e2—n(n_1)(n+1)/0 e du(t))*

n=2
n+1+iT e .
<1—|—Z T z>—(1—|—2nz=:1z'/0 e " du(t))

n+14+4T
1+3 " 0 U, T eR.
( + CZ (1+4T) n—i—l)(n—|—2)nz)7'é 1#€ 8455

The Lemma 2.1 implies that the condltlon for starlikeness holds, if and only if

oo

n+1+4+dT
Re(l+3¢) A+ i) (n+ D(n+2)n

n=1

1
z")>§,zeU,TeR.

or equivalently

n+ 14T
" 0 U, TeR. 3.2
(60+Z 144T) n+1)(n—|—2)nz>> ) 2E 0, £ (32)

We are going to determine

R n+1+4iT
= inf Re(— n
"y 6(60+Z(1+2T)(n+1)(n+2)n2)
and from m = 0 we will get the value of ¢. The maximum principle implies that
n+1+:iT .
_ f R ind )
" 961(101271') e +Z (1+4T) n—l—l)(n—|—2)n6 )
TeR

It is simple to observe that

> n+1+iT - 1 )
m T
Re<z A+ (n+D)(n+2)n° > 1—|—T2<

> sin né > cosnb
+T —_— + — .
Z(n—l—l)(n—l—Z) ;n(n—l-Z))
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We will use the following equalities:

Mg

ezne B 1/1(1 t2) ze_t
nn+2) 2/, 1+t2—2tcos9

3
Il
i

ezne 1 ) zG_t
0 = t—t)——————
“(n+1)(n+2) /0 ( )1+t2—2tcost9

inf

;—1/1(1—1&)2Ldt (3.3)
n+1n+2) 2 1412 —2tcosfh '
0

[ M8 I M8

Let M (0, T) be defined by the equality

1 = cosnb s sin nf . cosnd
MO, T) = T2 —————— 4T .
(6.7) 1+T2( ;n(n+1)(n+2)+ ;(n+1)(n+2)+;n(n+2)>
It results from (3.3) that
1 1 cosf —t
M0, T T2= 1—t)2————dt
6.7) = 1—|—T2< /0( ) 1+ ¢2 — 2tcosd N

1 1
sin @ 1 cosf —t
T t— ) ——— dt 1—t3)———————dt
* /0( )1+t2—2t0089 3 /0( )1+t2—2tc089 >

and this leads to

1 [t 1 1/t cosf —t
MO,T) = —= 1—t)dt T%(= 1—t)?—————dt
6.7) 2/0( ) +1+T2{ (2/0( )1+t2—2tcost9 N

1 _4)2 2 1 1 2
+/O (11+tt) dt)+T7(/0 (1—t)dt—/0 (11+tt) dt) +

1 .
sin 6
T t—t))——————dt
+ /0( )1+t2—2t0059 *

1, [t cost) —t !
— ) P A — 1—1¢)dt)|.
+2(/0 ( )1+t2—2tc089 +/0 ( ) )}

We can rewrite M (0,T) as follows:

1 1 (T2(1+cosh) [ -t
M@, T) = —7
6.7) 4+1+T2( 5 /0 (1—|—t)(1+t2—2tcost9)dt+
3 f1— 1)

T2 —2In2) + T 1412~ 2tcosd
+ (2 n )+ Slne/ 1+t2_2tcosedt+

. L -2

ey [ =07 N 3.4
+2( +eos )/0 1+ t2 —2tcosb > Y

Let L; and Lo be

~ T%(1+cosh) [* (1—-1)3
La(6.7) = 2 /0 (1+t)(1 +t2 —2tcosh) dt (35)
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and
Ly(0,T) = TQ(g —2In2) +Tsint9/01 %dw
4—%(1—|—cos¢9)/01 —1+S:;>:cost9 (3.6)
From (3.4), (3.5) and (3.6) we deduce
M(@6,T) = —i + 7 +1T2 (L1(6,T) + L2(6,T)). (3.7)

It is simple to observe that
Ly(w,0) =0, Ly(w,0)=0, L1(0,T)>0 for 6 € (0,27), TeR (3.8)

and we will also prove that L, (0,7) > 0,0 € (0,27),T € R. Lo is a polynomial
with respect to 7" and has the discriminant A (0) :

U ot(1—t)sin g 1 _ )2
Ag(@):élcosQQ / wdtﬁ—(%—mrﬂ / Mdt .
2 o 1+1%—2tcosh 2 o 1+1t%—2tcosb

Since fo (1+t >dt =3 — 2In2 we get that

9 U #(1—t)sin ¢ L2 L1 —1)?
A :4 22 — 7 2 2_/ / T 1L 12 97 ahd :
2(0) = 4 cos 2((/0 T+ 7 = 2tcosd ) s T ), T3P —arcoss

The inequality of Cauchy-Buniakowski-Schwarz implies:

1 2 1 1— 1 1_ 2
/ t th/ (2 ) dt > (/ t( 2 dt> . (3.9
o (1+1) o 1-+1t2—2tcosh o (1+t)V1+1t2—2tcosh
The inequality

! 1- L1 —t)|si
/ -t a> [ H-Dlsngl _ JIsing| o, (3.10)
o (I14+t)vV1+t?—2tcosh o 1+1t%—2tcosb

is valid if
t(1—1t) t(1—t)|sin |

(1+t)V1+12—2tcosf  1+1t2— 2t cos @’

The inequality (3.11) holds, because it is equivalent to
(1 —1t)*(14cosf) > 0,6 € (0,27),t € [0, 1].
Now combining (3.9), (3.10) follows Ay (#) < 0,6 € (0, 27), and this leads to
Ls(0,T)>0,0 € (0,27),T € R. (3.12)

From (3.7), (3.8) and (3.12) we deduce

6 € (0,2m),t € [0,1]. (3.11)

. n+ 14T ind 1

= f  Re( moy = — f M(@®O,T

m 061(101,270 ( + Z (14+iT)(n+1)(n+ 2)n6 ) 6c + 061(101270 (6,7) =
TeR TeR

(L1(0,T) + L2(0,T)) =

=~ =

1 1 inf 1 1
6c 4 (o 27\') 1+172 6¢c
Te



70 Robert Szasz

We get the biggest value of ¢ from the equation m = 0. The obtained result is
sharp. |

Corollary 3.1. Let
Pz) = / F(t)dt. (3.13)

The biggest value of ¢, for which the condition Re(zf"(z)) > —¢, z € U implies F' € S*,
isc=1.

Proof. From the definition of F' we get zF"(z) + éF”’(z) = 22f"(z) and so the
condition Re(zf"(z)) > —c¢, z € U implies
! Z2 i 2
Re(zF"(z) + ?F (2)) > —3 %€ U.
Consequently we can apply Theorem 3.1. to obtain F' € S*. |

Theorem 3.2. If 0 < ¢ < 1 then the condition
Re(zf"(2)) > —c, z€ U (3.14)

implies the univalence of the function F' defined by (3.13). For ¢ > 1 there exists f
satisfying (3.14) so that the corresponding function F is not univalent in U.

Proof. According to the previous corollary the function F' is starlike and also uni-
valent in U. As we saw in the proof of Theorem 3.1, the condition of the theorem
implies that

Zn

femerie) T L ), 2 € U ao.2a]) = 1.

It is well-known, that if the function F' is univalent, then F'(z) # 0,Vz € U. A
simple calculation leads to

oo 21 & n
— (1423 [ e mdu) )« (1420Y —— U.
( + nz::lz /o e 1 ( ))*( + an:ln(n—kQ))’ZE

Since 1+ 2% 7, 2" f02” e~ du(t) € P, Definition 2.2 says that the condition
F'(z) # 0, z € U holds true if and only if

0 n
z
142 E ——  _ecpd
+ anln(n—i—Q)

According to Lemma 2.1 this is equivalent to

= z" 1
n=1

We observe that

cosf —t 1—¢2
1—t2 > — 6 c0,2n], t €[0,1
( )1+t2—2t(:059_ 1+t € [0,2n], t €10, 1]
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and equality holds if and only if § = 7. This observation implies
> L > einG
inf Re(1+2 — | = inf Re(l1+2 — | =
‘eu e< * an::l n(n+2)> eeg)l,zw) e< + Cn2=1 n(n—|—2)>

1 1 2
cost —t 1—1t

= inf Rell 1) — 77 " ) =1 dt =1 —
061({)1,271') e( +C/0 ( )1—|—t2—2tcost9> C/O 1+t

The deduced equality means that (3.15) holds true if and only if

N O

1 L. .
1-— g > 3 which is equivalentto 1> c.
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