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A note on the Nagel and Gergonne points

DORIN ANDRICA AND KHOA LU NGUYEN

ABSTRACT. In this note, we study some special properties of the Nagel point, Gergonne point, and
their adjoints.

1. INTRODUCTION

Given a triangle ABC, denote by O the circumcenter, Ge the Gergonne point,
and N the Nagel point of ABC. It is known that the distance ON is equal to
R—2r, here R and r are respectively the circumradius and inradius of ABC (see, for
instance, [1]). In Section 4, we will see that the first part of the famous Feurbach’s
theorem, which states that the nine-point circle is intouched by the incircle, follows
from this beautiful distance.

What about the second part of Feurbach’s theorem, which states that the nine-
point circle is extouched by the excircles? With similar direction, we shall use
the points N,, Ny, N, as the adjoints of the Nagel point N, that share similar
properties of N. The adjoint Nagel points N,, N;, N, are extensively studied in
[5, pp. 260-293]. Also, in this paper, we will study some interesting properties of
this configuration together with the adjoints G,, Gy, G, of the Gergonne point Ge
which are defined as the isotomic conjugate of N,, NV, N, respectively.

2. THE NAGEL CONFIGURATION

Let G, H, I are respectively the centroid, orthocenter, and incenter of ABC. We
first study an important characteristic of the Nagel point N.

Theorem 2.1. The Furhmann center F' of ABC is the midpoint of H N; and the centroid
G divides the segment NI with ratio —2.
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Figure 1

Proof. Let Ay, By, C1 be the midpoints of the arcs BC, C' A, AB not containing the
points A, B, C respectively. Suppose A’, B’, C' are the reflections of A, By, C4
through their corresponding sides BC, C' A, AB. The Furhmann center is defined
as the circumcenter of A’B’C’. In order to prove F is the midpoint of HN, we
shall prove that H N is a diameter of the circumcircle of A’B’C’, i.e. the Furhmann
circle.

Consider the reflection through the midpoint M of BC that maps the orthocen-
ter H to the antipode U of A, the point A’ to Ay, the Nagel point to a point T, and
the incenter I to a point J,. Since U is the antipode of A, it is sufficient to prove
that 7, lies on the line AA;.

Suppose A4, is the point of tangency of the A-excircle (I,) with BC. It follows
that A, N, A, are collinear and I,, J,, A, are collinear. We have
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Figure 2
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Thus,
Agda Al NK
J I,  Al,  AK’
Hence, we obtain N J, is parallel to Al,, and IJ, is parallel to AA,.

On the other hand, since IN J, T, is a parallelogram, we obtain N J, is parallel
to IT,. Since Al, and IT, both pass through the incenter I and are parallel to IT,,
it follows that T, lies on the bisector AI,. Since A; lies on AI,, we obtain T, lies on
AA,. Therefore, F' is the midpoint of HN.

Figure 3

Since M is the midpoint of T,V and M1 is parallel to AN, we infer that I is the
midpoint of AT,. Applying Menelaus’s theorem to triangle AT, M and three points

I, G, N it follows that I, G, N are collinear and Cé—]}f = —2. The proof is complete.
O

Figure 4
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Let A, and A, be the points of tangency of the A-excircle with AC and AB. Define
B. and B,, C, and C} respectively. Let N,, N, N, be respectively the intersections
of BB, and CC,, CCyand AA,, AA. and BB,. Call Ay, By, Cs the midpoints of the
arcs BC, CA, AB containing A, B, C and suppose A’2, B’2, C'2 be their reflections
to the corresponding sides BC', C A, AB. Denote by F,, Iy, F, the circumcenters of
triangles A} B,CY, B1CL A, C1ALBYL. Then by Conway’s extraversion to Theorem
2.1, it follows that F,, F;, F. are respectively the midpoints of HN,, HN,, HN,
and the centroid G divides the segments I, N,, I, Ny, I. N, with ratio —2. Thus, we
get the following result.

Theorem 2.2. The triangle N, N, N, is homothetic to the external triangle 1,11, with
center G and ratio —2.

Since I is the orthocenter of I, I, I, we obtain the following consequence.
Corollary 2.1. The Nagel point N is the orthocenter of N, N, N,.
Suppose UVW is the antimedial triangle of ABC'. Since
GU GV _GW _
GA GB GC
and ABC is the orthic triangle of 1,1, 1., another corollary follows.

-2

Figure 5
Corollary 2.2. The antimedial triangle UVW of ABC is the orthic triangle of 7,1, 1..

We end this section by a simple theorem inferred from Ceva’s theorem.
Theorem 2.3. Triangles N, N, N. and ABC' are perspective at the Gergonne point Ge.
3. THE TRIANGLE GGG,
We first state a simple result following from the definition and Ceva’s theorem.
Theorem 3.1. Triangle G,GyG. and ABC are perspective at the Nagel point V.
In this section, we give an interesting synthetic proof to the following property.

Theorem 3.2. The triangle G,G,G. and the excentral triangle I, I, 1. are perspective at
the de Longchamp point L.

In order to prove this theorem, we need the following lemmas.
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Lemma3.1. The four lines I,1., GG, B,C. and B.C} are concurrent.

Proof. We first notice that C. and B, are reflections of C}, and B, through ;1. re-
spectively. Hence B,C. is the reflection of B.C}, through I, 1. It follows that B,C.,
B.Cy, I1. are concurrent. It is sufficient now to prove that B,C., B.C, and GG,
are concurrent. Consider two triangles B.G, B, and C,G.C.. Notice that N, is the
intersection of G, B. and G.Cy, N is the intersection of Gy B, and G.C... If we can
show that NN,, B, B. and C.C, are concurrent, then by Desargues’ theorem, we
are done.

Figure 6

From Section 2, we know that NN, is parallel to I1,. Since 11, is perpendicular
to IyI., NN, is perpendicular to I,I.. On the other hand, since C. and B, are
reflections of C, and B, through I, 1. respectively, it follows that B, B. and C.C,
are both perpendicular to II.. Thus, we obtain NN,, B,B., C.C), are concurrent
at a point at infinity. Therefore, the lemma is completely proved. O

Lemma 3.2. The circumcenter O’ of I, I, I, is the reflection of I through O.
Itis also well known that O’ is the perspector of triangle I, I I. and A, B,C. since 1,0’
is perpendicular to BC, 1,0’ is perpendicular to C A, 1.0’ is perpendicular to AB.

Lemma 3.3. Let X, Y, Z be the intersections of I.C;, and I, B.., I.C, and I, A., I, A
and I, B,. Then N,N, N, and XY Z are homothetic with ratio 2.

Proof. Since 1,0’ is perpendicular to BC, I,0' is perpendicular to CA, 1.0’ is
perpendicular to AB, we obtain I.Y1,0’ and I,Z1,0’ are parallelograms. Thus,
I,1.Y Z is also a parallelogram. This yields that I,I. = Y Z and they are parallel
in opposite directions. By similar argument, we obtain that I,1,1. are homothetic
with ratio —1. From Section 1, we know that triangles N, N, N, and 1,11, are ho-
mothetic with ratio —2. Therefore, N,N,N. and XY Z are homothetic with ratio 2.
The lemma is proved. O
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Figure 7

We will now prove Theorem 3.2.

Proof. We first show that 1,1, 1. and G,G,G,. are perspective at a point L. From
Lemma 3.2, we have I,1., GyG., ByC. are concurrent. Denote this point D. Simi-
larly, we define the points £ and F.

Since triangle I,1,1I. is perspective with A,B,C. at the point O’, this implies
from Desargues’s theorem that D, E, F are collinear. Again, since D, E, F are
collinear, by Desargues’s theorem, we obtain 1,1, 1. and G,G, G are perspective at
apoint L.

Now, we shall prove that L is the De Longchamp point. We shall need the
Lemma 3.2 again. We know that I,1., B.Cy, GG, are concurrent. Consider two
perspective triangles I,GyB. and I.G.Cy. Then by Desargues’ theorem, we obtain
that L lies on N, X. By similar arguments, it follows that N, X, N,Y, N.Z are
concurrent at L.

From Lemma 3.3, we know that N, N, N. and XY Z are homothetic with ratio 2.
Hence L is the center of similitude. Since N and O’ are respectively the orthocenter
of N,N,N.and XY Z, we obtain that E—JOV, = 2. Since

GI LN OO’ _1
GN LO' OI 7

according to Menelaus’ theorem, three points G, O, L are collinear. Applying
Menelaus’s theorem again to triangle NGL and three collinear points I, O, O/,

we obtain that % = —3. By definition, it yields that L is the de Longchamp point
of ABC'. And the theorem is proved. O

4. COMPLEX COORDINATES APPROACH

In this section, we shall compute the distance between the circumcircle O and
N, by using complex numbers.
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Figure 8

Assume that the circumcenter O of triangle ABC'is the origin of the complex plan
and let z,, z, z. be the complex coordinates of A, B, C respectively. It is not
difficult to calculate the complex coordinates of the points G, H, I, N, 1,, I, I. (see
[1, pp. 103-105]):

zZA + 2z + 2o aza + bz + czo
2= ———F 3 ZH=2A+ 2B+ 20,21 =
3 2s
(s—a)za+ (s—b)zp + (s — ¢)zc —azag + bz + czo
ZN = y Rl =
s 2(s—a)

These coordinates are used in the book [1] to solve various geometric problems,
for instance to determine some important distances in triangle ABC. The distance
ON = R — 2r has already been mentioned in the introduction (see [1, Subsection
4.6.3, Theorem 6]). This beautiful relation is equivalent to the first part of Feur-
bach’s theorem, which states that the nine-point circle is intouched by the incircle.
Indeed, we have the following configuration, where points O, G, W, H lies on the
Euler line while I, G, N lie on the Nagel line.

Figure 9
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GI GW 1 . . ON R
oN =GO — §,We obtain IW is parallel to ON and IW = - =3 -

Notice that — is the radius of the nine-point circle, r is the radius of the incircle

and I'W is the distance between the two centers. Therefore, the nine-point circle is
intouched by the incircle.
We will now proceed to calculate the distance ON,. From Section 2, we know

Since

GN, . .
that oL = —2. Thus, z¢ — zn, = 2(z1, — 2z¢). Using the complex coordinates of
G and IZ above, it follows that
sza—(s—c)zp—(s=b)z¢ 714 Tq Ta
ZN, = = —Z2ZA— —ZB — —ZC
s—a r Te T}

We shall calculate the distance O N, by using the real product of two complex num-
ber z; and 2, and defined as

2129 +Z122

—

It is not difficult to see that the real product is a real number, it is commutative,
distributive with respect to addition and satisfies

Z1 29 =

z-z =z
We also have
2 2 2
c a b
zA-zB:RQ—E, zB'zC:RQ—?, zc~zA:R2—3.

Indeed, it follows from
? =|2a—2B|> = (24— 2B) - (24 — 2B) = 24 — 224 - 25 + 25 = 2R? — 2225.
Thus

1 1 1
2 _ 2 _,2p2
ONy = |an,|" =R (r—2+g+g)
2( 2 2 2 )
+ry, ZB*Zc — ZATZB — —ZA " 2C
TpTe T T
1 1 1
—riRQ(—2+—2+—)
r c

o [(—a®  b? 2
+—+
TpTe "y Tre
2 b2 2
:R2+r§( 2248 )
TpTc rTry rre
Now, let us prove that the following relation
—a? b2 c? 4R

+—=—+4.
TpTe Ty TTe Ta
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By replacing
A B A C
r =4Rsin —sin —sin —, 71, = 4Rsin — cos — cos —
2 2 27 2 2 2’
etc., we obtain
—a? b? c?

TpTe rry rre

4 5 A B C
- - @@ | _g T A 2= B 2~
SnAsnBenC ( sin 5 sin A + cos 5 sin 5 + cos 5 sin C)
2
= m[—(l —cos A)sin A+ (1 + cos B)sin B + (1 + cos C) sin (]

~ 2(sin B +sinC —sin A) n sin2A + sin2B + sin2C
sin A sin B sin C' sin A sin Bsin C
A. B .C
B 8 cos 9 S5 S5 sin Asin Bsin C
sin A sin B sin C' sin A sin Bsin C'

1 4R
Sl — COS — COS —
2 2 2
la
o
w
H Na
Figure 10

Therefore, we obtain

ON? = R? 412 (A;—R + 4r§) = (R+2r,)? or ON, =R+ 2r,.

The last relation also appears in [5, pp. 283], where it derived from the Feur-
bach’s theorem. We have obtained a direct proof for the distance ON,,.

The above relation is equivalent to the second part of Feurbach’s theorem. Con-
sider the following configuration, where I,,, G, N, is another line of Nagel type.
We have
ON, R

5 T3 + 7.

Therefore, the A-excircle (I,) extouches the nine-point circle. Similarly, the other
excircles also extouch the nine-point circle, and the Feurbach’s second part is com-
pletely proved.

LW =
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