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A category of new inequalities

MIHÁLY BENCZE

ABSTRACT. In this paper we present a category of new inequalities generated by weighted AM -
GM - HM inequalities.

1. MAIN RESULTS
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Proof. Using the weighted AM-GM-HM inequality we have
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Corollary 1.1. The sequence (xk)k≥0, where xk =
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Theorem 1.2. If x, ak, pk > 0 (k = 1, 2, ..., n) then∑
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Proof. Using the weighted AM-GM inequality we have:
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Theorem 1.3. If ak, x, y, z, t > 0 (k = 1, 2, ..., n) and i ∈ {1, 2, ..., n} , then
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Proof. Using the weighted AM-GM inequality we have:

zax
1ay

2 + ... + zax
i ay

i+1 + tax
i+1a

y
i+2 + ... + tax

nay
1 ≥

≥ (iz + (n− i) t)
(
ax
1ay

2...a
x
i ay

i+1

) z
iz+(n−i)t ·

(
ax

i+1a
y
i+2...a

x
nay

1

) t
iz+(n−i)t =

= (iz + (n− i) t) a
xz+yt

iz+(n−i)t

1 a
yz+xt

iz+(n−i)t

i+1 (a2...aiai+2...an)
(x+y)t

iz+(n−i)t ,

therefore
(iz + (n− i) t)

∑
cyclic

ax
1ay

2 =

=
∑

cyclic

(
zax

1ay
2 + ... + zax

i ay
i+1 + tax

i+1a
y
i+2 + ... + tax

nay
1

)
≥

≥ (iz + (n− i) t)
∑

cyclic

a
xz+yt

iz+(n−i)t

1 a
yz+xt

iz+(n−i)t

i+1 (a2...aiai+2...an)
(x+y)t

iz+(n−i)t .

�

Theorem 1.4. If ak, pk, x, y > 0 (k = 1, 2, ..., n) then
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Proof. Using the weighted AM-GM inequality we obtain:
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Theorem 1.5. If ak, x, y, pk > 0 (k = 1, 2, ..., n) , then
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After addition we obtain the desired inequality. �

Theorem 1.6. If ak, pk, x, y, z > 0 (k = 1, 2, ..., n) , then
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After addition yields the desired inequality. �

Theorem 1.7. If α, ak > 0 and pk ≥ 1 (k = 1, 2, ..., n) , then
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Theorem 1.8. If ai > 0 (i = 1, 2, ..., n) , p1, p2, ..., pk > 0, k ∈ {1, 2, ..., n} , then
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Theorem 1.9. If x1, x2, ..., xk, ai, pi > 0 (k = 1, 2, ..., n) , k ∈ {1, 2, ..., n} , then
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where q1 = p1x1 + pnx2 + ... + pn−k+2xk;
q2 = p2x1 + p1x2 + ... + pn−k+3xk; ...; qn = pnx1 + pn−1x2 + ... + pn−k+1xk.
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