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A new weighted Erdés-Mordell type inequality

WEI-DONG JIANG

ABSTRACT. A new weighted Erdés-Mordell type inequality involving interior point of a triangle is
established. By it’s application, some interesting geometric inequalities are derived.

1. INTRODUCTION

Throughout the paper we assume AABC be a triangle, and denote by a, b, c its
sides’ lengths, by A its area. Let P be an interior point. Denote A;, As, A3 the
areaof ABPC, ACPA, AAPB. Denote R,, Ry, R. the circumradii of the triangles
BPC, CPA, APB. Let Ry, Ry, Rs3 be the distances from P to A, B, C, and let rq,
r9, r3 be the distances of P from the sides AB, BC, C A. Denote by w,, ws, w3 the
bisectors of the angles BPC, CP A, APB. Then the following theorem holds.

Theorem 1.1.
Ri+ Ry + Ry >2(r1 + 72 +73) (1.1)

The inequality (1.1) is sharp: equality holds if and only if the triangle is equilat-
eral and the point P is its center. This is the famous Erd8s-Mordell inequality. It
was conjectured by Erdds in 1935 [1], and was first proved by Mordell in 1937 [2].

In the paper [3], D.S. Mitrnovit at al. noted some generalizations of Erd6s-
Mordell inequality in 1989. Among their results is the following three-variable
guadratic Erdés-Mordell type inequality:

Theorem 1.2. If x, y, z are three real numbers, then for any point P inside the triangle
ABC, we have
2Ry + y*Ry + 22R3 > 2 (yzry + zary + xyrs) (1.2)

with equality holding if and only if z = y = z and P is the center of equilateral triangle
ABC.

In this note we give a new weighted Erd&s-Mordell type inequality.

2. MAIN RESULT
In order to prove Theorem 2.1 below, we need the following lemma.
Lemma 2.1. For any triangle ABC and z, y, z € R we have
Yyz oz zY

2
1
z2sin? A + y%sin®B + 22sin*C < = (— +— + —> . (2.1)
4\ x Y z
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Proof. The inequaliyty (2.1) can be obtained from O. Kooi’s inequality [4]:
(z +y+ 2)2R? > yza® + 2ab® + zyc?
where R is the circumradius of the triangle ABC. d

Theorem 2.1. For an arbitrary point P inside AABC, let R,, Ry, R. be the circumradii
of triangles BPC, CPA, AP B, and w1, wa, w3 be the bisectors of the angles BPC, CPA,
APB. Ifx >0,y >0,z > 0, then

TW1 Ywa ZWs3 1 /yz =2z vy
< | ZZ 4=, g
\/RbRc * \/RcRa * \/RaRb 2 ( * )

x Y z

with equality holding if and only if z = y = z and P is the center of equilateral triangle
ABC.

2.2)

Proof. Let /BPC =«, ZCPA=3, ZAPB=~. Obviously 0 < «, g, v <7 and at+f
+~ =2x. By using law of sines and bisectors formula we have

b =2Rysinf
c = 2R.siny

2
wp = RQR%];BBCOS% < \/RQRgCOS%

W < \/mcos g
VRyR. ~— V RyR. 2
o
be cos 3

_9 | Ro R3 sin (3 sin vy

\/Al sin #siny sin A @
S

=2

A sin a 0 2
Because
1
\/sin Bsiny < E(sinﬁ + siny)
Bty By _ .«
= sin CcoS < sin —
2 2
sin G sin~y a 1 ~
———cos— < —Vsin«o
sin « 2 2
we have
W B G A (2.3)
—sin Asin« .
VEyR. — V A
LetA'=n—a,B' =7n—(,C' =7 —~,then
1 A+ A A—A A+ A
Vsin Asina = Vsin Asin A’ < §(sin A+sin A") = sin —; cos — < 'sin i

From (2.3) and (2.4) we have
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By using the same method we have

<3/ == .
=\ a ysin — (2.6)
Tws A . C+(C
<y /== 2.7
T A zsin 5 (2.7)
Combining (2.5), (2.6), (2.7) and by Cauchy’s inequality we have
Twy Yws Tws

\/RbRc * \/RcRa * \/RaRb

< [Ar A+AI+ [Ag B+B’Jr /& . C+C
< A‘T,'Sln 5 AySlIl 5 A Z sin 5

A A A A+ A B+ B’
<\/(K1+K2+K3)( 251112+T+y251112 +

A+ A B+ B c+cC
:\/$28in2 _; + 12 sin? —; + 22sin? _; )

A+ A b= B+B O+

2 YT T YT T
Obviously 0 < 6,6, < mand 6 + ¢ + ¢ = 7, S0 0, ¢, v can be angles of a triangle
A, B1Cy. Applying Lemma 2.1 for the triangle A, B, C; we obtain

L Y

Let

9:

2
1
22 sin? 0 4 3% sin® ¢ + 2%sin p < = (% + il + ﬁ)
4\ x Y z
with equality holding if and only if z = y = z and P is the center of equilateral
triangle ABC. The proof of Theorem 2.1 is completed. O

3. SOME APPLICATIONS

In this section we give some applications of Theorem 2.1.
Noticed r < w, etc., we have

7y yra 2r3 1 (yz 2T a:y)
+ + < (L+Z2 Y (3.1)
VRyR. RcR, +R.Ry 2\«z Y

. . . 1
By using AM-GM inequality we have R, R, < 3 (Rpy + Rp), then from (3.1) we
have

Try Yro zr3 1 /yz zz =y
<-|=4+—=—+—= 3.2
Rb+Rc+Rc+Ra+Ra+Rb—4(x+y+z> 2

By the same way of (3.2), the following inequality holds

TWw1 Ywa Zws 1 (yz zzx vy
+ + <—-|—=+—+— 3.3
Rb+Rc Rc+Ra Ra+Rb4<x Yy > ( )

Letz =y =2=1in(3.2), then
1 T2 T3 3

+ + < - 3.4
Ry+R. R.+R, R,+Ry 4 (34)
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In fact (3.4) was conjectured by Jian Liu in [5] and here we obtained a proof.
Theorem 3.1. If z > 0,y > 0,z > 0, then
2Ry + y? Ry + 2°R. > 2 (yzwy + zzwsy + wyws) (3.5)

Proof. Alter v — 2'\/RyR.,y — YV RcRa,z — Z'\/R.Ry (z,y,z > 0) in (2.2) we
obtain

IZ, Z/m/ x/ /
2wy + y'ws + 2wz < 3 (y —Ry+ — Ry + —?,JRC> (3.6)
x Y z
y/Z/ lel x/y/
and then let — = 22, — =y —- = 2% in (3.6), then (3.5) is obtained O
T Y z

Inequality (3.5) is similar to (1.2) that was conjectured by Jian Liu in [6].
Obviously,

2Ry + y? Ry + 2°R. > 2 (yzry + zary + xyrs) 3.7
Letz =y =2z=1in(3.5)and (3.7), then we have
Ry + Ry + Re > 2 (w1 + wa + ws) (3.8)
and also
Ry +Ry+Re>2(r1 +r2+713) (3.9

Inequality (3.9) is similar to (1.1).
Letz =y =2z =1in(2.2) and by AM-GM inequality we have

RaRbRc Z 8w1w2w3 (3.10)
and
RyRyR. > 8ryrars. (3.11)
1 1 1.
Letz = —,y = —, 2z = — in (3.7), then we have
a b c
R, Ry, R._1
e e :
a2+b2+c2_R (3.12)
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