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About approximation of B-continuous and B-differentiable functions of three
variables by GBS operators of Bernstein type

MIRCEA D. FARCAŞ

ABSTRACT.
In this article, using a method from the paper [4], the sequence of GBS operators of Bernstein type for B-continuous and B-differentiable functions
of three variables is constructed and some approximation properties of this sequence are established.

1. PRELIMINARIES

In the following, let X , Y and Z be compact real intervals and
D = X × Y × Z. A function f : D → R is called a B-continuous function at (x0, y0, z0) ∈ D iff for any ε > 0, there
exists δ > 0 such that

|∆f [(x, y, z), (x0, y0, z0)]| < ε

for any (x, y, z) ∈ D, with |x− x0| < δ, |y − y0| < δ and |z − z0| < δ. Here

∆f [(x, y, z), (x0, y0, z0)] = f(x, y, z)− f(x, y, z0)− f(x, y0, z)− f(x0, y, z)+

+ f(x, y0, z0) + f(x0, y, z0) + f(x0, y0, z)− f(x0, y0, z0)

denote a so-called mixed difference of f . A function f : D → R is called a B-differentiable function at (x0, y0, z0) ∈ D
iff it exists and if the limit is finite

lim
(x,y,z)→(x0,y0,z0)

∆f [(x, y, z), (x0, y0, z0)]

(x− x0)(y − y0)(z − z0)
.

This limit is named the B-differential of f at the point (x0, y0, z0) and is denoted by Df(x0, y0, z0). The function f
is B-continuous (B-differentiable) on D iff f is B-continuous (B-differentiable) at each point (x0, y0, z0) ∈ D. These
notions were introduced by K. Bögel in [5], [6] and [7]. The function f : D → R is B-bounded on D iff there exists
K > 0 such that |∆f [(x, y, z), (x0, y0, z0)]| ≤ K for any (x, y, z), (x0, y0, z0) ∈ D. We shall use the function sets

B(D) = {f/f : D → R, f bounded onD},with the norm ‖•‖∞
Bb(D) = {f/f : D → R, f B− bounded onD},
with the norm‖f‖B = sup

(x,y,z),(u,v,w)∈D
|∆f [(x, y, z), (u, v, w)]|

Cb(D) = {f/f : D → R, f B− continuous onD}
Db = {f/f : D → R, f B− differentiable onD}.

The following mean-value theorem will be useful in the sequel.

Lemma 1.1. If f ∈ Db([a, b]× [a′, b′]× [a′′, b′′]) then there exists
(ξ, η, ζ) ∈ (a, b)× (a′, b′)× (a′′, b′′) such that

∆f [(a, a′, a′′), (b, b′, b′′)] = (b− a)(b′ − a′)(b′′ − a′′)Df(ξ, η, ζ).

Let f ∈ Bb(D). The function

ωmixed(f ; •, •, •) : [0,∞)× [0,∞)× [0,∞)→ R

defined by

ωmixed(f ; δ1, δ2, δ3) = sup{|∆f [(x, y, z), (x0, y0, z0)]| : |x− x0| ≤ δ1,
|y − y0| ≤ δ2, |z − z0| ≤ δ3}

for any δ1, δ2, δ3 ∈ [0,∞) is called the mixed modulus of smoothness and was introduced by I. Badea in [1] for
functions of two variables. Important properties of ωmixed were established by C. Badea, I. Badea, C. Cottin and H.H.
Gonska in the papers [2] and [3].
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Lemma 1.2. Let f ∈ Bb(D). Then

ωmixed(f ; δ1, δ2, δ3) ≤ ωmixed(f ; δ′1, δ
′
2, δ
′
3) (1.1)

for any δ1, δ2, δ3, δ′1, δ′2, δ′3 ∈ [0,∞) such that δ1 ≤ δ′1, δ2 ≤ δ′2 and δ3 ≤ δ′3;

∆f [(x, y, z), (u, v, w)] ≤ ωmixed(f ; |x− u|, |y − v|, |z − w|); (1.2)

∆f [(x, y, z), (u, v, w)] ≤
(

1 +
|x− u|
δ1

)(
1 +
|y − v|
δ2

)
· (1.3)

·
(

1 +
|z − w|
δ3

)
ωmixed(f ; δ1, δ2, δ3)

for δ1, δ2, δ3 > 0;

ωmixed(f ;λ1δ1, λ2δ2, λ3δ3) ≤ (1 + λ1)(1 + λ2)(1 + λ3)· (1.4)

· ωmixed(f ; δ1, δ2, δ3), λ1, λ2, λ3 > 0.

Lemma 1.3. Let f ∈ Cb(D). Then

lim
δ1,δ2,δ3→0

ωmixed(f ; δ1, δ2, δ3) = 0. (1.5)

Let Bm : C([0, 1]) → C([0, 1]) be the Bernstein operators, defined for any function f ∈ C([0, 1]) and any non-
negative integer m by

(Bmf)(x) =

m∑
k=0

pm,k(x)f

(
k

m

)
, (1.6)

where pm,k are the fundamental polynomials, defined by

pm,k(x) =

(
m

k

)
xk(1− x)m−k, (1.7)

k ∈ {0, 1, . . . ,m} and x ∈ [0, 1] (see [8]).
Let ej : [0, 1]→ R, j ∈ {0, 1, 2, 3, 4}, ej(x) = xj be the test functions. Then we have (see [9])

Lemma 1.4. The operators Bm have the properties:

(Bme0)(x) = 1, (Bme1)(x) = x, (Bme2)(x) = x2 +
x(1− x)

m
,

(Bme3)(x) =
(m− 1)(m− 2)

m2
x3 +

3(m− 1)

m2
x2 +

1

m2
x

and

(Bme4)(x) =
(m− 1)(m− 2)(m− 3)

m3
x4 +

6(m− 1)(m− 2)

m3
x2+

+
7(m− 1)

m3
x2 +

1

m3
x.

2. INTRODUCTION

Let L be a positive operator of three variables, applying the space
R[a,b]×[a′,b′]×[a′′,b′′] into itself. The operator

UL : R[a,b]×[a′,b′]×[a′′,b′′] → R[a,b]×[a′,b′]×[a′′,b′′]

defined by

(ULf)(x, y, z) = L[f(•, y, z) + f(x, ∗, z) + f(x, y, ◦)− (2.8)

− f(•, ∗, z)− f(•, y, ◦)− f(x, ∗, •) + f(•, ∗, ◦);x, y, z]

is called GBS (generalized boolean sum) operator associated to L, where •, ∗, ◦ stand for the first, the second and the
third variable. The term of GBS operator was introduced by C. Badea and C. Cottin in the paper [2].
For B-continuous functions we have the estimation
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Theorem 2.1. For any f ∈ Cb(D) and any δ1, δ2, δ3 > 0 holds the inequality

|(ULf)(x, y, z)− f(x, y, z)| ≤ (2.9)

≤

(
1 +

√
(L(• − x)2)(x, y, z)

δ1
+

√
(L(∗ − y)2)(x, y, z)

δ2
+

+

√
(L(◦ − z)2)(x, y, z)

δ3
+

√
(L(• − x)2(∗ − y)2)(x, y, z)

δ1δ2
+

+

√
(L(∗ − y)2(◦ − z)2)(x, y, z)

δ2δ3
+

√
(L(◦ − z)2(• − x)2)(x, y, z)

δ3δ1
+

+

√
(L(• − x)2(∗ − y)2)(◦ − z)2(x, y, z)

δ1δ2δ3

)
· ωmixed(f ; δ1, δ2, δ3)

where L : B(D)→ B(D) is a positive linear operator which reproduces the constants.

Proof. After (1.3), for (x, y, z), (u, v, w) ∈ D we have

∆f [(x, y, z), (u, v, w)] ≤
(

1 +
|x− u|
δ1

)
·
(

1 +
|y − v|
δ2

)
·

·
(

1 +
|z − w|
δ3

)
ωmixed(f ; δ1, δ2, δ3),

so that we can write

|f(x, y, z)− (ULf)(x, y, z)| ≤ |(L∆f [(x, y, z)(•, ∗, ◦)])(x, y, z)| ≤

≤
(

1 +
(L| • −x|)(x, y, z)

δ1
+

(L| ∗ −y|)(x, y, z)
δ2

+
(L| ◦ −z|)(x, y, z)

δ3
+

+
(L| • −x|| ∗ −y|)(x, y, z)

δ1δ2
+

(L| ∗ −y|| ◦ −z|)(x, y, z)
δ2δ3

+

+
(L| ◦ −z|| • −x|)(x, y, z)

δ3δ1
+

(L| • −x|| ∗ −y|| ◦ −z|)(x, y, z)
δ1δ2δ3

)
·

· ωmixed(f, δ1, δ2, δ3).

Applying the Cauchy-Schwarz inequality for positive linear operators the estimation from theorem results. �

For B-differentiable functions we have the estimation

Theorem 2.2. Let L : Cb(D)→ B(D) be a positive linear operator which reproduces the constants and UL : Cb(D)→ B(D)
the associated GBS operator. Then for any function f ∈ Db(D) with Df ∈ B(D) and any δ1, δ2, δ3 > 0 we have

|(ULf)(x, y, z)− f(x, y, z)| ≤ (2.10)

≤ 7‖Df‖∞
√

(L(• − x)2(∗ − y)2(◦ − z)2)(x, y, z)+

+[
√

(L(• − x)2(∗ − y)2(◦ − z)2)(x, y, z)+

+δ−11

√
(L(• − x)4(∗ − y)2(◦ − z)2)(x, y, z)+

+δ−12

√
(L(• − x)2(∗ − y)4(◦ − z)2)(x, y, z)+

+δ−13

√
(L(• − x)2(∗ − y)2(◦ − z)4)(x, y, z)+

+δ−11 δ−12

√
(L(• − x)4(∗ − y)4(◦ − z)2)(x, y, z)+

+δ−12 δ−13

√
(L(• − x)2(∗ − y)4(◦ − z)4)(x, y, z)+

+δ−13 δ−11

√
(L(• − x)4(∗ − y)2(◦ − z)4)(x, y, z)+

+δ−11 δ−12 δ−13

√
(L(• − x)4(∗ − y)4(◦ − z)4)(x, y, z)]·
·ωmixed(Df ; δ1, δ2, δ3).

Proof. For (x, y, z), (u, v, w) ∈ D we can write

|(ULf)(x, y, z)− f(x, y, z)| ≤ |L∆f [(x, y, z), (u, v, w)](x, y, z)|
and after Lemma 1.1 we have

∆f [(x, y, z), (u, v, w)] = (u− x)(v − y)(w − z)Df(ξ, η, ζ) =

= (u− x)(v − y)(w − z)(−∆Df [(x, y, z), (ξ, η, ζ)] +Df(x, y, z)−
−Df(ξ, y, z)−Df(x, η, z)−Df(x, y, ζ) +Df(x, η, ζ)+

+Df(ξ, y, ζ) +Df(ξ, η, z))
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so that we have
|(ULf)(x, y, z)− f(x, y, z)| ≤ (L|u− x||v − y||w − z|·

·|∆Df [(x, y, z), (ξ, η, ζ)]|)(x, y, z)+
+(L|u− x||v − y||w − z|(|Df(x, y, z)|+ |Df(ξ, y, z)|+ |Df(x, η, z)|+
+|Df(x, y, ζ)|+ |Df(x, η, ζ)|+ |Df(ξ, y, ζ)|+ |Df(ξ, η, z)|))(x, y, z) ≤

≤ 7‖Df‖∞(L|u− x||v − y||w − z|)(x, y, z)+
+(L|u− x||v − y||w − z|ωmixed(Df ; |ξ − x|, |η − y|, |ζ − z|))(x, y, z) ≤

≤ 7‖Df‖∞ (L|u− x||v − y||w − z|) (x, y, z)+

+

(
L|u− x||v − y||w − z|

(
1 +
|u− x|
δ1

)(
1 +
|v − y|
δ2

)
·

·
(

1 +
|w − z|
δ3

))
(x, y, z)ωmixed(Df ; δ1, δ2, δ3) =

= 7‖Df‖∞(L|u− x||v − y||w − z|)(x, y, z)+

+L

(
|u− x||v − y||w − z|+ |u− x|

2|v − y||w − z|
δ1

+

+
|u− x||v − y|2|w − z|

δ2
+
|u− x||v − y||w − z|2

δ3
+

+
|u− x|2|v − y|2|w − z|

δ1δ2
+
|u− x||v − y|2|w − z|2

δ2δ3
+

+
|u− x|2|v − y||w − z|2

δ3δ1
+
|u− x|2|v − y|2|w − z|2

δ1δ2δ3

)
(x, y, z)·

·ωmixed(Df ; δ1, δ2, δ3).

Applying the Cauchy-Schwarz inequality for positive linear operators the estimation from theorem results. �

Let Bl,m,n : C([0, 1]3) → C([0, 1]3), l,m, n non-negative integers, be the Bernstein operators for functions of three
variables, defined by

(Bl,m,nf)(x, y, z) =

l∑
i=0

m∑
j=0

n∑
k=0

pl,i(x)pm,j(y)pn,k(z) · f
(
i

l
,
j

m
,
k

n

)
, (2.11)

f ∈ C([0, 1]3), and let Bxl , Bym and Bzn the parametric extensions of the operators (1.6) defined for any function
f ∈ C([0, 1]3) by

(Bxl f)(x, y, z) =

l∑
i=0

pl,i(x)f

(
i

l
, y, z

)
= (Bl,m,nf(•, y, z))(x, y, z)

(Bymf)(x, y, z) =

m∑
j=0

pm,j(y)f

(
x,

j

m
, z

)
= (Bl,m,nf(x, ∗, z))(x, y, z)

(Bznf)(x, y, z) =

n∑
k=0

pn,k(x)f

(
x, y,

k

n

)
= (Bl,m,nf(x, y, ◦))(x, y, z).

The GBS operator of Bernstein type is the boolean sum

UBl,m,n = Bxl +Bym +Bzn −Bxl Bym −BymBzn −BznBxl +Bxl B
y
mB

z
n

where

(Bxl B
y
mf)(x, y, z) =

l∑
i=0

m∑
j=0

pl,i(x)pm,j(y)f

(
i

l
,
j

m
, z

)
=

= (Bl,m,nf(•, ∗, z))(x, y, z)

(BymB
z
nf)(x, y, z) =

m∑
j=0

n∑
k=0

pm,j(y)pn,k(z)f

(
x,

j

m
,
k

n

)
=

= (Bl,m,nf(x, ∗, ◦))(x, y, z)

(BznB
x
l f)(x, y, z) =

n∑
k=0

l∑
i=0

pn,k(z)pl,i(x)f

(
i

l
, y,

k

n

)
=

= (Bl,m,nf(•, y, ◦))(x, y, z)
(Bxl B

y
mB

z
nf)(x, y, z) = (Bl,m,nf)(x, y, z).
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3. MAIN RESULTS

About approximation for B-continuous functions of three variables by Bernstein type operators, we have

Theorem 3.3. For any f ∈ Cb([0, 1]3) and any (x, y, z) ∈ [0, 1]3 we have the inequality

|(UBl,m,nf)(x, y, z)− f(x, y, z)| ≤ 8ωmixed

(
f ;

1

2
√
l
,

1

2
√
m
,

1

2
√
n

)
. (3.12)

Proof. We have

(Bl,m,n(• − x)2)(x, y, z) = (Bl,m,ne200)(x, y, z)−

− 2x(Bl,m,ne100)(x, y, z) + x2(Bl,m,ne000)(x, y, z) =
x(1− x)

l
≤ 1

4l
,

where eijk : [0, 1]3 → R, eijk(x, y, z) = xiyjzk, i, j, k ∈ {0, 1, 2, 3, 4} are the test functions. In a similar way can be
established the following

(Bl,m,n(∗ − y)2)(x, y, z) =
y(1− y)

m
≤ 1

4m

(Bl,m,n(◦ − z)2)(x, y, z) =
z(1− z)

n
≤ 1

4n

(Bl,m,n(• − x)2(∗ − y)2)(x, y, z) =
xy(1− x)(1− y)

lm
≤ 1

16lm

(Bl,m,n(∗ − y)2(◦ − z)2)(x, y, z) =
yz(1− y)(1− z)

mn
≤ 1

16mn

(Bl,m,n(◦ − z)2(• − x)2)(x, y, z) =
zx(1− z)(1− x)

nl
≤ 1

16nl

(Bl,m,n(• − x)2(∗ − y)2)(◦ − z)2(x, y, z) =
xyz(1− x)(1− y)(1− z)

lmn
≤

≤ 1

64lmn
.

Choosing by δ1 =
1

2
√
l
, δ2 =

1

2
√
m

and δ3 =
1

2
√
n

in Theorem 2.1 we obtain the estimation (3.1). �

Corollary 3.1. If f ∈ Cb([0, 1]3) then the sequence (UBl,m,n)l,m,n∈N converges to f uniformly on [0, 1]3.

For B-differentiable functions we have the estimation:

Theorem 3.4. For any f ∈ Db([0, 1]3) such that Df ∈ B([0, 1]3), any (x, y, z) ∈ [0, 1]3 and any δ1, δ2, δ3 > 0 we have

|(UBl,m,nf)(x, y, z)− f(x, y, z)| ≤ 7

8
√
lmn
‖Df‖∞ +

1

8
√
lmn
· (3.13)

·
(

1 +
1

δ1
√
l

)(
1 +

1

δ2
√
m

)(
1 +

1

δ3
√
n

)
ωmixed(Df ; δ1, δ2, δ3)

and

|(UBl,m,nf)(x, y, z)− f(x, y, z)| ≤ 7

8
√
lmn
‖Df‖∞+ (3.14)

+
1√
lmn

ωmixed

(
Df ;

1√
l
,

1√
m
,

1√
n

)
,

l,m, n positive integers, l,m, n ≥ 2.

Proof. We have

(Bl,m,n(• − x)2(∗ − y)2(◦ − z)2)(x, y, z) =
xyz(1− x)(1− y)(1− z)

lmn
≤

≤ 1

64lmn
;

(Bl,m,n(• − x)4(∗ − y)2(◦ − z)2)(x, y, z) = (Bl,m,n(• − x)4)(x, y, z)·

· (Bl,m,n(∗ − y)2)(x, y, z)(Bl,m,n(◦ − z)2)(x, y, z) ≤ 1

64l2mn
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because

(Bl,m,n(• − x)4)(x, y, z) = (Bl,m,ne400)(x, y, z)− 4x(Bl,m,ne300)(x, y, z)+

+ 6x2(Bl,m,ne200)(x, y, z)− 4x3(Bl,m,ne100)(x, y, z)+

+ x4(Bl,m,ne000)(x, y, z) =
(l − 1)(l − 2)(l − 3)

l3
x4 +

6(l − 1)(l − 2)

l3
x3+

+
7(l − 1)

l3
x2 +

1

l3
x− 4x

(
(l − 1)(l − 2)

l2
x3 +

3(l − 1)

l2
x2 +

1

l2
x

)
+

+ 6x2
(
l − 1

l
x2 +

1

l
x

)
− 4x4 + x4 =

3(l − 2)x2(1− x)2

l3
+

+
x(1− x)

l3
≤ 3l − 2

16l3
<

1

4l2
.

In a similar way can be established the following estimations:

(Bl,m,n(• − x)2(∗ − y)4(◦ − z)2)(x, y, z) ≤ 1

64lm2n
;

(Bl,m,n(• − x)2(∗ − y)2(◦ − z)4)(x, y, z) ≤ 1

64lmn2
;

(Bl,m,n(• − x)4(∗ − y)4(◦ − z)2)(x, y, z) ≤ 1

64l2m2n
;

(Bl,m,n(• − x)4(∗ − y)2(◦ − z)4)(x, y, z) ≤ 1

64l2mn2
;

(Bl,m,n(• − x)2(∗ − y)4(◦ − z)4)(x, y, z) ≤ 1

64lm2n2

so that the estimation (3.2) results. Choosing by δ1 = 1√
l
, δ2 = 1√

m
and δ3 = 1√

n
in Theorem 2.2 we obtain the

inequality (3.3). �
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[2] Badea, C., Cottin, C., Korovkin-type Theorems for Generalized Boolean Sum Operators, Colloquia Mathematica Societatis Janos Bolyai, 58, Approx-

imation Theory, Kecskemet (Hungary) (1990), 51-67
[3] Badea, C., Badea, I., Cottin, C., Gonska, H.H., Notes on the degree of approximation of B-continuous and B-differentiable functions, J. Approx. Theory

Appl., 4 (1988), 95-108
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