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About approximation of B-continuous and B-differentiable functions of three
variables by GBS operators of Bernstein type

ABSTRACT.

In this article, using a method from the paper [4], the sequence of GBS operators of Bernstein type for B-continuous and B-differentiable functions
of three variables is constructed and some approximation properties of this sequence are established.

1. PRELIMINARIES

In the following, let X, Y and Z be compact real intervals and
D =X xY x Z. Afunction f : D — R is called a B-continuous function at (zo, Yo, 20) € D iff for any ¢ > 0, there
exists § > 0 such that

|Af[(xvyvz)v (I'O,yOVZO)H <€
for any (z,y,2) € D, with |z — 20| <, |y — yo| < 6 and |z — 29| < J. Here

Af[(xayaz)a (x07y0720)} = f(x,yv Z) - f(mvya ZO) - f(xayOv Z) - f(xoa Y, Z)+
+ f(2,90, 20) + f(20,y,20) + f(20, 0, 2) — f(Z0, Y0, 20)

denote a so-called mixed difference of f. A function f : D — R is called a B-differentiable function at (z¢, yo, z0) € D
iff it exists and if the limit is finite

lim Af[(xvyvz)v(mmysz)]

(x,y,z)—)(wo,yo,zo) (x - xo)(y - yo)(z - ZO)

This limit is named the B-differential of f at the point (z,yo, 2z0) and is denoted by D f(zo, ¥o, 2z0). The function f
is B-continuous (B-differentiable) on D iff f is B-continuous (B-differentiable) at each point (z¢,yo,20) € D. These
notions were introduced by K. Bogel in [5], [6] and [7]. The function f : D — R is B-bounded on D iff there exists
K > 0 such that |Af[(z,y, 2), (20, Yo, 20)]| < K for any (x,y, z), (zo, Yo, 20) € D. We shall use the function sets
B(D)={f/f: D — R, fbounded on D}, with the norm |[e||__
By(D)={f/f: D — R, f B—bounded on D},

with the norm|| f|| g = sup IAfl(2,y, 2), (u, v, w)]|
(z,y,2),(u,v,w)ED

Cy(D)={f/f:D — R, f B — continuous on D}
Dy, ={f/f: D — R, f B—differentiable on D}.

The following mean-value theorem will be useful in the sequel.

Lemma 1.1. If f € Dy([a,b] x [a/,V'] X [a”,b"]) then there exists
(&,1,¢) € (a,b) x (a’,b') x (a”,b") such that

Afl(a,a’,a"), (b,0",0")] = (b—a)(t' — a')(b" = a")Df(&,, ).
Let f € By(D). The function
Winized(f; o, ®,0) :[0,00) x [0,00) x [0,00) = R
defined by
Wiized([f; 01,02, 03) = sup{|Af[(z,y, 2), (z0, Yo, 20)]| : |z — zo| < 01,
ly — yo| < d2,[2 — 20| < 03}

for any 0q,02,03 € [0,00) is called the mixed modulus of smoothness and was introduced by I. Badea in [1] for
functions of two variables. Important properties of wy,;y.q Were established by C. Badea, I. Badea, C. Cottin and H.H.
Gonska in the papers [2] and [3].
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Lemma 1.2. Let f € By(D). Then
wmiwed(f;51752763) S wmiwed(f;6£76/275{/),> (11)
for any 01, 02, 03, 07, 05,05 € [0, 00) such that §; < &, 62 < 8% and 63 < 0%;

Af[(xaya Z)v (ua v, w)] < Wmized(f§ ‘x - U|a |y - U|a |Z - w|); (12)

Af(x,y,2), (u,v,w)] < (1 + |x6—1u|> <1 + |y(5—2v|> . (1.3)

zZ—w
. (1+ | 5 |) wmimed(f;61’52763)
3

fOT’ (51,(52,53 > 0,

Winized (f3 A101, A202, A303) < (14 A1)(1 4 A2)(1 + A3)- (1.4)
- Wiized (f501,02,03), A1, A2, Az > 0.

Lemma 1.3. Let f € Cy(D). Then
Winized(f:01,02,03) = 0. (1.5)

lim
51 ,52 ,53 —0

Let B, : C([0,1]) — C([0,1]) be the Bernstein operators, defined for any function f € C([0,1]) and any non-
negative integer m by

Bul)@) =3 pms(e)f ( K ) , 6)
k=0

m
where p,, ;; are the fundamental polynomials, defined by
m
pos(o) = (1 )t = o 17)

k€ {0,1,...,m}and z € [0,1] (see [8]).
Lete; : [0,1] = R, j €{0,1,2,3,4}, e;(x) = 27 be the test functions. Then we have (see [9])

Lemma 1.4. The operators B,,, have the properties:

(Bmeo)(®) = 1, (Bmer)(z) = z, (Bpes)(z) = 22 + %

(Bmes)(z) = (m — 17;(27”— 2) 84 3(mg D2y %x

and

(Bmea)(z) = (m — 1)(771771—3 2)(m—3) , 6(m-— z(m B 2)$2+
7(777; Do 1,

2. INTRODUCTION

Let L be a positive operator of three variables, applying the space
Rl x[a" V' ]x[a".b"] into jtself. The operator

UL - R[a,b]x[a',b/]x[a”,b”] - R[a,b]x[a',b’]x[a”,b”]
defined by
(ULf)(!I?,:% Z) = L[f(.vyv Z) + f(mv *, Z) + f(xayv O)_ (28)
- f('a*wz) - f(.ay7o) - f(l’,*,.) + f(.a*7o);xayaz]

is called GBS (generalized boolean sum) operator associated to L, where e, *, o stand for the first, the second and the
third variable. The term of GBS operator was introduced by C. Badea and C. Cottin in the paper [2].
For B-continuous functions we have the estimation
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Theorem 2.1. Forany f € Cy(D) and any 61, 2,93 > 0 holds the inequality
((ULf) (2,y,2) = f(,y,2)] <

g (1 VI D)y | VEE e |
01 P

V(Lo = 2)?)(x,y, 2) N V(L(e — 2)2(x —y)?) (2, y, 2
s 0102
V(L = y)2(0 = 2)?)(x,9, 2) N V(Lo = 2)2(e — 2)%)(z,y,2) N
(52(53 6361

V(Lo —2)2(x — y)?) (0 — 2)2(,y, 2)
010203

+

+

+

) . Wmized(f; 513 527 53)

where L : B(D) — B(D) is a positive linear operator which reproduces the constants.

Proof. After (1.3), for (z,y, z), (u,v,w) € D we have
Afl(x,y,2), (u,v,w)] < <1+ |f”5—U|) . <1+ |y6—v|) .
2

1

. (1 + |Z ; 'LU> wmixed(f; 01,02, 63)7

3
so that we can write

|f(z,y,2) = (ULf)(z,y,2)| < [(LAf[(z,y, 2)(®, %, 0)])(z,y, 2)| <
(Ll —yD(@y,2) | (Llo—z])(@.y,2)

(Ll ._xl)($7y7z>
<
< (1+ 5 + - . +
(L| o —x|| x —y|)(z,y,2) (L] *—yllo—2|)(z,y, 2)
+ 3105 + 3205 +
Jr(L| o—z|| & —z|)(,y, 2) N (L] e —z|| * —yl| o —z|)(=,y,2) |
5351 515253

: Wmized(fa 617 62; 63)

Applying the Cauchy-Schwarz inequality for positive linear operators the estimation from theorem results.

For B-differentiable functions we have the estimation

(2.9)

Theorem 2.2. Let L : Cy,(D) — B(D) be a positive linear operator which reproduces the constants and UL : Cy,(D) — B(D)

the associated GBS operator. Then for any function f € Dy (D) with D f € B(D) and any 1,02, 03 > 0 we have
((ULf) (@, y,2) = f(2,y,2)] <
< TIDflloe v/ (Lo = 2)2(x — y)2(0 — 2)?)(z,y, 2)+
V(Lo — 2)2(x —y)2(0 — 2)?)(x,y, 2)+

+67 'V (L(e — 2)4(x — y)2(0 — 2)2)(w,y, 2)+
+65 "/ (L(e — 2)2(x — y) (o — 2)2)(w, 9, 2)+
+05 "/ (L(e — 2)2(x — y)2(0 — 2)Y)(w, 9, 2)+
+67 165 /(Lo — ) (x — y) (o — 2)?) (w,y, 2)+
+65 165/ (L(e — 2)2(x — y) (0 — 2)*) (z,y, 2)+
+05 167 /(Lo — ) (x — )20 — 2)%) (z,y, 2)+
+07 105105 1/ (Lo — )2 (x — y) (o — 2)) (w9, 2)]-

'wmimed(Df, 51; 527 53)

Proof. For (z,y, z), (u,v,w) € D we can write

((ULf)(x,y,2) = f(z,y,2)| < [LAf[(z,y, 2), (u,v,w0)](z,y, 2)|
and after Lemma 1.1 we have
Afl(@,y,2), (w,v,w)] = (u—z)(v —y)(w = 2)Df(§,n,¢) =
= (u—a)(v—y)(w —2)(=ADf[(z,y,2),(&n, Q] + Df(x,y, 2)—
—Df(&y.2) — Df(x,n,2) — Df(2,y,¢) + Df(z,n, )+
+Df(&y,¢) + Df(En,2))

(2.10)
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so that we have
\(ULf)(x,y,2) = f(z,y,2)| < (Llu — z||]v — y[lw — 2|
JADf[(z,y,2), (&n, Ol (2, y, )+

+(Llu = zllv = yllw = 2[(|Df (2,9, 2)| + [Df(& v, 2)| + [Df (2, n, 2)|+
+|Df(z,y, Q)| + | Df(z,n, O+ Df(Ey, Ol + [Df(En. 2)) (2, y,2) <

S T D flloo(Llu = zlfv = yllw — 2|)(z, y, 2)+
+(Llu = zllv = yllw = zlwmizea(D f; € = [, [n =y, | = 2[))(z,y,2) <

S TD flloo (Llu = z||v — yllw — 2]) (z, y, 2)+

+{ Llu — z||v — y||w — 2] 1+M 1—|—u :
5 )

: (1 v 5; Z) )(x,y,z>wmmed<Df;61,52,63) =
= 7D flloo (Lt — x||v — yljw — 2[)(z,y, )+

u—x 2 v — w—z
+L<|u—x||v—y||w—z|+| I 5 yll |+
1
uU—T|w— 2’[1}—2 u— x| — w—z2
e allo = yPlw=z| | Ju= oo - ylo -2
(52 53
u— v —yPlw — 2| | |u—allv—yl|w— 2
0102 0203
v — v —yllw =2 fu— 2o —y]lw — 2
- 5301 " 510205 (:9.2)
Wmized(D[; 01,02, 03).
Applying the Cauchy-Schwarz inequality for positive linear operators the estimation from theorem results. O

Let B : C([0,1]3) — C([0,1]3), I, m, n non-negative integers, be the Bernstein operators for functions of three
variables, defined by

l m n . .
Buomn§)0,2) = 35S pri@)pm s 0)ps(2) - £ ( i k) , @11)

— £ I"'m’'n
1=0 j=0 k=0

(BE ) (w9, 2 Zp £ (750%) = Bmaf (o) w12

(BY f)(x,y, 2 me,g (x E z) = (Bimnf(x,*,2))(x,y,2)

( 3: Y, 2 an E\T <3’J, Y, ,i) = (Bl,m,nf(xv Y, O))(xv Y, Z)

The GBS operator of Bernstein type is the boolean sum
UBymn =B+ Bl +B. —B'BY —BY B — B.B + B'BY B;

where

(BB f)(x,y, 2 ZZPM 2)pm.j (y (;]z>:

1=0 j=0
:(Blmnf(. * Z))(iC Y,z )

(B;/nBZ :L’ YUY, 2 Zzpmj pnk f (xajak> =

7=0 k=0 m-n
= (Bl,m,nf(xa *, o))(m,y, 2)

l ik
CETCTEED 3) SN HEH (R

k=01
= (Bl,m,nf(.a Y, O))(I7 Y, Z)
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3. MAIN RESULTS

About approximation for B-continuous functions of three variables by Bernstein type operators, we have

Theorem 3.3. Forany f € Cy([0,1]3) and any (x,y, z) € [0, 1]® we have the inequality

1 1 1
UBimn T, Y,2) = J\ 1Y, 2 < BwWmize ST v =5 — |- 3.12
(UBL ) (o,,2) — F(2.0.2) (P o) 6.12)
Proof. We have
(Bl.,m,n(. - l’)2)(1',y,2’) = (Bl,m,nQQOO)(xayvz)f
x(l—=x 1
- 2$(Bl,m,n€100)($7yaz) +$2(Bl,m,n€000)(9€,y72) = % < 1’

where €5 : [0,1]> = R, e;jx(x,y,2) = 2'y?2%, i,5,k € {0,1,2,3,4} are the test functions. In a similar way can be
established the following

2 yl-y) _ 1
e < —_—
(Bl,mm(* y)°)(z,y,2) m = am
1-— 1

(Bumalo — )2 = 12 < L

L N2(L a2 _xy(l—x)(l—y)< 1
(Buma(e = 22 =)y, z) = L= D0 < o

N 2(0 )2 _yl-y)(d—2) 1
(Bimn(x —y)“ (0 —2)")(z,y,2) = mn 16mn

N2e a2 _zz(l—2)(1 —x) 1
(Bumn(o = 2o = ).y ) = 020 <

2 2 2 ryz(1 —z)(1 —y)(1 - 2)

_ _ _ = <

(Buman(s = 02+ = y)?)(0 = (2,4, 2) — <
1
< .
— 64lmn
. 1 1 1 . . . .
Choosing by 6; = 2—\[[, 0y = T and 03 = 2\7 in Theorem 2.1 we obtain the estimation (3.1). O
m n

Corollary 3.1. If f € Cy,([0, 1]®) then the sequence (U By m 1 )1,m nen converges to f uniformly on [0, 1]3.
For B-differentiable functions we have the estimation:

Theorem 3.4. Forany f € Dy([0,1]3) such that Df € B([0,1]3), any (z,y, 2) € [0,1] and any &1, 62, 65 > 0 we have
7 1

1 1 1
. <1+ 51\/Z> <1+ (52\/7’%) <1+ 53\/’5) wmized(Df;51752753)
and
\(UB1mnf)(2,y,2) = f(z,y,2)] < 8\/;Tn\lDfllooJr (3.14)

n 1 DY 1 1 1
mez:ced ) ] ) \/m7 n )
I, m, n positive integers, [, m,n > 2.
Proof. We have

_ oy —2)(1 —y)(1 = 2)

(Bumnlo — )20 = %0 ~ ) (w.,2) = o <
< 1 ;
~ 64lmn
(Bi,m,n(® — x)4(* - y)Q(O - 2)2)($> Y, 2) = (Bimn(® — $)4)(557 Y, 2)
1

*(Buann(+ = 9)")(@,4,2) (Bumn (0 = 2)") (2,9, 2) < o5 —
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because

(Bimn(®— o) (z,y,2) = (B1,m,n€400) (T, Y, 2) — 4(Bim nes00)(z,y, 2)+

+ 622 (Bim.n€200) (%, Y, 2) — 423 (Bim.ne100) (T, ¥, 2)+

-1 -2)1-3 6(l—1)(1 -2
+ 2 (Buommeooo) (@, 4, 2) = (1 —1)( - U =3) 4 O lé( ) 3o
(-1) , 1 (I-1)(1-2) 5 3(1-1), 1
—I—Tx —l—l3m—4x( 2 z° + B x—l—l—zm +
_1 1 —Nx2(1 —2)?
+ 622 (llm2 + lsc) —dat 42t = 3( ):§3( ?) +
x(l—z) 3l—2 1
< —.
L R THE R TE
In a similar way can be established the following estimations:
2 4 2 )
(Bl,m,n(. - Jf) (* - y) (O - Z) )(x,y, Z) < m7
2 2 4 )
(Brm,n(® = 2)"(x = y)*(0 = 2)7) (2,9, 2) < s
1
4 4 2 .
(Bl,m,n(. - l’) (* - y) (O - Z) )(I7y7 Z) < m7
(Bl,m,n(' - l’)4(* - y)Q(O - 2)4)(I7y7 Z) < m7
(Bl,m,n(. - 1,)2(* - y)4(o - 2)4)(£U,y7 Z) < m
so that the estimation (3.2) results. Choosing by §; = %, 8y = ﬁ and 83 = % in Theorem 2.2 we obtain the
inequality (3.3). O
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