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New category of inequalities

ABSTRACT.

In this paper we present a new category of inequalities, which gives new refinement for some classical inequalities.

1. INTRODUCTION

In the following, we consider the sets

Di(a) ={x eR:z>a}, Si(a) ={zr eR:z <a},
Do(a,b) = {(x,y) € R :ax +y > b}, So(a,b) = {(x,y) €R?:azx +y < b},

where a,b € Rand let N = {1,2,3,...}.
These offer light conditions for some classical inequalities.

2. INEQUALITIES IN D; AND S;
Theorem 2.1. Ifn € N, zy, € D1(0), k € {1,2,...,n} and a > 1, then

- n? " n(a—1)
< —_ 2.1
;1—1— a—1)z _(n+o¢—1)2k§xk+(n+a—1)2 @1)
Proof. Iz > 0and a > 1, the inequalit v rrdaly b it lent with (— 1)/
roof. If x and o 2 1, the inequality T— o Dr= nta_12 olds, because it is equivalent with (o — 1) (nx
1)?2 > 0. For z € {x1,22,...,z,} and summing the inequalities obtained, we have that
- Tk zn: n2rp +a—1
1t (a—Daox ~ = (nta-1) ’
from where (2.1) results. O
Corollary 2.1. If n e N, o> 1, y, € D1(0), k € {1,2,...,n}and y1 + y2 + - - + yn, # 0, then
3 91 <" 2.2)
epetie WL T Y2+ F Un n+a—1
Proof. In Theorem 2.1 we take z, = Uk ,ke{l,2,...,n}. O

YN t+yY2+ -+ Yn

1
Theorem 2.2. IfneN\{Z}andxkesl( ) {2},k€{1,2,...,n},then

(n—2)2 anl = <nﬁ2)2é$k- (2.3)

k=1

1 -2
Proof. If v < — and n € N\{2}, the inequality T ’ 5 > ZFL ’ 5)? is true because it is equivalent with (nz — 1)? > 0.
n—
Taking th lity ab t, we have that Sy =2 here (2.3) result O
aking the inequality above account, we have tha Z —233k ; n—27 rom where (2.3) results.

Corollary 2.2. Let n € N, n > 3. In all convex polygons with sides y1,ya, . . ., yn, the inequality

> “ > (24)
cyclicy2+y3+'“+yn_y1 n—2
holds.
Proof. In Theorem 2.2 we take z), = Uk , k€ {1,2,...,n} and it is verified immediately that z;, < -,
Yyi+y2+ -t Un 2
ke {1,2,...,n} because y1,y2, ..., Yy, are the sides of a convex polygon. O
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Theorem 2.3. Ifn € N\{1} and z), € S1(L)\{1}, k € {1,2,...,n}, then

-1 <&
(n— 1 2 Z ~ (n— 1) kzzl o 29
. Lo (2n-1z -1 . . . . .
Proof. If x < 1, the inequality T ( 2 is equivalent with (nz — 1)? > 0, which is a true inequality.
_ n—
. .. . - i - 1)(l‘k — 1)
Using this inequality, we have that kg —— ,;:1 W, from where (2.5) results. O

Corollary 2.3. Ifn € N\{1} and y, € D1(0), k € {1,2,...,n}, yo+ys+ - +yn >0, ys+ya+---+y1 >0,...,y1 +
Y2+ + Yn—1 > 0 then

2 n
Y1 1
> . 2.6
> LS 26)

cyclic k=1

Yk
Yy1+y2+--+yn

Proof. In Theorem 2.3 we take zj, = ,ked{l,2,...,n}. O

Corollary 2.4. If y1,y2,y3 € D1(0), y1 +y2 > 0, y2 +y3 > 0and y3 + y1 > 0, then

2
Z Y1 > Y1 +y22+y3 2.7)
cyclic Y2+ Ys
(OIM 1995)
Proof. In Corollary 2.3 we take n = 3. O
n?2—4n+1

Theorem 2.4. IfneN, n>3 and x, € Dy (2(712_"_2), ke{l,2,...,n}, then

n

(z, +1)2 an?(n? —n —
< 2.8
;3953—2%“ (n2 — 2n + 3)2 Zx’“ @8

n(n* — 4n3 + 4n? —|—12n+3)
(n? — 2n + 3)2 '

Proof. 1t is verified that the inequalities
dr +1 <6n (n? —n —2)x +n* — 4n® + n? + 24n

3x2 —2x+1~ (n? —2n + 3)2
5 . n? —4n+1

and (2(n* —n — 2)z — (n? — 4n + 1))(nxz — 1)? > 0 are equivalent for all z > AZ—n—2) n € N, n > 3 and the
dentity U0 L 200D forall ¢ € R, Taking int t the relations ab h
identity o5 7= 3 3627 — 20+ 1) olds for all = . Taking into account the relations above, we have
that

- +1) 2~ dap+1

L:BJF,ZQ%*
k:13zk—2xk+1 3 3 3xk72xk+1
o R
gé gZGn n? —n —2)z +nt — 4n3 + n? —l—24n7
3 3 (n? —2n + 3)?

from where (2.8) results. O

1
Corollary 2.5. If x1, 22,23 € Dy (4), then
(.131 + 1
<4 4, 29
kZSx “om 1 S At ezt + @9)

3
=1
Proof. In Theorem 2.4 we take n = 3. U
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Yk 1
— e D |—-)],ke{1,2, 3}, then
Y1 +y2 +us ( 4) 12,3}

Z (2y1 + 2 + y3)? <3
2uf + (y2 +y3)? —

Corollary 2.6. If y1,y2,y3 € R, y1 +y2 +y3 # 0 and

(2.10)
cyclic

Yk
Y1+ y2 +y3
Remark 2.1. The (2.10) inequality was given at the USA MO in 2008, but in the conditions in which y;, y2,y3 > 0.

Proof. In Corollary 2.5 we take zj = ,ke{1,2,3}. O

1 1
Theorem 2.5. Letn € Nand a € <0, ) U (,oo). If x, € S1(a))\{a}, then
n n

n 2 n
Ty n an
+ > T (2.11)
; a—z, (an—1)2 7 (an—1)2 kz:l
. . . IR anZI - 1 2 .
Proof. Taking into account that the inequalities > ( g and a(nxz — 1)° > 0 are equivalent for all z €
a—x an —

Si(a))\{a}. O

1 1
Corollary 2.7. Letn e N,n>2and a € <O, n) U <n,oo>.

Yk
Yyi+y2+---+yn

Ifyi,y2, - yn ERy1 +yo + -+ yn # 0and <a ke{l,2,...,n}, then

n
> 2 > (2.12)
Pt alyi+y2+ - +Yr—1+Ypr1+ - +yn)+(@a— Dy — an—1
Proof. In Theorem 2.5 we take zj, = Uk ,ked{l,2,...,n}. |

Yi+Y2+--+Yn

Yk
yity2t+-tyn

Corollary 2.8. If n e N,n > 2, y1,92,...,yn ER y1 +y2+ -+ yn # 0and <1, ke{l,2,...,n},

then .
3> o > (2.13)
ittty Yttty n— 1
Proof. In Corollary 2.7 we take a = 1. O
Remark 2.2. For n = 3 we obtain Nesbitt’s inequality (see [2] or [3]),
I - B - N 3 ’ (2.14)
Yy2+ys yYstyi ity 2

so inequality (2.13) is a generalization of Nesbitt’s inequality.

4
Theorem 2.6. If x;, € 51 <3> \{1}, k € {1,2,...,n}, then

21r \? _ &
Z(lm’;k) >3 ap (2.15)

k=1 k=

n

why  —

Y

3z is  equivalent  with

Proof. Tf < 1 the inequali 2
roof. x < 37 e  inequality T2
(3z —1)%(3z —4) <0. O

Corollary 2.9. Ifa,b,c € D1(0)\{0}, then

2 <b2+ac) =3 (2.16)

cyclic

(USA MO 2002)

a b c
z2=— O

Proof. In Theorem 2.6 we take x = ,Y = and z = .
a+b+c a+b+c a+b+c
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Theorem 2.7. If ), € (D1(2) N S1(3))\{3}, k € {1,2,...,n}, then

5n + Z x:i < % ,; (2.17)

Proof. If x € (D1(2) N S1(3))\{3}, the inequality xa:_

inequality.

1
3 < 2% 5 is equivalent with (x — 2)(z +15) > 0, which is a true

n

Using the inequality above, we have that Z

g Z (zk ), from where (2.17) results. ]
=1

Theorem 2.8. If ), € D1(—1)NS1(2), k € {1,2,...,n}, then

3 - iQ <o+ Z k. (2.18)

cyclic k=1

Proof. If x,y € D1(—1) N S1(2), then the inequality 3 < x4+ 2isequivalent with (z +1)(z —2)+ (2 +2)(y —2) <0,
-y

which is a true inequality.

3. INEQUALITIES IN D2 AND So

In this section, we start with geometrical images for some particular domain of D, type.

Example 3.1. The set D2(2,0) = {(z,y) € R x R: 2z +y > 0}.

2x+y=0

— 1 DJ2,0)

Example 3.2. The set D2(1,0) = {(z,y) e RxR:z+y > 0}.

x+ty=0

Dy(1,0)—

1
Example 3.3. The set Dz(a,0) N Dy (a , 0) , where a # 0.

a)ifa >0
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y
ax+y=0
1 _
aXy=0 N\ | D@onD(-L 0
\
(0] arctg(f%)i X
arctg(-a)
b)ifa <0
y
ax +y=0
D,(a,0)ND,(L.0) 7, arctg(-a)
1
\} arctg( a )
| y .
2 Xxty= 0

Theorem 3.9. Ifn € N, n > 2and (z1,22), (x2,23),...,(@n,x1) € D2(2,0), 21 + 22 #0, 20 + 23 #0,..., 2, + 21 #0,
then
3 n
xy 1
—_— > - . 3.1
Z (m1+$2)2_4zxk @1

2 _
WE % and (z—y)?(2x+y) >0 are equivalent for all (z,y) € D2(2,0)

and because the second inequality is true, it results that the first inequality is true. Then we have that

> B S > M_lix
(2131+£L‘2)2 - 4 o 4k=1 ko

cyclic cyclic

so (3.1) is obtained. |

Proof. It is verified that the inequalities

Remark 3.1. In Example 3.1 we see that the domain for which the inequality (3.1) holds. This set includes the set
{(z,y) ERxR:z >0,y >0}\{(0,0)}.

Corollary 3.1. Ifn € N, n > 2 and (y1,92), (Y2,Y3):-- - (Yn,¥1) € D2(2,3), y1 + Y2 # 2, y2o + Y3 # 2,...,Yn + 11 # 2,

then
(y1 — 1) 1 n
) Sl S P (3.2)
—9)2
cyclic (yl T Y2 2) 4 k=1 4
Proof. In Theorem 3.9 we take x, =y, — 1, k € {1,2,...,n}. O

Theorem 3.10. Ifn € N, n > 2 and
($1,$2), (£U2,$3), ceey (xnvxl) € (52(370) N D2(170))\{(070)}7

then
3 n
x] 1 9
< - . .

Zxﬁrm_?sz 53

cyclic k=1
Proof. We start from the inequality —— < 2* " for al

roof. We start from e1nequa1yx+y_ 3 ora
(z,y) € (52(3,0) N D2(1, 0)\{(0,0)}-

This inequality is true because it is equivalent with the following true

inequality (z — y)?(3z +y) < 0 for all (z,y) € (S2(3,0) N Da(1,0)\{(0,0)}. O
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Remark 3.2. Let 22 + azy + y?, z,y € R be a polynomial. If a € (—2,2) then A = a? — 4 < 0,50 2% + azy + y? > 0 for
all (z,y) € R x R\{(0,0)}.
If a = 2, then 2% + 22y + y? = (z + y)? and this case is studied in Theorem 3.9.

In the following let a € (—2,2).
Theorem 3.11. Ifn € N, n > 2 and
(Il, .Ig), (IQ, 583)7 ey (In, Il) S Dg(a, O)\{(O, 0)},

then
3 n
Ty 1
3 S (34)
2 2
cyatie Y1 T ATIT2 H a3 At 2=
Proof. The following i lit A d (z—y)*(az+y) >0 for all (z,y) € Da(a,0)\{(0,0)}. Th
roof. The following inequalities oty arz and (z—y)*(ax+y) >0 for all (z,y) € Da(a,0)\{(0,0)}. Then
3 2x1 — x
Z m > Z ﬁ,from where the inequality (3.4) results. O

cyclic cyclic

Remark 3.3. The inequalities used in the proofs from Theorem 3.10 and Theorem 3.11 appear in [1], where, by
particularizations, the author M. Bencze obtains some inequalities in triangles.

Theorem 3.12. Ifn € N,n > 2, a # 0and

(1,22, (22, 23), ..., (s 21) € (DQ(Q,O) A D, (i o)) \{(0,0)},

then

3 3 n
] + x5 2
> . 3.5
Z 1’%—‘,—(11’1$2+x%_a+2kz::1xk ( )

cyclic

Proof. Taking Theorem 3.11 into account, we have that

n

) 8 >3
x
22 +arviza+ 23 T a+2 k

cyclic 2 k=1
and
3 n
Th 1
> DI
2 2 = )
cyclic 1 T ar12 + T2 a+2 k=1
from where the inequality (3.5) results. O
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