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Integral mean for fuzzy random variables

IuLIANA CARMEN BARBACIORU

ABSTRACT. In this paper we give some convergence properties with respect to weakly conver-
gence for integral mean of fuzzy random variables.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real separable reflexive Banach space with dual X* and (-, ) the
dual operations between X and X*. Let 2% denote the family of all nonempty
subsets of X and o (A, z*) = sup {(z*, z) ;z € A} the support function of A C X.
Also, we denote by Py (X) the family of all nonempty closed subsets of X, by
Pyc (X) the family of all nonempty bounded closed convex subsets of X, and by
Puwke (X) the family of all nonempty weakly compact convex subsets of X. For
A,B € P;(X), let H(A, B) denote the Hausdorff metric of A and B defined by

H(A, B) = max {supd(a, B),supd (b, A)}
acA beB
where d (a, B) = blélg la —b] and ||-|| is the norm of X. If A, B are convex sets,

then
H(A7B): sup |O'(A,l‘*)70'(871‘*)‘

llz*]I<1

Let (T, %, ) be a complete finite measurable space and F' : T — P (X) a set
valued function. F' is said to be measurable if

FlA={tcT;Ft)nA+ 2} X

for every A € Py (X). A function f : T'— X is called an integrable selector of F’
if f is Bochner integrable and f(t) € F'(t),t € T. Let

Sp={f;f:T — X is an integrable sector} .
For A € 3, the Aumann-Bochner integral of F' is defined by

[ Fano = { [ oo e se
A A
where [, f(t)du(t) is the Bochner integral of f.
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F' is said to be integrable if S # @. F is said to be integrable bounded if
|F(t)] = sup |z|| is integrable.

z€F(t)

We know (see [6]) that F' : T — Pk (X) is measurable if and only if for
every z* € X*, t — o(F(t),z*) is measurable. Moreover, if F is measurable
and integrable bounded then [, F(t)du(t) € Puke (X) and o( [, F(t)du(t),z*) =
Jyo( z*)du(t) for every z* € X*.

The def1n1t10n of Aumann-Bochner integral was introduced by Aumann in [1]
on R™ and was generalized by Hiai [5] and Papageorgiou [8] on Banach spaces.

In this paper a fuzzy vector u € Fyi.(X) is a function v : X — [0,1]
for which the a- level set [u]* of u, defined by [u]® = {z € X;u(z) > a} is
nonempty, weakly compact convex subset of X for all « € [0,1]. Also [u]’ =
{z € X;u(z) > 0} is weakly compact.

For two fuzzy vectors u, v € Fyi. (X) we can define a distance D : Fk. (X) X
Fuke (X) — Ry by

D(u,v) = sup H([u]*,[v]").
0<a<l1
A function v : X — [0, 1] is said to be a Lipschitz fuzzy vectorr if it satisfies
the following:
(1) [u]® is bounded closed convex;
(2) there exists a constant L > 0 such that

H([u]*,[u)?) < L|a — 3| forall a, 3 € [0,1]

If we put Fr (X) = {w;uis Lipschitz fuzzy vector} then we have that
Fr(X) C Fure (X). F: T — Fyie (X) is said to be a measurable fuzzy map-
ping (or a fuzzy random variable ) if [F]*(t) = {z € X; F(t) > a} is a measurable
set-valued mapping for every a € [0, 1].

F' is said to be 1ntegrab1e if for every A € 3 there exists a ua € ]-"u,kc( )
such that [ua]* = [,[F] u(t) for all a € [0,1]. We call uy = [, F(t)du(t)
the 1ntegral of F on A Therefore, [ F(t)du(t) = ua if and only if [u A] =

[ F( = [AlF1*(®)dp(t) -

A sequence {up} C ]—'wkc (X ) is said to be weakly convergent to u € Fie (X) if

(03

o ([un]®, ) — o ([u]*,2*) asn — oo

forall a € [0,1] and #* € X*. We denote by u,, — u the weakly convergence.

In this paper we give some convergence properties with respect to weakly con-
vergence for integral mean of fuzzy random variables. The properties of integral
mean for fuzzy random variables with respect to the metric D was studied in [2].
The set-valued versions of the results in [2] were given in [10].

2. THE CONVERGENCE OF INTEGRAL MEAN

Let F : T — Fyge (X) be an integrable bounded fuzzy random variable. Then
the fuzzy mapping Mp : T — Fyie (X) given by

Mr (4) = — [ PO,

where A € ¥ and p (A) # 0is called the fuzzy integral mean of F.
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Remark 2.1. For every a € [0,1] and A € ¥ with i (A) # 0, we have that

a 1 o
Mr (A = 5 [ 1 0auo).
Indeed we have
M (A)° = [M(lA) / F(t)du(tﬂ u(lA)[ / F(t)du(t)]
1 «
- /A FJ* (6)dut).

Proposition 2.1. Let F' : T — Fy, (X) be a fuzzy random variable such that satisfy the
following:

(1) there exists an integrable function g : T — Ry such that
[FI°(t)] < g(t),
(2) there exists an integrable function h : T — R such that
H([F]*(t), [F]°(t)) < h(t) |o — 6] forall a, 8 € [0,1].
Then, for each A € ¥ with p (A) # 0, there exists us € Fr, (X) such that

wal” = |t [ o] = s [0
ie. Mg (A) € Fy, (X)

Proof. According to theorem 4.5 in [11], then exists a u4 : X — [0, 1] such that
[ual® € Pyse (X) and satisfies

il = [ [ Poauto] = [ e

Hence

H(ME (A" 7 (4)) = H([MlA) [ o] s F(t)dmwr)
Sy
= ot (i@, [ 1w
< o [ H PO 0) du)
< L ([ i) ja- s

we have My (A) € F7, (X) and the proof is complete. 0

Theorem 2.1. Let F' : T — Fp, (X) be a fuzzy random variable such that satisfy the
following:
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(1) there exists an integrable function g : T" — R such that
ILFI° ()] < g(8),
(2) there exists an integrable function h : T — R such that
H([FI*(), [F1(8)) < h(t) o - B] for all a, 3 € [0,1].
Then the level-application o — [Mp(A)]|“ is H-continuous on [0, 1].

Proof. Let A € ¥ with u(A) # 0 and a,,, € [0, 1] such that o, — v asn — oo.
Since

H([Mp (A)]*", [MF (A)])
1 o T .
- ([ o] ]
1 a 1 o
-4 (#(A) [ AF(t)du(t)] "1 (A) [ AF(t)dM(t)} )
! Xn o
T (/A[F] (B)dpa(t), /A [F] (t)du(t))
1 An a
= m/AH([F] (t), [F]*(t)) dp(t)
< L ([ nan®) 1o, -l
we infer that H([Mp (A)]*" , [MFr (A)]*) — 0asn — oo, and so a — [Mp(A)]% is

H-continuous on [0, 1]. O

Theorem 2.2. Let F,, : T — Fypc (X), n € N, be a sequence of integrably bounded

fuzzy random variables such that F,, > F € Fype (X) as n — oo. Then Mp, (A) =
Mp (A) forall A € ¥ with u(A) # 0.

Proof. Since F;, Y F asn — oo then, for every ¢ > 0 and z* € X* there exists
ng € N such that

o ([Fa]®(8), 2%) — o ([F]*(2),27) | < e

for all n > ng. Further, if A € ¥ with u (A) # 0 then, for n > ng, we have
o ([MF, (A)]*,2") — o ([Mp (A)]",z7)]|

- tale ([ ] ) o[ o] )
- ﬁ /Aa([Fn]a(t),x*)du(t)—AU([F]a(t>v$*)dl~t(t)’

1 ) o pa g
- m/ o ([Fa]* (1), 2") = o ([F]* (1), )]du(t)‘
= (IA /' — o ([F]*(t),2%)| du(t) < e

Therefore lim,, .o, o ([Mp, (A)]",2*) = o ([Mr (A)]*,2*) and hence Mp, (A) =
Mp (A) asn — oo. O
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