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Some bivariate piecewise operators

MARIUS BIROU

ABSTRACT. In this paper we construct some bivariate interpolation operators using chains of bi-
variate piecewise Hermite projectors which are parametrical extensions of corresponding univariate
projectors. We study the convergence of these operators.

1. INTRODUCTION

Boolean methods in multivariate approximation were introduced by Gordon
W.J. in 1969 in [6]. These results were extended by Delvos F.J., Posdorf H.,
Schempp W. (see [5]).

Let X , Y be the linear spaces on R.
The linear operator P defined on space X is called projector if P 2 = P .
The operator PC = I − P , where I is identity operator, is called the remainder

projector of P .
The set of interpolation points of projector P is denoted by P(P ).

Proposition 1.1. If P , Q are commutative projectors then we have

P(P ⊕Q) = P(P ) ∪ P(Q) (1.1)

If P1, P2 are projectors on space X , we define relation “≤”:

P1 ≤ P2 ⇔ P1P2 = P1 (1.2)

Proposition 1.2. [5] Let r ∈ N, P1,. . . , Pr projectors on C(X) and Q1,. . . , Qr projec-
tors on C(Y ). Let P ′1,. . . , P ′r, Q′′1 ,. . . , Q′′r be the corresponding parametric extensions.
We assume that

P1 ≤ P2 ≤ · · · ≤ Pr, Q1 ≤ Q2 ≤ · · · ≤ Qr (1.3)
We have that

Br = P ′1Q
′′
r ⊕ P ′2Q′′r−1 ⊕ · · · ⊕ P ′rQ′′1 (1.4)

is projector and it has representation

Br =

r∑
m=1

P ′mQ
′′
r+1−m −

r−1∑
m=1

P ′mQ
′′
r−m (1.5)

Moreover, we have

BCr = P ′Cr +P ′Cr−1Q
′′C
1 + · · ·+P ′C1 Q′′Cr−1 +Q′′Cr − (P ′Cr Q′′C1 + · · ·+P ′C1 Q′′Cr ) (1.6)
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where PC = I − P , I is identity operator.

If the projectors Pi and Qj are univariate Lagrange interpolation projectors
we obtain bivariate Biermann interpolation projector (see [5]). The operator Br
was studied by the author in the case when Pi and Qj are univariate Hermite
and Birkhoff interpolation projectors ([3]), [4]). The bivariate polynomial in-
terpolation schemes generated by operator Br are used as local approximation
tools. To obtain global bivariate interpolation schemes we can use piecewise in-
terpolation projectors instead of polynomial projectors of Lagrange, Hermite or
Birkhoff type. Baszenski and Delvos used periodic spline interpolation projec-
tors to construct bivariate global approximation method (see [5]). In this article
we use piecewise Hermite interpolation projectors to obtain bivariate interpola-
tion schemes which are global. These interpolation schemes have applications in
finite element method.

In section 2 we give some preliminaries notions and results related to univari-
ate piecewise Hermite interpolation projectors from [1], [2].

In section 3 we construct the bivariate piecewise Hermite interpolation Br and
study the interpolation properties and the order of convergence.

2. PRELIMINARIES

Let T ∈ R, T > 0 and ∆ : 0 = x0 < x1 < · · · < xN+1 = T a uniform partition
of interval [0, T ] with h = T/(N + 1).

Definition 2.1. [1] If r and p are positive integer, 1 ≤ p ≤ ∞ then PCr,p[0, T ] is
defined as being the set of the functions which satisfy the following conditions:

i) f is (r − 1) times continuous and differentiable on [0, T ];
ii) there is si, 0 ≤ i ≤ L + 1 with 0 = s0 < s1 < · · · < sL+1 = T so that on each

open subinterval (si, si+1), 0 ≤ i ≤ L, f (r−1) is continuous and differentiable;
iii) the norm Lp of the derivative f (r) is finite, i.e.

‖Drf‖p =

(
L∑
i=0

∫ si+1

si

|(Drf)(x)|pdx

)1/p

<∞.

In the case of p =∞we have

‖Drf‖∞ = max
0≤i≤L

sup
x∈(si,si+1)

|(Drf)(x)| <∞.

For ∆ fixed, we define the set Hm(∆) = {h ∈ Cm−1[0, T ]| h is a polynomial of
degree at most (2m− 1) on each subinterval [xi, xi+1], 0 ≤ i ≤ N}. We notice that
the space Hm(∆) has the dimension m(N + 2).

Definition 2.2. [1] If f ∈ Cm−1[0, T ] then we say that H∆
mf is the Hermite

interpolation function of f respect to the set Hm(∆) if H∆
mf ∈ Hm(∆) with

Dk(H∆
mf)(xi) = (Dkf)(xi) = x

(k)
i , 0 ≤ i ≤ N + 1, 0 ≤ k ≤ m− 1.

If f ∈ Cm−1[0, T ] then the function H∆
mf exists unique and has representation

(H∆
mf)(x) =

N+1∑
i=0

m−1∑
j=0

hm,i,j(x)f (j)(xi) (2.7)
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where hm,i,j , 0 ≤ i ≤ N + 1, 0 ≤ j ≤ m − 1 are cardinal functions from Hm(∆)
and which satisfy the conditions

h
(ν)
m,i,j(xµ) = δiµδjν , 0 ≤ ν ≤ m− 1, 0 ≤ µ ≤ N + 1.

We have an integral representation for the remainder term of piecewise Hermite
interpolation (see [2])

f(x)− (H∆
mf)(x) =

∫ T

0

GN (x, s)f (2m)(s)ds

with the Peano kernel function

GN (x, s) = (H∆
m)c

[
(x− s)2m−1

+

(2m− 1)!

]

where z+ = z if z ≥ 0 and z+ = 0 if z < 0. The application of (H∆
m)c to

(x−s)2m−1
+

(2m−1)!

is considered respect to the variable x.

Theorem 2.1. [1] If f ∈ PC2m,∞[0, T ] then

‖f −H∆
mf‖∞ = O(h2m− 1

2 ), h→ 0.

It follows there exists a positive constant c such that

sup

{∫ T

0

|GN (x, s)| ds, x ∈ [0, T ]

}
= ch2m− 1

2

3. MAIN RESULTS

Let N ∈ N, N > 1 and D = [0, T ], T > 0. Let ∆k : 0 = x0 < x1 < · · · <
xNk = T a uniform partition of the interval with the step T/Nk. The univariate
piecewise Hermite interpolation projectors

Hm,Nk := H∆k
m , k ∈ N

are commuting in PC2m,∞[0, T ] and verify the order relation

Hm,Nk ≤ Hm,N l , k ≤ l. (3.8)

Definition 3.3. [1] The space PCp,r(D2) is defined as being the space of the bi-
variate functions which satisfy the following conditions

i) f is (r − 1) times continuous differentiable on D2, i.e. there exist the deriva-
tives Dµ

xD
ν
y , 0 ≤ µ+ ν ≤ r − 1 and they are continuous on D2;

ii) there are si, 0 ≤ i ≤ L + 1, and vj , 0 ≤ j ≤ R + 1 with 0 = s0 < s1 <
... < sL+1 = T and 0 = v0 < v1 < ... < vR+1 = T so that on the open
rectangular domain (si, si+1)× (vj , vj+1), 0 ≤ i ≤ L, 0 ≤ j ≤ R and for every
0 ≤ µ, ν ≤ r−1 with µ+ν = r−1, the derivatives Dµ

xD
ν
y are continuous and

differentiable;
iii) for every 0 ≤ µ, ν ≤ r − 1 with µ + ν = r − 1 the norm Lp of the derivative

Dµ
xD

ν
y is finite

∥∥Dµ
xD

ν
y

∥∥
p

= (

L∑
i=0

R∑
j=0

∫ si+1

si

∫ vj+1

vj

∣∣(Dµ
xD

ν
yf)(x, y)

∣∣p dxdy)1/p <∞.



316 Marius Birou

For the particular case p =∞ it reduces to∥∥Dµ
xD

ν
yf
∥∥
∞ = max

0≤i≤L
0≤j≤R

sup
(x,y)∈(si,si+1)×(vj ,vj+1)

∣∣Dµ
xD

ν
yf(x, y)

∣∣ <∞
The parametrical extensions

(H ′m,Nkf)(x, y) =

Nk+1∑
i=0

m−1∑
p=0

hm,i,p(x)f (p,0)(xi, y)

(H ′′m,N lf)(x, y) =

N l+1∑
j=0

m−1∑
q=0

hm,j,q(y)f (0,q)(x, yj)

generate a distributive lattice of interpolation projectors on PC2m,∞(D2) and a
boolean algebra of projectors which contain the remainder projectors.

The tensor product interpolation operator is given by

(H ′m,NkH
′′
m,N lf)(x, y) =

Nk+1∑
i=0

N l+1∑
j=0

m−1∑
p=0

m−1∑
q=0

hm,i,p(x)hm,j,q(y)f (p,q)(xi, yj)

We construct the piecewise Hermite blending interpolation projector of order
r

BNr = H ′m,NH
′′
m,Nr ⊕H ′m,N2H ′′m,Nr−1 ⊕ · · · ⊕H ′m,NrH ′′m,N . (3.9)

Proposition 3.3. The interpolation projector BNr has the following interpolation prop-
erties

(BNr f)(p,q)

(
i
T

Nn
, j

T

Nr+1−n

)
= f (p,q)

(
i
T

Nn
, j

T

Nr+1−n

)
, (3.10)

0 ≤ i ≤ Nn, 0 ≤ j ≤ Nr+1−n, 1 ≤ n ≤ r, 0 ≤ p, q ≤ m− 1.

Proof. Taking into account

(H ′m,NkH
′′
m,N lf)(p,q)

(
i
T

Nk
, j
T

N l

)
= f (p,q)

(
i
T

Nk
, j
T

N l

)
0 ≤ i ≤ Nk, 0 ≤ j ≤ N l, 0 ≤ p, q ≤ m− 1

and

P(BNr ) =

r⋃
n=1

P(H ′m,NnH ′′m,Nr+1−n)

we obtain the relation (3.10). �

Remark 3.1. If r = 1 then BN1 = H ′m,NH
′′
m,N is piecewise Hermite tensor product

interpolation projector.
If r = 2 then

BN2 = H ′m,NH
′′
m,N2 +H ′m,N2H ′′m,N −H ′m,NH ′′m,N

is named the discrete blending piecewise Hermite interpolation projector.
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Theorem 3.2. If f ∈ C2m,∞(D2) then

‖f −BN2 f‖∞ = O

((
1

N2

)2m− 1
2

)
, N →∞.

Proof. From the formula (1.6) we have

(BN2 )c = (H ′m,N2)c + (H ′′m,N2)c + (H ′m,N )c(H ′′m,N )c

−(H ′m,N2)c(H ′′m,N )c − (H ′m,N )c(H ′m,N2)c.

It follows
|f(x, y)− (BN2 f)(x, y)|

≤
∫ T

0

|GN2(x, s)|ds‖f (2m,0)‖∞ +

∫ T

0

|GN2(y, t)|dt‖f (0,2m)‖∞

+

∫ T

0

∫ T

0

|GN (x, s)||GN (y, t)|dsdt‖f (2m,2m)‖∞

+

∫ T

0

∫ T

0

|GN2(x, s)||GN (y, t)|dsdt‖f (2m,2m)‖∞

+

∫ T

0

∫ T

0

|GN (x, s)||GN2(y, t)|dsdt‖f (2m,2m)‖∞

≤ c
(
T

N2

)2m− 1
2

‖f (2m,0)‖∞ + c

(
T

N2

)2m− 1
2

‖f (0,2m)‖∞

+c2
(
T

N

)2m− 1
2
(
T

N

)2m− 1
2

‖f (2m,2m)‖∞+c2
(
T

N2

)2m− 1
2
(
T

N

)2m− 1
2

‖f (2m,2m)‖∞

+c2
(
T

N

)2m− 1
2
(
T

N2

)2m− 1
2

‖f (2m,2m)‖∞

= O

((
1

N2

)2m− 1
2

)
, N →∞.

�

Theorem 3.3. If f ∈ C2m,∞(D2) then

‖f −B2
rf‖∞ = O

(
r

(
1

2r

)2m− 1
2

)
, r →∞.

Proof. From the formula (1.6) we have

(B2
r )c = (H ′m,2r )c + (H ′′m,2r )c +

r−1∑
n=1

(H ′m,2r−n)c(H ′′m,2n)c

−
r∑

n=1

(H ′m,2r+1−n)c(H ′′m,2n)c.

It follows
|f(x, y)− (B2

rf)(x, y)|
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≤
∫ T

0

|G2r (x, s)|ds|f (2m,0)‖∞ +

∫ T

0

|G2r (x, t)|dt‖f (0,2m)‖∞

+

r−1∑
n=1

∫ T

0

∫ T

0

|G2r−n(x, s)||G2n(y, t)|dsdt‖f (2m,2m)‖∞

+

r∑
n=1

∫ T

0

∫ T

0

|G2r+1−n(x, s)||G2n(y, t)|dsdt‖f (2m,2m)‖∞

≤ c
(
T

2r

)2m− 1
2

‖f (2m,0)‖∞ + c

(
T

2r

)2m− 1
2

‖f (0,2m)‖∞

+

r−1∑
n=1

c

(
T

2r−n

)2m− 1
2

c

(
T

2n

)2m− 1
2

‖f (2m,2m)‖∞

+

r∑
n=1

c

(
T

2r+1−n

)2m− 1
2

c

(
T

2n

)2m− 1
2

‖f (2m,2m)‖∞

= O

(
r

(
1

2r

)2m− 1
2

)
, r →∞.

�
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