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Fixed point theory for multivalued contractions on a
set with two b-metrics

MONICA BORICEANU

ABSTRACT. The purpose of this paper is to present some fixed point results for multivalued con-
tractions on a set with two b-metrics. The data dependence and the well-posedness of the fixed point
problem are also discussed.

1. INTRODUCTION

The concept of b-metric space appeared in some works, such as N. Bourbaki,
I.A. Bakhtin, S. Czerwik, etc. Several papers deal with the fixed point theory
for singelvalued and multivalued operators in b-metric spaces (see [1], [2], [3],
[8]). In the first part of the paper we will present a fixed point theorem for a
multivalued contraction on b-metric space endowed with two b-metrics. Then, a
strict fixed point result for multivalued contraction in b-metric spaces is proved.
The last part contains several conditions under which the fixed point problem for
a multivalued operator in a b-metric space is well-posed and a data dependence
result is given.

2. NOTATIONS AND AUXILIARY RESULTS

The aim of this section is to present some notions and symbols used in the
paper.
We will first give the definition of a b-metric space.

Definition 2.1. (Bakhtin [1], Czerwik [3]) Let X be a set and let s > 1 be a given
real number. A function d : X x X — R is said to be a b-metric if and only if for
all z,y, z € X the following conditions are satisfied:
(1) d(z,y) = 0ifand only if x = y;
() d(z,y) = d(y,z);
() d(z,2) < sld(z,y) + d(y, 2)].
A pair (X, d) is called a b-metric space.
We give next some examples of b-metric spaces.
Example 2.1. (Berinde see [2])
The space [,(0 < p < 1),
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by = {(zn) CRI Y |za|” < o0},
n=1

together with the function d : [, x [, — R,

d(z,y) = (O |z — yal")'/7,
n=1

where z = (z,),y = (yn) € I, is a b-metric space.
By an elementary calculation we obtain: d(z, z) < 2Y/P[d(z,y) + d(y, 2)].
Hence a = 21/7 > 1.

Example 2.2. (Berinde see [2])
The space L, (0 < p < 1) of all real functions z(¢), ¢t € [0, 1] such that:

1
/ le(t)Pdt < oo,
0

is a b-metric space if we take

1
d(z,y) = (/ |z(t) — y(t)|Pdt)'/?, foreach z,y € L,,
0
The constant a is as in the previous example 21/7.

We continue by presenting the notions of convergence, compactness, closed-
ness and completeness in a b-metric space.

Definition 2.2. Let (X, d) be a b-metric space. Then a sequence (x,)nen In X is
called:

(8): Cauchy if and only if for all ¢ > 0 there exists n(e) € N such that for
each n, m > n(e) we have d(z,,, z,) < €.

(b): convergent if and only if there exists z € X such that for all € > 0 there
exists n(e) € Nsuch that for all n > n(e) we have d(z,,, ) < . In this case
we write Jirro%xn = x.

Remark 2.1. (1) The sequence (z,)neny Iis Cauchy if and only if
lim d(zy, Tnyp) = 0, forall p € N*.
(2) The sequence (x,, )nen is convergentto z € X if and only if li)m d(xp,x) =
0.

Definition 2.3. (1) Let (X,d) be a b-metric space. Then asubsetY C X is
called
(i) compact if and only if for every sequence of elements of Y there
exists a subsequence that converges to an element of Y.
(ii) closed if and only if for each sequence (z,)nen in Y which con-
verges to an element z, we have z € Y.
(2) The b-metric space is complete if every Cauchy sequence converges.
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We consider next the following families of subsets of a b-metric space (X, d):
PX):={Y e P(X)| Y # 0};

Py (X) :={Y € P(X)| diam(Y) < oo},

where
diam : P(X) = R4 U {oo},diam(Y") = sup{d(a,b),a,b € Y}

is the generalized diameter functional;

P.,(X):={Y € P(X)|Y is compact};

P, (X):={Y € P(X)| Y isclosed};
Py o(X) := Py(X) N Py(X)

We will introduce the following generalized functionals on a b-metric space
(X, d). Some of them were defined in [3].

(1) D: P(X) x P(X) = Ry U{+o0},
D(A, B) = inf{d(a,b)|a € A,b € B},
forany A, B C X.
D is called the gap functional between A and B. In particular, if xy € X
then D(zg, B) := D({xzo}, B).
(2) 0: P(X) x P(X) = Ry U{+o0},
d(A, B) = sup{d(a,b)|a € A, b€ B}.
(3) p:P(X)xP(X)— Ry U{+o0},
p(A, B) =sup{D(a, B)|a € A},
forany A, B C X.

p is called the (generalized) excess functional.
(4) H: P(X) x P(X) = Ry U{+o0c},

H(A, B) = max < sup D(x, B),sup D(A,y) ¢,
€A yeB

forany A, B C X.
H is the (generalized) Pompeiu-Hausdorff functional.

Let (X, d) be a b-metric space. If F : X — P(X) is a multivalued operator, we
denote by Fiz(F) the fixed point set of F, i.e. Fiz(F) := {z € X|z € F(x)} and
by SFix(F) the strict fixed point set of F, i.e. SFix(F) := {z € X|{z} = F(z)}.

The following results are useful for some of the proofs in the paper.
Lemma2.1. (Czerwik [3]) Let (X, d) be a b-metric space. Then

D(z,A) < sld(z,y) + D(y, A)], forall z,y € X, A C X.
Lemma 2.2. (Czerwik [3]) Let (X, d) be a b-metric space and let {z}}_, C X. Then:
d(xp,20) < sd(zo,21) 4+ ... + 8" d(xp_o,2p_1) + 8" d(Tp_1,20).

Lemma 2.3. (Czerwik [3]) Let (X, d) be a b-metric space and for all A, B,C € X we
have:

H(A,C) < s[H(A, B) + H(B,C)].
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Lemma 2.4. (Czerwik [3])
(1) Let (X, d) be a b-metric space and A, B € P;(X). Then for each o« > 0 and for all
b € B there exists a € A such that:

d(a,b) < H(A, B) + o

(2) Let (X, d) be a b-metric space and A, B € P.,(X). Then for all b € B there exists
a € A such that:

d(a,b) < sH(A, B).

3. MAIN RESULTS

Theorem 3.1. Let X be a nonempty set, d and p two b-metrics on X with constants
s > 1 and respectively t > 1 and let ' : X — P(X) a multivalued operator. We
suppose that:

(i): (X,d) is a complete b-metric space;

(ii): There exists ¢ > 0 such that d(z,y) < c¢- p(z,y), forall z,y € X;

(iii): F:(X,d) — (P(X), Hg) is closed;

(iv): Thereexists 0 < a < 1 such that

Hp(F(CIJ),F(y)) é Oép(x,y),

forall z,y € X.
Then we have:
(1) Fiz(F) # 0;
(2) Forallz € X and y € F(x) there exists (x,,)nen Such that:
@) o =z,21 =y;
(0) zpt1 € Fay);
) d(zn,x*) — 0,as n — oo, where z* € Fix(F);

d) p(zn,2*) < {2 p(xo,21).

Proof. Letl < g < % be arbitrary. Take zo € X and for all z; € F(z() there exists
x2 € F(x1) such that:

p(z1,12) < qH,(F(x0), F(z1)) < qap(zo, 71).

For 25 € F(x1) there exists z3 € F(z2) such that:

p(anx?)) < qu(F(xl)vF(xQ)) < qo‘p(xhl?) < (qa)Qp(anxl)

We can construct by induction a sequence (z, )nen Such that
p(@n, Tnt1) < (qa)" p(x0, 1), foralln € N.

We will prove next that the sequence (z,).cn is Cauchy, by estimating
p(Tn, mn+p)-
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P(@n, Tnip) < p(Tn, Tugr) + 2p(Tnir, Tng2) + .t
+...+ tpilp(xnﬂk% Tntp—1) + tpilp(xnﬂ)flv Tnip)

< t(ga)"p(wo, 1) + t3(q)" plwo, x1) + .t

Fo P (ga) P2 p(o, 1) + 177 (qa) P pxo, 1) =
=t(qa)"p(z0, 21)[1 + tqa + ... + (tga)P~2 + tP=2(qa)P~ 1]

< t(qa)" p(xo, 71)[1 + tga + ... + (tg)P~2 + 7~ (qar)P ]

— P
= t(qa)" p(xo, x1) ! 1(_1?(;) .

But1 < ¢ < = so we obtain that:

1 — (tga)?

1
T — 0, (3.1)

P(n, Tntp) < tga)"plxo, 21)
asn — 00. SO (zy)nen IS Cauchy and z,, — z € X.

From (ii) it follows that the sequence is Cauchy in (X, d). Denote by z* € X
the limit of the sequence. From (i) and (iii) we get that d(z,,,z*) — 0,asn — oo,
where z* € FizF.

In (3.1) we can let p — oo and we obtain

t(qa)™
p(a?n,a:n_,_p) < 1(_ tz]ap(mo’xl)'
Making ¢ — 1 we obtain
ta™
plan, =) < T plo,1).
The proof is complete. O

Theorem 3.2. Let X be a nonempty set, d and p two b-metrics on X with constants
s > 1 and respectively t > 1 and let ' : X — P(X) a multivalued operator. We
suppose that:
(1): (X,d) is a complete b-metric space;
(ii): There exists ¢ > 0 such that d(z,y) < ¢ p(z,y), forall z,y € X;
(iti): F: (X,d) — (P(X), Hy) is closed;
(iv): Thereexists 0 < a < 1 such that
Hy(F(z), F(y)) < ap(z,y),
forall x,y € X;
(V): SFiz(F) # 0.
Then we have:
(1) Fix(F) = SFiz(F) ={z*};
(2 H,(T™(z),2*) < a™p(z,z*), for all n € N and for each = € X;
() plz,2*) < = Hy(x, F(x)), forall z € X;
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(4) The fixed point problem is well-posed for £ with respect to D, and with respect
to H, too.

Proof. 1.-2. We suppose that z* € SFiz(F). Taking y = «* in (iv) we obtain

H,(F(z), F(z*)) = Hy(F(z),z*) < ap(z,z*), forall z € X.

By induction we have
H,(F"(x),27) < a"p(z,z%),
forall z € X.
We take now y* € Fiz(F),y* € F(y*). We have that
ply", ") < H, (F”(y*),w*) < a”p(y*,a") =0,
asn — oo. Hence we have y* =

3. p(z, ") < t[Hp(z, ())+ ( (), 2")] < tHy(z, F(2)) + tap(z, z*).
So we obtain

. ¢
pla.a") € T Hy (o, F(a).

4. Let (x,) be such that D,(z,, F(z,)) — 0, as n — oo. We will prove that

p(xn, %) — 0,85 n — 0.
Estimating p(x,,, z*) we have

p(mn,x*) < t[p(xnayn) + Dp(yn,F(x*))] < t[p(a?n,yn) + H,)(F(a?n),F(x*))],
forall y,, € F(z,) and for each n € N.

Taking inf we obtain

y'rLEF(m"L)

P(Tn, 2°) < HD(wy, Fzn)) + H(F(20), F(27))] < tD(2n, F(20)) + tap(, zn, x7).
Hence we have

t
1—ta
Soz, — z*. O

p(xn,x*) < D(zp, F(zy)) = 0, asn — 0.

We will next give a data dependence result.

Theorem 3.3. Let X be a nonempty set, d and p two b-metrics on X with constants
s > 1and respectively t > 1 and let F, T : X — P(X) two multivalued operators. We
suppose that:

(i): (X,d) is a complete b-metric space;

(ii): There exists ¢ > 0 such that d(z,y) < ¢ p(z,y), forall z,y € X;

(iii): F: (X,d) = (P(X), Hy) is closed;

(iv): Thereexists 0 < o < 1 such that

H,(F(z), F(y)) < ap(z,y),
forall x,y € X;
(v): SFiz(F) # 0;
(vi): Fiz(T) # 0;
(vii): There exists n > 0 such that H,(F'(z),T(x)) < n,forall z € X.

Then
in

H .
1—ta

p(Fiz(F), Fiz(T)) <
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Proof. Letz* € SFiz(F) and y* € Fiz(T). We have that

I
12
13
[4
5
6

[7
8

ply"2%) < Hpy(T(y"), %) < tH(T(y"), F(y")) + Hy(F(y"), 2")]
< tn+ Hp(F ( "), F(@%))] < tln + apy”, «7)].
Hence we have p(y*,2*) < 1 O
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