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Fixed points for non-self nonlinear contractions and
non-self Caristi type operators

TANIA A. LAZAR

ABSTRACT. The purpose of this paper is to discuss some basic problems of the fixed point theory
for non-self singlevalued operators on a set with two metrics. The results complement and extend
some known results in the literature.

1. INTRODUCTION

Let (X, d) be a metric space, zp € X and r > 0. Denote by By(xo;7) := {z €
X|d(zo,2) < r} the open ball centered in z, with radius r and by Bgy(zo:r) :=
{z € X|d(zo,x) < r} the closed ball centered in xo with radius r. If p is another
metric on X, then we denote be B/ (xzo,r) the closure of the ball By(zo;r) with
respect to p.

Let f : X — X be an operator. Then, z* € X is called a fixed point for f if
x* = f(z*). Denote by Fizf := {x € X|z = f(x)} the fixed point set of f. Also,
we denote by I(f) := {Y C X|f(Y) C Y} the set of all invariant subsets for f and
by I,(f) :={Y € I(f)|Y is bounded} the set of all bounded invariant subsets for

I
An operator f : Y C X — X is said to be an a-contraction if ¢« € [0,1] and
d(f(z), f(y)) < ad(z,y), forall z,y € Y.

The following result is an easy consequence of the Caccioppoli

Theorem 1.1. (see Dugundji-Granas [3], pp. 11) Let (X, d) a complete metric space,
xo € Xandr > 0. If f : B(zo;r) — X isan a-contraction and d(xo, f(x)) < (1—a)r,
then f has a unique fixed point.

Let us remark that if f : B(xzp;r) — X is an a-contraction such that
d(zo, f(x0)) < (1 — a)r, then B(zo;r) € I(f) and again f has a unique fixed
point in B(zo: r).

Let £ be a Banach space and Y C E. Given an operator f : Y — FE, the
operator g : Y — F defined by g(z) := = — f(x) is called the field associated with
f- Anoperator f : Y — F is said to be open if for any open subset U of Y the set
f(U) is openin E too.

Received: 30.10.2008. In revised form: 15.01.2009. Accepted: 22.05.2009.

2000 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. Set with two metrics, fixed point, nonlinear contraction, Caristi type operator,
generalized contraction.

446



Fixed points for non-self nonlinear contractions and non-self Caristi type operators 447

As a consequence of the above result, one obtains the following domain invari-
ance theorem for contraction type fields.

Theorem 1.2. (see Dugundji-Granas [3], pp. 11) Let E be a Banach space and Y be
an open subset of £. Consider f : U — FE be an a-contraction. Letg : U — E
g(z) := x — f(x), the associated field. Then:

(@) g : U — FE'is an open operator;

() g : U — ¢g(U) is a homeomorphism. In particular, if f : E — FE, then the
associated field g is a homeomorphism of £ into itself.

The purpose of this paper is to discuss some basic problems of the fixed
point theory for non-self singlevalued generalized contractions on a set with two
metrics. The results complement and extend some known results in the literature,

see [1], [2], [4], [7], [8]- [S].
2. PRELIMINARIES

Throughout the paper, by R, we denote the set of all real nonnegative num-
bers, while N is the set of all natural numbers. Also, N* := N\ {0}.

Recall that ¢ : Ry — R, is said to be a comparison function (see [7]) if it is
increasing and ¢*(t) — 0, as k — +oo. As a consequence, we also have p(t) < t,
foreach ¢t > 0, ¢(0) = 0 and ¢ is continuous in 0.

Recall also the notion of strict comparison function. A function ¢ : Ry — R,
is said to be a strict comparison function (see [7]) if it is strictly increasing and
t — ¢(t) — +oo when t — +oo, for each ¢ > 0.

Definition 2.1. Let (X,d), (Y, p) be metric spaces. An operator f : X — Y is said
to be a p-contraction if o : Ry — R, is a comparison function and p(f(x), f(y)) <
w(d(x,y)), forall z,y € X.

For f : X — X we will denote I, ,;(f) := {Y € IL(f)| Yisclosed} and
Of(.l?) = {$7f($),f2(x),"'},f0rxEX.

3. MAIN RESULTS

We start this section with the following known result.

Theorem 3.1. (J. Matkowski [5], I. A. Rus [7]) Let (X, d) be a complete metric space
and f : X — X a g-contraction. Then Fixf = {«*} and f™(z¢) — z* when n — oo,
forall zg € X.

Our first result is an extension of the above theorem to the case of a set X
endowed with two metrics.

Theorem 3.2. Let X be a nonempty set, and d, d’ two metrics on X, Suppose that:
i) (X,d) is acomplete metric space;
ii) there exists ¢ > 0 such that d(x,y) < ed’'(x,y) foreach z,y € X.
Let f : X — X be a ¢-contraction with respect to d’ and suppose that f : (X,d) —
(X, d) is continuous.
Then

i) Fizf = {z*}.
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ii) If additionally, the mapping ¢ : Ry — Ry, ¥(t) := t — ¢(t) is continuous, strictly
increasing and onto, then the fixed point problem for f is well posed with respect to d’
(see [9]), i.e., if (x5 )ne(n) is @ sequence in X such that d'(zy,, f(z,)) — 0asn — oo,

then z,, i/> x* € Fixfasn — oo.
Proof. i) Step 1. Let = € X be arbitrary. Then, we successively have:
d'(f*(x), " (2)) < 0" (d (2, f(2))) = 0@sn — co.

Hence d'(f"(z), f**(x)) — 0 asn — oo, foreach x € X.

Step 2. We show now that the sequence w,, := f"(x) is Cauchy with respect to d'.
For e > 0 choose N € N such that d'(uy,un+1) < d(€) := € — p(e), forall n €
N,n > N.

Ifd' (z, f(z)) < () thenfor z € By (z,¢) we have d'(f(z),z) < d'(f(z), f(x))+
d'(f(x),z) < @(d(z,2)) +(€) < p(e) + € —p(e) =e.

Hence f(z) € By (x, €) and thus, we have proved that if d'(z, f(z)) < d(e) then f :
By (z,€) — Ba(z,€). Since d' (un, f(un)) < d(e) we have that f : By (un,e) —
Bd/(uN,E). Thus UN1 = f(uN) S B(UN,E).

By induction we get that uy;x € B(un,e), forall k € N. Then d'(ug, us) <
d'(ur,un) + d'(un,us) < 2¢ forall k,s € (N);k,s > N. Therefore (u,),c(n) isa
Cauchy sequence with respect to d’. From b) it follows that (u,, ),c(n) is Cauchy
with respect to d too. Hence u,, 4 x*,n — oo.

Step 3. We will show that z* € Fixzf. Since u,, = f"(x) Lasn — oo by the
continuity condition of f with respect to d we get that «* € Fixf.

Step 4. The uniqueness follows from the -contraction condition with respect to
d.

i) Suppose (2, )ne(n) is a sequence in X such that d'(z,,, f(z,)) — 0asn — oo.
We have to prove that z,, & z* € Fizf. We have d' (T, x*) < d(xn, f(zn)) +
d'(f(azn),2") < d'(zn, f(zn))+o(d (20, 27)). Hence ¢ (d'(zn, 27)) < d'(zn, f(zn)).
Thus d'(x,,, z*) < Y=Y (d' (2, f(2n))). Asn — oo, we get that nlgrréo d' (zn,z") <

¢¥~1(0) = 0. Thus lim d'(x,,2*) = 0. 0
n— oo
A local result of this type is:

Theorem 3.3. Let X be a nonempty set, and d, d’ two metrics on X, Suppose that

i) (X,d) is acomplete metric space,
ii) there exists ¢ > 0 such that d(x,y) < ed’'(x,y) foreach z,y € X.

Letzo € X,r > 0and f : B% (xo;7) — X be a p-contraction respect to d’. Suppose
that d’(zo, f(x0)) <r —p(r)and f : (X,d) — (X, d) continuous.

Then:

A) Fizf N B (xg,7) = {z*}.

B) If additionally, we suppose that ¢ : R, — Ry, ¥(t) := t—(t) is continuous, strictly
increasing and onto, then the fixed point problem for f is well posed with respect to d’
metrics.

Proof. A) First we prove that BY (z,7) € I(f) (i.e. f : B4 (zo,7) — B4 (20,7))
Let z € B (zo,7). Then, there exists (z,,)ner C Ba (zo,7) such that z,, Ao We
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will show that f(z) € B (zo,r), i.e., there exists (y,)nen C Ba(xo,7) such that

We have that d'(f(z,),z0) < d'(f(zn). f(z0)) + d'(f(z0),20) < (d(xn,20)) +
r—p(r) < o) +r—9r) =r. Theny, = f(zn) € Bagl(xo,r). Since
f+ (X,d) — (X,d) is continuous, letting n — oo we have y, 4 f(z). Thus
[ Bd(xo,7) — B3 (z0,7)) is - contraction with respect to metric d'. It follows
that there exists a unique z* € B% (x¢,r) N Fixzf, by Theorem 3.2.

B) Let (z,) € B4 (wo,r) such that d'(z,, f(z,)) — 0asn — oco. By estimating
d (w0, 2%) < d(@n, f(20) + d(f@n).a") = d' (@0, f(20) + d(f(20), f(27)) <
0 (0, (@) + (d (g, 2"). Then, d'(z,,2*) — (d (w0, 2%) < d' (20, f(22)).
Lety : Ry — Ry, 9(t) := t—p(t) and suppose that is strictly increasing and onto.
From o(d' (2, 2%)) < d' (2, f(z,)) we have d'(z,,2*) < v ~Yd' (2, f(z,))) and
because f is a comparison map and ¢ is continuous in 0, it follows that ¢)—! is con-
tinuous in 0. Letting n — oo in the above relation d'(z,,, 2*) < ¥ =Y(d' (zn, f(z4))),
we obtain n11_>rr;o d' (zn, ") < 9~1(0) = 0. Thus d' (2, 2*) — 0 asn — oco. O

Consider now the case of the Caristi-type operators.

Theorem 3.4. Let X be a nonempty set, and d, d’ two metrics on X, Suppose that:

i) (X,d) is acomplete metric space;

ii) there exists ¢ > 0 such that d(x,y) < ed’'(x,y) foreach z,y € X.
Let zg € X,r > 0and ¢ : X — R be a function such that p(z¢) < r. Consider
[ Bd/(z0;7) — X suchthat d'(z, f(z)) < ¢(x) — ¢(f(x)), foreach z € BY, (zo; 7).
If f has closed graph with respect to the metric d or the function z — d(z, f(x)), = €

BY,(z0;7) is lower semicontinuous, then Fiiz f # 0.

Proof. First we will show that the sequence z,, := f"(zo),n € N* is included
in B (zo;7). Let 21 = f(x0). Indeed, d'(zg,71) = d'(wo, f(20)) < @(z0) —
o(f(xo)) = @(xo) — @(x1) < @(xg) < r. Hence 1 € Bg(xo;r). Then
d'(z1,22) = d'(z1, f(21)) < p(z1) — 0(f(21)) = @(21) — p(z2) and d'(zo, z2) <
d' (2o, 21) +d' (21, 22) < @(20) — (1) +9(21) —p(22) = P(20) — p(2) < 7. Again
we have x5 € By (zo; 7).
Inductively we obtain that:
(i) z, € Ba(xg; 1), for each n € N*.

(i) d' (zn, Tnt1) < @(zpn) — @(xn41), foreachn € N.
+oo

From (ii) we have that Z d (@, Tpi1) = d (o, 1) + d'(x1,22) + ... < o(20) —

n=1
o(x1) + p(x1) — p(z2) + ... < p(x0), proving that (z,).en is a Cauchy sequence
in (X, d'), and from the hypothesis ii) (z,,),cn is @ Cauchy sequence in (X, d) too.
Denote by z* € B (z¢; ) the limit of this sequence, i.e. d(z,,z*) — 0.

If the graph of f is closed, since z,11 = f(x,), we get that (z,,,2,11), cOn-
verges to (z*,z*) and thus it follows that (z*,2*) € Graphf. As a consequence,
x* = f(x*).

If the function = +— d(z, f(2)), € B%(z0;7) is lower semicontinuous, then
0 < d(z*, f(z*)) < 1&21_&15 d(zy, f(xg)) = Bgfgof d(xn,zn+1) = 0, proving again

that z* = f(z*). O
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The following three results are applications of the above local theorem of
Caristi type.

Theorem 3.5. Let X be a nonempty set, and d, d’ two metrics on X. Suppose that:

i) (X,d) is acomplete metric space;
ii) there exists ¢ > 0 such that d(x, y) < cd'(x,y) for each z,y € X;

Let f: X — X, be an operator and let zy € X. Suppose that there exists a €]0, 1] such
thatd'(f(z), f2(x)) < a-d'(z, f(z)), foreach x € BY (xg;7) and d’(zq, f(x0)) < (1—
a)r. If f has a closed graph with respect to the metric d or the function « — d(z, f(z)),
x € BY,(wo;7) is lower semicontinuous, then Fix f # 0.

Proof. The condition imposed on f implies that

d'(z, f(x)) < @(x) — (f(x)), foreach z € By (xo; 1),
where o(z) = 1 - d'(z, f(z)). Moreover ¢(zo) = 1 - d'(z0, f(z0)) < r. The
conclusion follows from Theorem 3.4. O

Another consequence of Caristi’s theorem for operators defined on a ball will
be considered now. In this respect, we need a definition.

Definition 3.1. Let (X, d) be a metric space and f : X — X an operator. Denote
Of(z,y) = Oy(x) UOs(y). Then, by definition, an element x € X is said to be
regular if its orbit is bounded, i. e. diamOy(x) < +oc.

Then we have:

Theorem 3.6. Let X be a nonempty set, and d, d’ two metrics on X, Suppose that:

i) (X,d) is acomplete metric space;

ii) there exists ¢ > 0 such that d(x, y) < cd'(x,y) foreach z,y € X.
Let f : X — X be an operator with bounded orbits. Suppose that there exists a € [0,1]
such that diamO? (f(x)) < a - diamO¥ (x), for each = € X. If £ has closed graph with
respect to the metric d or the function z — diamO?(x) is lower semicontinuous, then
Fixf # 0.

Proof. Consider ¢ : X — R, defined by ¢(z) := dzamOd( ). Then the
conclusion follows now from the global result corresponding to Theorem 3.4, see
[2] and [3]. O

Next result is again a local one:

Theorem 3.7. Let X be a nonempty set, and d, d’ two metrics on X, Suppose that:

i) (X,d) is acomplete metric space;

ii) there exists ¢ > 0 such that d(x,y) < ed’'(x,y) foreach z,y € X.
Letxzg € Xandr > 0, f : X — X be an operator with bounded orbits. Suppose
that there exists a € [0, 1] such that diamO9 (f(z)) < a - diamO¥ (z), for each x €
BY,(z0;7) N Of(x0) and diamO}i/ (w0) < (1 — a)r. If f has closed graph with respect
to the metric d or the function = +— d(x, f(z)), * € B% (wo;r) is lower semicontinuous,
then Fixf # 0.
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Proof. Consider the function ¢ : X — R, defined by ¢(z) := L - diamO?' ().

1—a

The conclusion follows from Theorem 3.4. O

Remark 3.1. Some applications of the above results to domain invariance princi-
ples will be given in a forthcoming paper.
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