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Gamma approximating operators

VASILE MIHEŞAN

ABSTRACT. By using the gamma distribution we shall define a general linear transform Γ
(a)
α,βf ,

a ∈ R, from which we obtain as special cases the gamma first kind transform. For different value of
α, β and a we obtain several gamma type operators studied in literature. We apply the gamma first
kind transform to Szász-Mirakjan’s operator and we obtain the Jain-Pethe operator.

1. INTRODUCTION

In this paper we continue our earlier investigations [4], [5], [6] concerning to
use Euler’s gamma distribution for constructing linear positive operators.

In probability theory and statistics, the gamma distribution is a two parameter
family of continuous probability distributions. It has the shape parameter k and
a scale parameter θ.

The probability density function of the gamma distribution can be expressed
in terms of the gamma function parametrized in terms of a shape parameter k
and scale parameter θ:

f(t; k, θ) =
1

θkΓ(k)
tk−1e−x/θ for t > 0 and k, θ > 0. (1.1)

The Erlang distribution is a special case of the gamma distribution, where the
shape parameter k is an integer. This distribution is sometimes called the Erlang-
k distribution.

Alternatively, the gamma distribution can be parametrized in terms of a shape
parameter α = k and an inverse scale parameter β = 1/θ, called a rate parameter

g(t;α, β) =
βα

Γ(α)
tα−1e−βt for t > 0 and α, β > 0. (1.2)

By using the gamma distribution we shall define a general linear transform
Γ
(a)
α,βf , a ∈ R, from which we obtain as special cases the gamma first kind trans-

form. For different value of α, β and a we obtain several gamma type opera-
tors studied in literature. We apply the gamma first kind transform to Szász-
Mirakjan’s operator and we obtain the Jain-Pethe operator.
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2. THE GAMMA TRANSFORM

By using (1.2) we define the gamma transform of a function f

Γ
(a)
α,βf =

βα

Γ(α)

∫ ∞

0

tα−1e−βtf(ta)dt (2.1)

where a ∈ R and f ∈ L1,loc(0,∞) such that Γ(a)
α,β |f | < ∞.

One observes that Γ(a)
α,β is a positive linear functional.

Theorem 2.1. The moment of order k of the functional Γ(a)
α,β has the following value

Γ
(a)
α,βek =

1

βak
· Γ(α+ ak)

Γ(α)
. (2.2)

Proof. By using (2.1) we obtain

Γ
(a)
α,βek =

βα

Γ(α)

∫ ∞

0

tα−1e−βt(ta)kdt =
βα

Γ(α)

∫ ∞

0

tα+ak−1e−βtdt

=
βα

Γ(α)
· Γ(α+ ak)

βα+ak
=

1

βak
· Γ(α+ ak)

Γ(α)
.

�

Consequently we obtain

Γ
(a)
α,βe1 =

Γ(α+ a)

βaΓ(α)
, Γ

(a)
α,βe2 =

Γ(α+ 2a)

β2aΓ(α)
. (2.3)

We impose Γ
(a)
α,βe1 = e1, that is x =

Γ(α+ a)

βaΓ(α)
and we obtain

Γ
(a)
α,β((t− x)2;x) =

Γ(α)Γ(α + 2a)− Γ2(α+ a)

Γ2(α+ a)
x2.

We shall consider here the special cases a = 1 and a = −1.

3. SPECIAL CASES

3.1. The gamma transform. Case a = 1. If we consider a = 1 in (2.1) we obtain
the gamma transform of a function f

Γα,βf =
βα

Γ(α)

∫ ∞

0

tα−1e−βtf(t)dt (3.1)

where f ∈ L1,loc(0,∞) such that Γα,β |f | < ∞.

Corollary 3.1. The moment of order k of the functional Γα,β has the following value

Γα,βek =
1

βk
· Γ(α+ k)

Γ(α)
=

(α)k
βk

.

Proof. The result follows from Theorem 2.1 for a = 1. �
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Consequently we obtain

Γα,βe1 =
α

β
, Γα,βe2 =

α(α + 1)

β2
. (3.2)

We impose Γα,βe1 = e1, that is
α

β
= x, or β =

α

x
and we obtain the following

linear positive operators

(Γαf)(x) =
(α
x

)α 1

Γ(α)

∫ ∞

0

tα−1e−
α
x tf(t)dt (3.3)

or, equivalent

(Γαf)(x) =
1

Γ(α)

∫ ∞

0

uα−1e−uf
(ux
α

)
du.

By (3.2) we obtain

Γα((t− x)2;x) =
x2

α
. (3.4)

If we choose α = n, n ∈ N in (3.3) then we obtain Post-Wider’s positive linear
operator, defined for f ∈ L1,loc(0,∞) by

(Pnf)(x) =
1

Γ(n)

(n
x

)n
∫ ∞

0

tn−1e−
nt
x f(t)dt, (3.5)

If we replace α = nx, n ∈ N in (3.3), we obtain Rathore’s positive linear opera-
tor, defined for f ∈ L1,loc(0,∞) by

(Rnf)(x) =
nnx

Γ(nx)

∫ ∞

0

tnx−1e−ntf(t)dt (3.6)

Corollary 3.2. One has

Pn((t− x)2;x) =
x2

n
, Rn((t− x)2;x) =

x

n
.

Proof. It is obtained from (3.4) for α = n and respectively α = nx. �

3.2. The gamma transform. Case a = −1. We consider now the case a = −1. If
we put a = −1 in (2.1) we obtain the gamma transform of a function f

Γ̃α,βf =
βα

Γ(α)

∫ ∞

0

tα−1e−βtf

(
1

t

)
dt (3.7)

where f ∈ L1,loc(0,∞) such that Γα,β |f | < ∞.

Corollary 3.3. The moment of order k of the functional Γα,β has the following value

Γ̃α,βek =
βkΓ(α− k)

Γ(α)
, k < α.

Proof. The result follows from Theorem 2.1 for a = −1. �

Consequently we obtain

Γ̃α,βe1 =
β

α− 1
, Γ̃α,βe2 =

β2

(α− 1)(α− 2)
. (3.8)
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We impose Γ̃α,βe1 = e1 that is
β

α− 1
= x, or β = (α − 1)x and we obtain the

following linear positive operators

(Γ̃αf)(x) =
(α − 1)αxα

Γ(α)

∫ ∞

0

tα−1e−(α−1)txf

(
1

t

)
dt (3.9)

By (3.8) we obtain

Γ̃α((t− x)2;x) =
x2

α− 2
, α > 2. (3.10)

For α = n+ 1, n ∈ N we obtain the operator

(Gnf)(x) =
(nx)n+1

Γ(n+ 1)

∫ ∞

0

tne−ntxf

(
1

t

)
dt (3.11)

which is the gamma operator introduced and studied by A. Lupaş and M. Müller.

4. THE FUNCTIONAL M
(α)
n = Γα(Snf)

It is well-known the operator of Szász-Mirakjan defined by

(Snf)(x) = e−nx
∞∑
k=0

(nx)k

k!
f

(
k

n

)
(4.1)

where f is any function defined on [0,∞) such that (Sn|f |)(x) < ∞.
The operator Sn was generalized by Pethe and Jain [2] and studied by Miheşan

[7], obtaining M
(β)
n operator

(M (β)
n f)(x) = (4.2)

(1 + nβ)−x/β
∞∑
k=0

(
β +

1

n

)−k
x(x+ β) . . . (x + (k − 1)β)

k!
f

(
k

n

)

where β is a nonnegative parameter depending on the natural number n and f is
any real function defined on [0,∞) with (M

(β)
n |f |)(x) < ∞.

We obtain this operator (in equivalent form) if we apply gamma transform
(3.3) to Szász operators (4.1).

Theorem 4.2. The Γα transform of Snf can be expressed by the following form

(M (α)
n f)(x) = Γα(Snf)(x) =

∞∑
k=0

mn,k(x, α)f

(
k

n

)
(4.3)

with

mn,k(x, α) =
(α)k
k!

·

(nx
α

)k

(
1 +

nx

α

)α+k
(4.4)

where x ≥ 0, α ∈ R, α+ nx > 0.
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Proof.

(M (α)
n f)(x) = Γα(Snf)(x) =

(α
x

)α 1

Γ(α)

∫ ∞

0

tα−1e−
αt
x (Snf)(t)dt

=
(α
x

)α 1

Γ(α)

∫ ∞

0

tα−1e−
αt
x e−nt

∞∑
k=0

(nt)k

k!
f

(
k

n

)
dt

=
(α
x

)α 1

Γ(α)

∞∑
k=0

nk

k!
f

(
k

n

)∫ ∞

0

tα+k−1e−(
α
x+n)tdt

=
(α
x

)α 1

Γ(α)

∞∑
k=0

nk

k!
f

(
k

n

)
Γ(α+ k)(α
x
+ n

)α+k

=
(α
x

)α ∞∑
k=0

Γ(α+ k)

Γ(α)
· n

k

k!
· xα+k

(α+ nx)α+k
f

(
k

n

)

= αα
∞∑
k=0

(α)k
k!

· (nx)k

(α+ nx)α+k
f

(
k

n

)
=

∞∑
k=0

(α)k
k!

·

(nx
α

)k

(
1 +

nx

α

)α+k
f

(
k

n

)

�

Lemma 4.1. For x ≥ 0, n = 1, 2, . . . , we have

M (α)
n e0 = e0, M (α)

n e1 = e1, (M (α)
n e2)(x) = x2 +

x(nx+ α)

nα
.

Proof. The result follows from (3.4) and

Sne0 = e0, Sne1 = e1, (Sne2)(x) = x2 +
n

x
.

�

Lemma 4.2. The following equality holds(
x− k

n

)
mn,k(x, α) = (1 + αx)

(
k + 1

n
mn,k+1(x, α)− k

n
mn,k(x, α)

)
.

The proof is a direct verification. We omit it.

Theorem 4.3. For x ≥ 0 and i = [nx] we have

a) M
(α)
n ((t− x)2;x) =

∞∑
k=0

mn,k(x, α)

(
x− k

n

)2

=
x(nx+ α)

αn
;

b) M
(α)
n (|t− x|;x) =

∞∑
k=0

mn,k(x, α)

∣∣∣∣x− k

n

∣∣∣∣ = 2x

(
1 +

i

α

)
mn,i(x, α).

Proof. a) is obtained by Lemma 4.1 and b) is derived from Lemma 4.2. �
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Many classical positive linear operators can be obtained as special cases of
(4.3)-(4.4). Let us list some examples.

For α = −n,

mn,k(x,−n) =

(
n

k

)
xk(1 − x)n−k

and we obtain the Bernstein operator.
For α → ∞

lim
α→∞mn,k(x, α) = e−nx (nx)

k

k!

and we obtain the Szász-Mirakjan operator (4.1).
For α = n

mk,k(x, n) =

(
n+ k − 1

k

)
xk/(1 + x)n+k

and we obtain the Baskakov operator.
For α = nx, x > 0,

mn,k(x, nx) = 2−nx (nx)
k

2kk!
and we obtain the Lupaş operator [3]

(Lnf)(x) = 2−nx
∞∑
k=0

(nx)k

2kk!
f

(
k

n

)
. (4.4)

Lupaş established the Korovkin condition guaranteeing the approximation
property. He remarked that the operator Ln have a form very similar to the
Szász-Mirakjan operator (4.1) and invited to find further properties. O. Agra-
tini investigated the operators of Lupaş. He derived an asymptotic formula and
some quantitative estimates for the rate of convergence. In [1], U. Abel and M.
Ivan give estimates for the rate of convergence and he derive the complete as-
ymptotic expansion for this sequence of operators.

In the following, using the Theorem 4.2 we shall prove that this operator can
be obtained by the composite of Rathore’s operators (3.6) with Szász’s operator
(4.1).

Corollary 4.4. If Rn is the Rathore’s operator (3.6) then Lnf = Rn(Snf).

Proof. The proof is obtained from Theorem 4.2 for α = nx. �

Corollary 4.5. The operator Ln can be written in the following manner

(Lnf)(x) =

∞∑
k=0

(nx)k
k!

[
0,

1

n
, . . . ,

k

n
; f

]
.

Proof. We apply Corollary 4.4, using for the Szász’s operator the following for-
mula

(Snf)(x) =
∞∑
k=0

[
0,

1

n
, . . . ,

k

n
; f

]
xk.

�
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