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Gamma approximating operators

VASILE MIHESAN

ABSTRACT. By using the gamma distribution we shall define a general linear transform nggf,
a € R, from which we obtain as special cases the gamma first kind transform. For different value of
a, B and a we obtain several gamma type operators studied in literature. We apply the gamma first
kind transform to Szasz-Mirakjan’s operator and we obtain the Jain-Pethe operator.

1. INTRODUCTION

In this paper we continue our earlier investigations [4], [5], [6] concerning to
use Euler’s gamma distribution for constructing linear positive operators.

In probability theory and statistics, the gamma distribution is a two parameter
family of continuous probability distributions. It has the shape parameter £ and
a scale parameter 6.

The probability density function of the gamma distribution can be expressed
in terms of the gamma function parametrized in terms of a shape parameter &
and scale parameter 6:

1

f(t;k,0) = th=te=®/% for +>0 and k,0>0. (1.1)
OrT (k)

The Erlang distribution is a special case of the gamma distribution, where the
shape parameter & is an integer. This distribution is sometimes called the Erlang-
k distribution.

Alternatively, the gamma distribution can be parametrized in terms of a shape
parameter « = k and an inverse scale parameter 8 = 1/6, called a rate parameter

. — ﬁ_a a—1_—pt
g(t;a, B) = F(a)t e for t>0 and a,5>0. (1.2)

By using the gamma distribution we shall define a general linear transform
Pﬁf_};f, a € R, from which we obtain as special cases the gamma first kind trans-
form. For different value of «, 8 and a we obtain several gamma type opera-

tors studied in literature. We apply the gamma first kind transform to Szasz-
Mirakjan’s operator and we obtain the Jain-Pethe operator.
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2. THE GAMMA TRANSFORM

By using (1.2) we define the gamma transform of a function f

@, B [ 0t —Btpa
Faﬁf*r(a)/o to e =P F(tY)at (2.1)

where a € Rand f € Ly ;,.(0, 00) such that Ffj)ﬁ|f| < o0.
One observes that Fff}} is a positive linear functional.

Theorem 2.1. The moment of order % of the functional Fff}g has the following value

1 D(a+ak)
pek T(a)

T\ her = 2.2)

Proof. By using (2.1) we obtain

(a) . _ B a1 —Btrrank 74 “ > atak—1_—pt
P"ﬁekiF(a)/o e TPt dt—r(a)/o t e Ptdt

B*  T(a+ ak) 1 T(a+ak)

T T(a) petek T ek T(a)

Consequently we obtain

(e = Lﬁ(fr‘;;;), @) ey = Léi ;(Z‘)‘). (2.3)
I'(a+a)
pel(a)
I'(a)l(a+2a) - T%a+a) ,

I (a+a) v

We shall consider here the special casesa = 1and a = —1.

We impose Fg‘f}jel =e, thatisz = and we obtain

L5t = o)) =

3. SPECIAL CASES

3.1. The gamma transform. Case a = 1. If we consider a« = 1 in (2.1) we obtain
the gamma transform of a function f

Topf = %/0 te e Ptf(t)dt (3.1)

where f € L1 1,.(0,00) such that T, g|f| < oo.

Corollary 3.1. The moment of order % of the functional I",, g has the following value
1 Tla+k) (o)

g ()  BF

Proof. The result follows from Theorem 2.1 for ¢ = 1. O

Fa,ﬁek =
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Consequently we obtain
«o ala+1
Lapger ==, Tapger = %

We impose ', ge; = ey, that is % =ux,0r = 2 and we obtain the following
x

(3.2)

™

linear positive operators

Car)@) = (2) 557 | et f (1)t (33)

T

or, equivalent
_ 1 * a—1_—u uzr
(Faf)(x)*m/o u" e f(a)dw
By (3.2) we obtain
To((t —x)%2) = —~- (3.4)
If we choose a = n, n € N in (3.3) then we obtain Post-Wider’s positive linear
operator, defined for f € Lj j0.(0, c0) by

Pui)@) =55 () T te ¥ p(nyat, (35)

If we replace o« = nx, n € N in (3.3), we obtain Rathore’s positive linear opera-
tor, defined for f € L1 ;,.(0, 00) by

(Rnf)(z) = nt /Oo e M f(t)dt (3.6)
" - T(nz) Jo '
Corollary 3.2. One has
J)Q Xz
Pn((t_$)2§$): ;7 Rn((t—x)Q;x)z n
Proof. It is obtained from (3.4) for & = n and respectively o = nx. O
3.2. The gamma transform. Case a = —1. We consider now the case a = —1. If
we put ¢ = —1 in (2.1) we obtain the gamma transform of a function f
~ a & 1
T — a—1_—pt - 7
a8f I‘(a)/o t* e f(t>dt (3.7

where f € L1 j0.(0,00) such thatT', g|f| < oo.

Corollary 3.3. The moment of order % of the functional I",, g has the following value

~ Bkl"(a —k)

T, =— k .

,BCk F(Oé) <«
Proof. The result follows from Theorem 2.1 for a = —1. O

Consequently we obtain

- - 2
T, =— T, = 3.8
BE1= 7 Al Py (3.8)
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We impose ', ge; = e, that is a/f ;=T 0r B = (o — 1)z and we obtain the
following linear positive operators
™ (a —1)%a® /OO ~1,—(a—1)t 1
| N = t el ) dt 3.9
Caf)o) =S5 |t 7 (3 (39)
By (3.8) we obtain
Ty ((t— jx) = , 2. A
((t —xz)%x) 5 o> (3.10)
For @« = n + 1, n € N we obtain the operator
(na)"*! /OO —nt 1
n =t theT™ f | = ) dt 3.11
Gl = oy | eI (3.12)

which is the gamma operator introduced and studied by A. Lupas and M. Mller.

4. THE FUNCTIONAL M*) =T (S, f)

It is well-known the operator of Szasz-Mirakjan defined by

oo

nx k
suho) =y Tl r () @)

k=0

where f is any function defined on [0, co) such that (S, | f])(z) < cc.
The operator S,, was generalized by Pethe and Jain [2] and studied by Mihegan

[7], obtaining Mr(lﬁ) operator
(M) f)(x) = (4.2)

(1+nﬁ)_x/ﬂi(6+%>_kx(x+ﬁ)...(x+(k—1)ﬁ)f(E)

k! n
k=0

where 3 is a nonnegative parameter depending on the natural number n and f is

any real function defined on [0, co) with (My(f)|f|)(a:) < 00.
We obtain this operator (in equivalent form) if we apply gamma transform
(3.3) to Szasz operators (4.1).

Theorem 4.2. The T',, transform of S, f can be expressed by the following form

(Mv(;y)f)(m) =Ta(Snf)(z) = i mn,k’(xa a)f (%) (4.3)
k=0
with
nx\~
@ (3)
k! (1 + @)a-i_k

(67

(4.4)

wherez > 0, € R, a + nx > 0.
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Proof.
M @) = TaSuh@ = (5) 57 | Tt E (S, )0t
o\ @ X et s (nt)F
SO e OF
= () s (5) [
(o 1ok (R T(atk)
- (E) mgﬁf <n> (%+n)a+k

Lemmad4.l. Forz >0,n=1,2,..., we have
M{™ey=ey, M™er=e1, (M{Pes)(z) =2+
Proof. The result follows from (3.4) and

Sneo = €9, Sper = e, (Sneg)($) =a® +

e

Lemma 4.2. The following equality holds

k k+1 k
(m - 5) Mpk(x,0) = (1 + ax) <Tmn,k+1(x,a) — Emn,k(x,a)> )
The proof is a direct verification. We omit it.

Theorem 4.3. For z > 0 and i = [nx] we have

s 2
) M (0~ 2)%0) = 3 o) (2 1 ) = ),
k=0

n an

b) M (|t — zlsz) = > M i(z, @)
k=0

1 .
x — —‘ =2z <1 + l) M (T, ).
n et

Proof. a) is obtained by Lemma 4.1 and b) is derived from Lemma 4.2.
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Many classical positive linear operators can be obtained as special cases of
(4.3)-(4.4). Let us list some examples.
Fora = —n,

R

and we obtain the Bernstein operator.
For a — oo
(na)*
k!

—nx

lim my,k(z,0) =e
a—r 00

and we obtain the Szasz-Mirakjan operator (4.1).
Fora=n
kE—1
myk(z,n) = (n + k: )xk/(l + z)" Tk
and we obtain the Baskakov operator.
Fora = nx, z > 0,
g (n2)"
My (2, nT) = 2 “W

and we obtain the Lupas operator [3]

(Lof) ) =27 32 L (%) @4

2k k! n
k=0

Lupas established the Korovkin condition guaranteeing the approximation
property. He remarked that the operator L,, have a form very similar to the
Szasz-Mirakjan operator (4.1) and invited to find further properties. O. Agra-
tini investigated the operators of Lupas. He derived an asymptotic formula and
some quantitative estimates for the rate of convergence. In [1], U. Abel and M.
Ivan give estimates for the rate of convergence and he derive the complete as-
ymptotic expansion for this sequence of operators.

In the following, using the Theorem 4.2 we shall prove that this operator can
be obtained by the composite of Rathore’s operators (3.6) with Szasz’s operator
4.2).

Corollary 4.4. If R,, is the Rathore’s operator (3.6) then L, f = R, (S, f)-

Proof. The proof is obtained from Theorem 4.2 for a = nax. O

Corollary 4.5. The operator L,, can be written in the following manner

oo

(Lof)(@) = (”]f!)’“ [o,l,...,g;f].

n
k=0

Proof. We apply Corollary 4.4, using for the Szasz’s operator the following for-
mula

(Suf)(z) = i {O%%f] o~

k=0
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