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n-Groups derivable from groups

VASILE Pop

ABSTRACT. The trivial extentions of binary operation * to the n-ary operation ¢ has the form
p(T1,22,...,Tn) = 1 kT2 % - * Ty *x a. If (G, *) isagroup and a € Z(G, ) the center of (G, )
then (G, ) is an n-group so called n-group derived from (G, ). It is known that there exist n-groups
(G, ¢) which cannot be obtained as a derived group. The goal of the paper is to characterize all the
n-groups operations which are derivable from group operations.

1. INTRODUCTION

In [3] M. Hosszu shows that every n-group (G, ) can be obtained as an exten-
tion of a group (G, %) using an automorphism « and an element a € G. The n-ary
operation corresponding is:

o(x1, T2, .. L) =21 % a(zn) % %" Hzy) *a, 1,29,...,72, €G
where a"(z) = a*x*a~ ', z € G, a(a) = a and is denoted:
(G, 9) = Exta,qo(G, *).
The trivial extentions of groups where the n-ary operation has the form:
O(T1,T2, ..., Tp) =TL kT %k Tp kA, T1,T2,...,T, €G

where ¢ € Z(G,*) the center of the group, are called n-groups derived from
groups. This extentions are denoted

(G, ) = Dery (G, *).
In [2] W. A. Dudek and I. Michalski give an example of (n + 1)-group (G, ¢)

which cannot be obtained as a derived group (there exists no group (G, %) such
that (G, ¢) = Der,(G, x). The example is the following:

10. G =Zgn_1, 0 : G = G, a(x) =3z, € G,a =
Ext, q(G,+), that is:

(3" —1)and (G,p) =

N =

1
(1,22, Ty Tpg1) =1 + 32+ -+ + 3@ q1 + 5(3" - 1),

T1,X9, -y Ty Trt1 € G

The goal of the paper is to characterize all the (n + 1)-groups operations which
are derivable from group operations.

We recall some notations and results which are used in the paper.
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11 If (G,¢) is a (n + 1)-group and v € G an arbitrary element, then there
exists an element @ € G with the property:

<p(m,%,ﬂ, njitk) = go(%,ﬂ, nff,k’x) =z forallz € G.

The element % is called the skew element of w.
1.2. If (G,) is a (n + 1)-group then for all « € G the binary operation o :
G x G — @G, defined by:

roy= oz, UQﬂ,y), r,yeG
LU

determined on G a group structure (G, o) = Red,, (G, ¢), called reduced group in
Hosszu sense. If we define

ay : G — G by ay(x) = ¢(u, z, le,E), reGanda=p( u)

n+1
then a,, € AutG (is an automorphism), a,,(a) = a and
(G, ) = Exta, oG, *).
1.3. If u,v € G then between the reduced Hosszl groups (G, o) = Red, (G, ¢)

and (G, ) = Red, (G, v) the following relations hold:

e rxy=xov oy, x,y €G

L4 Oév(x) =vo O‘u(x) o au(vl)v redG

e v/ = uxu, is the inverse of v in the group (G, o).

14.1f (G,p)isa (n + 1)-group and H C G is a nhonempty subset, then (H, ¢)
is asub-(n + 1)-group in (G, @) iff

a) o(u1,us, ..., Up, Unt1) € H, forall uy,ua, ..., up, upt1 € H

b)w e Hforallu € H.

2. MAIN RESULTS

Let (G, ) be a (n + 1)-group. We define the set H = {u € G| a,, = 1}, where
l¢ : G — G is the identity map of G.
We will show that if the set H is nonempty, then (H, ¢) is a sub-(n + 1)-group

in (G, ).
Lemma?2.1. If u € H and @ is the skew element of «, thenw € H.

Proof. We have
au(x) = w(uvxv UQ,ﬂ) =, T e G
n—
andforv=1u
am(z) =T o ay(z) 0 au((W)) =Toz o ayu((@)) =uozo ()
Itis enough to prove thatwox = zow, x € G or ¢(, UQ,E, x) = ¢(x, u2,ﬂ, ).
n— n—
But
<)0(ﬂ) U 7ﬂ7 fL’) = w(ﬂv uQ)SD(ﬂ? ulﬂx)’ﬂ) =
n— n—

3

2 ’n’lf37 x? ﬂ) = w(ﬂ7u’n/l£3’x’ﬂ) =

2
= SO(E7 u ,l‘,ﬂ) = @(ﬂa u ,Oéu(J? 7H) = gp(ﬂ7 u ,QO(U,J?, u 7H)7H) =
n—2 n—2 n—2 n—2
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O
Lemma2.2. Ifue Handxy,x9,...,2, € G then:
(U, 1, T, ..., Tn) = @(T1,U, Ty .oy Tp) = - = O(T1, T2y« oy Ty, ).
Proof. ¢(u,x1,22,...,2n) = p(u, p(x1, Ty U)y T2,y Ty) =
= 90(()0(“) xlvnquaﬂ)a U, xr2,. .. ’xn) = <)0(au($1)7ua T2y vy (En) =
= so(xlauvx% cee axn) = <,0($1,u,<,0($2,n1f2,ﬂ, u)v S axn) =
= <)0($1a w(uv‘r?a n’lf27ﬂ)a Uy .oy (En) = <p($1ﬂau(x2)ﬂ Uy ..y (En) =
- @(m1;x25u7 s ,J)n) — = (,0(.131,.132, .. ,J)n,u)-
O
Lemma2.3. If uy,usg,...,Un, unt1 € H then
o(u1, U2, ..., Up, Upt1) € H.
Proof. From Lemma 2.2 follows that
@(ulv U2y v vy Uny, unJrl) = w(ua(l)v Ug(2)y -+ Ug(n), ua(n—i—l))
for every o € S,,+1 (Symmetric group).
If we denote z = p(u1,us, ..., Uy, Unt1), We have
. (z) = o(z,2, 2z ,%)
n—2
and from [4]
27 —_ — — p—
E:<)0n " l(unJrlvunJrlvunvunv"'v ul;ul)
n—2 n—2 n—2
and consequently
2
ay(z) = ¢" (z, ull,ﬂl, cey Unt1,Uny1) =2, x €G.
n— —1
n
n—1 n—1
O

From Lemma 2.1 and Lemma 2.3 we conclude the following theorem:
Theorem 2.1. If (G, ) is a (n + 1)-group and the set
H={ueG|la,=1¢}
is nonempty, then (H, ) is a sub-(n + 1)-group in (G, ¢).
Definition 2.1. If (G, ¢) is a (n + 1)-group, then the set
H={uegd| go(u,x,nIIQ,ﬂ) =z, z € G}

is called the (n + 1)-center of (G, ¢) and it is denoted by H = Z,, 11 (G, ¢).

Remark 2.1. From Theorem 2.1 it follows that if H # () then (Z,,+1(G, ¢), ) is a
sub-(n + 1)-group in (G, ¢).

We will establish a relation between the (n + 1)-center of a (n + 1)-group and
the centers of the reduced Hossz( groups.

Letw € H and (G, o) = Red, (G, ¢) the reduced Hosszu group through w.
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Theorem 2.2. If Z,, = Z(G, o) is the center of the group (G, o) = Red, (G, ¢), then
Z, = H, foreveryu € H.

Proof. Ifv € H, then
ay(z) =voay(x)o (ay(v)) =voxor
So the equality o, (z) = z, = € G is equivalent with
voxr=xowv, z€QG,
thusv € Z,,. O

Remark 2.2. o If H = () (there exists u € G such that p(u, z, 112,%) =z, €

(), then all the centers of the reduced HosszU groups through elements
of H coincide (are equal to H).
e Letus denote (G,*) = Redy(G,p). Ifge G\ HthenZ, = Z(G,*) # H
(9 € Z(G,*) but g & H).
Next we give a theorem of characterization of (n + 1)-groups derivable from
groups.
Let (G, -) be group and denote by Int(G, -) the set of inner automorphisms

Int(G,) ={iy: G —= Glig(x)=g-x-g ', z€G}.

Theorem 2.3. If (G, ) = Extq,q(G,-) is an (n + 1)-group, then the following state-
ments are equivalent:

a) «v is an inner automorphism of (G, -).

b) The (n + 1)-group (G, ») is a derived group.

c) For all u € G, the reduced automorphism «,, is a inner automorphism.

Proof. a) = b) If 1 is the unit element of (G, -) then the reduced automorphism a;
is a1 = «, which is an inner automorphism, so

a(x)=b-z-b7', 2€G.

We have:
O(X1, T2,y oy Ty Tpgr) = 1 - x2) - &2 (23) - -+ " Hxn) - " (Tng1) - @
and
a"(z)=a-x-at.
It follows
o(T1,22, .., Tpy Tpt1) =21 bz b 232y -b-xpyr and a=0".

For v = b1, the reduced automorphism is
ap(x)=b""ai(x)-a () =b"t-b-x-btb=2x 2€G,

thus ap-1 = 1, then (G, ¢) = Dery (G, *), wherex xy =z -b-y, 2,y € G.

b) = ¢) If (G, ¢) = Der,(G,-) then (G, ¢) = Ext1,.4(G, "), Red1(G, ) = (G,-),
a1 = 1lg andlet (G, o) = Red, (G, ¢) withu € G.

According to the formula 1.3 we have

@) =u-oq(z) - aq(u ) =u-z-u', z€G

and therefore a,, € Int(G, ¢).
c) = a) In particular for v = 1 we have «; = « and therefore « € Int(G,-). O
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Remark 2.3. e The only (n + 1)-ary operations of (n + 1)-group which are
derivable from a group (G, -) have the form:

o(@1,22, .., Tpy Tpy1) =T1 b2 -0 b-xp b xpy1,

X1,%2, .., Tn, Tnr1 € G,whereb € Gsuchthatd” =a € Z(G, ).

e For the example 1.0 given by Dudek and Michalski in [2] we obtain that
the only (n + 1)-groups derivable from the group (Zx,+), k € N, k > 2
have the (n + 1)-ary operation of the form:

o(T1,T2, .y Ty Tpg1) = T1 + Ta+ - + Ty + Tng1 + a,

X1, T2,y Tn, Tnt1 € Ly, With arbitrary a € Z;,. The operation of example

1.0 has not this form, thus this (n+1)-group is not a derived (n+1)-group.

Supposing that the groups (G, -) and (G, x) are fixed and we consider the (n +

1)-group (G, ¢) = Extaq(G,-) we will determine the conditions under which
(G, @) is derived from (G, x), that is

(G, ) = Der.(G, %), ce€ Z(G,x).
For this we recall a result of [5].

Theorem 2.4. [5]If (G, ¢) and (H, 1)) are (n+ 1)-groups then the function f : G — H
isa (n + 1)-group morphism if and only if for any u € G we have:
a) f is.a morphism of their reduces groups
(G7 ) = Redu(G7 90) and (Ga O) = Redf(u) (H7 w)
b) f (au) = by, where ay = o u ) and by = (£ (w))
n n+
Q) foayw = Brw o f, where a,(z) = o(u,, gQ,ﬂ), r € Gand Byuy(y) =

(f(u),y, f(uw), f(u)), y € H,wis the skew element of u in (G, ¢) and f(u) is the skew
n—2
element of f(u) in (H,v).
Theorem 2.5. The (n + 1)-group (G,¢) = Extqq(G,-) is derived from the group
(G, %), (G, @) = Der.(G, x) if and only if:
Ar-y=xzx1'xy,foralz,yedG.
b)a=1%1%---%1xc
1
n+
) a(z)=1xzx 1, forallz € G
where 1 is the unit element of (G, -) and 1’ is the inverse of 1 in (G, ).

Proof. The equality Ezxt, (G, ) = Der.(G,x*) is equivalent with the condition
that f = 1¢ : G — G is amorphism (isomorphism) of (n + 1)-groups.
We have (G,-) = Redi(G,p) and (G,*) = Red.(G, ), where e is the unit
elementin (G, x).
The conditions a), b), ¢) from Theorem 2.4 [5], for . = 1 become
a)fz-y)=f(2) fly)=2-y=z*1*y x,y € G (seell)
b) f(1-a(1)----- a™(1)-a)=f(1)* f(1)*---* f(1)kcora=1x1x---x1xc
C)fOOq:/Blofoqu:ﬁl. _ _
Butay =aand fi(z) =1z *x1x*-- 2* 11« ¢, and from ¢(}L, 1) = 1 follows that

ls--xlxlxc=1, thusa(z)=1xz*1, z€G. O
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Corollary 2.1. If (G, ) = Derq(G,-) and (G,v) = Der.(G, =) then ¢ = ¢ if and
only if:
Ar-y=xzx1'xy,z,yecd
b)a=1x%---%1xc
——

n+1
€)1 e Z(G,x).
Proof. For a = 1¢ in the Theorem 2.5 the condition c) becomes z = 1z x 1’ or
zxl=1x%x,2€ G, thusle Z(G,x*). O
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