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Behavior of symmetric reaction-diffusion problems
near their critical values

PANAYIOTIS M. VLAMOS

ABSTRACT. We study the behavior of the Gelfand problem in its symmetric form and in the case
where the critical value of the positive parameter δ does not belong in the spectrum of solutions of
the corresponding steady-state problem. Using comparison techniques we obtain suitable upper and
lower time-dependent solutions, which lead us to estimations of the time-dependent solution and of
the blow-up time.

1. INTRODUCTION

We shall consider the symmetric case of the classical reaction-diffusion prob-
lem (Gelfand, 1963), where the critical value δ∗ of the parameter does not belong
in the spectrum of solutions of the problem.

We define u∗ to be the solution of the problem :

∂u∗

∂t
=
∂2u∗

∂r2
+

(N − 1)

r

∂u∗

∂r
+ 2(N − 2) expu∗, 0 < r < 1, t > 0

∂u∗

∂r
(0, t) = u∗(1, t) = 0, t > 0 (1.1)

u∗(r, 0) = u0(r), 0 < r < 1

In the case of N ≥ 10 the critical value δ∗ = 2(N − 2) does not belong in the
spectrum of solutions of the steady-state problem.

It is known that w∗ = −2 ln r is the singular steady-state solution correspond-
ing to δ∗ = 2(N − 2) in the symmetric case.

We shall obtain estimations both of the time-dependent solution and the blow-
up time.

2. UPPER AND LOWER SOLUTIONS

In order to obtain estimations of the time-dependent solution of the problem
we are seeking for appropriate upper and lower solutions of the problem.

Theorem 2.1. There exists an upper solution of the problem (1.1), under well-defined
restrictions.
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Proof. Defining U = −ln(c + r2), for 0 ≤ r ≤ r2 and for some c > 0 we have:
∂U

∂t
− ∂2U

∂r2
− (N − 1)

r

∂U

∂r
− 2(N − 2)expU =

4c

(c+ r2)2
> 0, for t > 0, 0 < r < r2

∂U

∂r
(0, t) = 0 and U(r2, t) ≥ u∗(r2, t), t > 0

U(r, 0) ≥ u0(r), 0 ≤ r ≤ r2
So U is an upper solution of the problem for 0 < r < r2, t > 0, on the assump-

tion that :
|u0|<K, u0(r)≤w∗(r) in 0<r<1, t>0

with:
∂u0
∂r

>
∂w∗

∂r
or u0<w∗ for r=1, t>0. �

Then we know (Lacey & Tzanetis, 1986) that:

u∗ ≤ U < w∗ for 0 < t < T1, 0 ≤ r ≤ r2.

We can find a bound on the rate of approach of u∗ by putting u∗ = U − û as
follows:

∂û

∂t
≥ ∂2û

∂r2
+

(N − 1)

r

∂û

∂r
+ 2(N − 2)expU [1− exp(−û)]

≥ −K1û
2 + 2(N − 2)expUû+

∂2û

∂r2
+

(N − 1)

r

∂û

∂t

where

K1 =
1

2
2(N − 2)sup(expU) ≤ N − 2

c
.

We define ψ as ψ =
K2r

a

t+ t0
, with a > 0 and K2, t0 positive constants to be

chosen so that ψ is a lower solution for û. Indeed:

−K1ψ
2 + 2(N − 2)expU · ψ +

∂2ψ

∂r
+

(N − 1)

r

∂ψ

∂r
≥ ∂ψ

∂t
⇔

⇔ r2[
2(N − 2)

r2 + c
− K1K2r

a − 1

t+ t0
] ≥ −a(a+N − 2)

By choosing K2 =
1

K1
the above relation holds as:

2(N − 2)(t+ t0) ≥ 0 ≥ (r2 + c)(ra − 1).

If we choose t0 such that
K2r

a

t0
≤ û(x, 0)(= U(x) − u0(x)), then ψ becomes a

lower solution for û.
Thus, we obtain the following theorem.

Theorem 2.2. There exists a lower solution of the problem (1,1) of the form ψ =
K2r

a

t+ t0
for specific values of the positive constants a,K2, t0.
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3. ESTIMATIONS OF BLOW-UP TIME

After considering the rate of approach of the time-dependent solution near the
critical value of the parameter, we can now estimate a lower bound of the blow-
up time of the problem.

Theorem 3.3. The rate of the blow-up time tb in the symmetric Gelfand problem (1.1) is
of the form: t�(δ − δ∗)−1/2, where t� is a positive constant.

Proof. Let u = u∗ + u1, with u ≤ U . Then:
∂u1
∂t

=
∂2u1
∂r2

+
(N − 1)

r

∂u1
∂r

+ (δ − δ∗)expu∗ + δ(expu− expu∗)

≤ (δ − δ∗)expu+ δ∗u1expU +
∂2u1
∂r2

+
(N − 1)

r

∂u1
∂u

Note that zero is a lower solution for u1, i.e. u1 ≥ 0.
Let

ψ1 = (δ − δ∗)r2a+1(
t

(1 + c)(1 + a)
+ 1)

then:

∂ψ1

∂t
≤ (δ − δ∗)expU + δψ1expU +

∂2ψ1

∂r2
+

(N − 1)

r

∂ψ1

∂r

⇔ r2a+1

a+ 1
≤ 1 + r2a−1(

t

(1 + c)(1 + a)
+ 1)[δr2 + (2a+ 1)(2a+ 2ac+N − 1)]

⇔ r2 ≤ (a+ 1)(
t

(1 + c)(a+ 1)
+ 1)[(2a+ 1)(2a+ 2ac+N − 1)]

Thus, we have proved that ψ1 is an upper solution for u1. For ψ − ψ1 no less
than zero we have:

u ≤ U − ψ + ψ1 = U − K2r
a

t+ t0
+ (δ − δ∗)r2a+1(

t

(1 + c)(1 + a)
+ 1)

If:
K2r

a

t+ t0
≥ (δ − δ∗)(

t

(1 + c)(1 + a)
+ 1)r2a+1 then u is no greater than U < w∗.

This follows if

K2 ≥ (δ − δ∗)(
t0

(1 + c)(1 + a)
+ 1)

since:
(δ − δ∗)

(1 + c)(1 + a)
t2 + [(δ − δ∗)(1 +

t0
(1 + c)(1 + a)

)]t+ (δ − δ∗)t0 −K2 ≤ 0

Thus we conclude that

0 < t ≤ (δ−δ∗)−1/2{
(δ − δ∗)[(1 +

t0
(1 + c)(1 + a)

)2(δ − δ∗) +
4(K2 − (δ − δ∗)t0)

(1 + c)(1 + a)
]1/2

2(δ − δ∗)
(1 + c)(1 + a)

−(δ − δ∗)1/2[(1 + c)(1 + a) + t0]}
For δ → δ∗ the above inequality is satisfied if t ≤ t�(δ − δ∗)−1/2 with

t� = {K2(1 + c)(1 + a)}1/2.
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As
u ≤ U < w∗ at t = t�(δ − δ∗)−1/2

we deduce that:

tb > t�(δ − δ∗)−1/2.

�
Hence, we have obtained a lower bound for the blow-up time in the symmetric

Gelfand problem.

4. DISCUSSION

The behavior of the Gelfand problem in the case where the critical value of the
positive parameter δ does not belong in the spectrum of solutions of the corre-
sponding steady-state problem, still remains open in the general case.

In this paper we have used the advantages of the symmetric problem in order
to estimate the time-dependent solution with lower and upper solutions and to
obtain a lower bound for the blow-up time.

As an open question still remains to determine an upper bound of the blow-up
time.
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