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A survey on cycles embeddings in Fibonacci and
extended Fibonacci cubes
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ABSTRACT. The Fibonacci and extended Fibonacci cubes are two topologies used for interconnec-
tion networks in distributed systems, inspired by the Fibonacci numbers. The possibility of embed-
ding basic interconnection topologies in Fibonacci and extended Fibonacci cubes is an important issue
that defines the properties of these topologies. In this paper we give a survey on the property of the
existence of a Hamiltonian cycle in Fibonacci and extended Fibonacci cubes, property which is very
important, especially in the presence of faulty links when a reconfiguration of the network can be
necessary.

1. INTRODUCTION

The message exchange in a distributed system depends on the communica-
tion system or on the interconnection network. An important aspect of designing
a distributed system regards the design of the communication subsystem that
means the design of the interconnection network. The design of the interconnec-
tion network suppose a compromise in order to achieve some objectives such as:
high transfer rate, small communication delay, simplicity, scalability, fault toler-
ance, optimal ratio cost/performance.

An interconnection network can be modeled by a finite graph G = (V, E) with
V the set of vertices and E the set of edges. The vertices of the graph represents
the nodes of the network, meaning the processing elements, memory modules or
switches and the edges correspond to the communication links. If the commu-
nication between processors is unidirectional then the graph is a directed graph,
otherwise the graph is undirected. Two processors connected by a direct (unidi-
rectional or bidirectional) link in the network are called neighbours. The intercon-
nection graph of the network is referred as the network topology. A good model
for an interconnection network must have some properties such as: small degree,
limit due to technical reasons; small diameter, means small maximum communi-
cation delay; small average distance between vertices, means small average com-
munication delay; maximum connectivity, means optimal fault tolerance; embed-
ding properties, means efficient simulation of other networks; modular structure,
means recursive scalability.
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The most studied interconnection topology is the hypercube, or the n-cube
denoted by H,,. The hypercube has good topological properties such as symme-
try, small diameter and node degree. Recursive structure and efficient commu-
nication algorithms can be described for the hypercube. A drawback in the case
of the hypercube is the number of nodes which is a power of 2 and limits the
choice for a network interconnection with a given number of nodes. A number
of interconnection topologies, called hypercube-like topologies, like star-graph,
pancake-graph, cube-connected-cycles, butterfly-graph, with similar properties
as the hypercube, have been proposed in the literature.

Hsu proposed and studied in [3], [4], [5] the properties of an interconnection
topology called Fibonacci cube, based on the Fibonacci numbers. The Fibonacci
cube of order n has f, nodes, n > 1, where f, is the n-th Fibonacci number and
the nodes can be labeled with binary strings of length n — 2 with no consecutive
1’s. Two nodes are connected if their labels differ in exactly one position. It is
clear that a Fibonacci cube can be seen as resulting from a hypercube after some
nodes become faulty. Properties of Fibonacci cubes were also studied in [2], [6],
[91, [11], [12].

Wu generalized the Fibonacci cube topology in [10] by defining the series of
extended Fibonacci cubes, (EFCy)r>o. The extended Fibonacci cubes are de-
fined using the same recursive relation as the Fibonacci humbers but changing
the initial conditions. The topological properties and embeddings in extended
Fibonacci cubes were studied in [6], [10], [13], [14].

The Fibonacci and extended Fibonacci cubes have good topological proper-
ties, are recursively decomposable and efficient communication algorithms can
be described for this class of interconnection topologies. One important quality
of these topologies is that they can simulate the basic topologies as arrays, cycles,
meshes.

2. PRELIMINARIES

The Fibonacci Cube topology is based on the properties of Fibonacci numbers.
The Fibonacci numbers are defined as fo = 0, f1 = 1, fn = fn_1 + fn_2, fOr
n > 1. According to Zeckendorf’s lemma, any integer number &, 0 < k < f, can
be written as a sum of Fibonacci numbers as it follows:

n—1

k= th 'f,', b; € {0,1}W|th b; 'bi+1 =02 :m.

=2
This means that to every integer number k, 0 < k < f,, we can associate a Fi-
bonacci code kr = (b,—1...bsba)F according to its representation as a sum of
Fibonacci numbers. This code is a binary code which has no two consecutive 1’s
and is called Fibonacci code. Any binary string with no two consecutive 1’s is
called Fibonacci string.

The Fibonacci cube can be defined as follows:

Definition 2.1. [5] The Fibonacci cube of order n > 1, denoted by I',,, is defined as
T, = (Va, E,) where the set of nodes is V,, = {0,1,, f,, — 1} and the set of edges is
E, = {(i,5)|H(ir,jr) = 1,i,j € V,}, where H(ip, jp) is the Hamming distance
between the Fibonacci codes of nodes 7 and ;.
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The Fibonacci cube of order n has f,, hodes and there is an edge between two
nodes if their Fibonacci codes differ exactly in one position. The Fibonacci cubes
of order 2, 3, 4, 5 are represented in Figure 1.
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Figure 1: Fibonacci cubes T, ,I'; T, T

Obviously, the Fibonacci cube of order n is a subgraph of the n-cube, H,,.
A recursive definition for the Fibonacci cubes has been given in [5] as follows:

Definition 2.2. [5] The Fibonacci cube T',, = (V,,, E,,) of order n, n > 1, is defined
recursively as V;, = 0||V,,—1 U 10]||V,,—2, where V,,_; and V,,_» are the set of nodes of the
order n— 1, respectively n — 2 Fibonacci cubes and || denotes the concatenation of strings,
and there is an edge between two nodes if their binary representations differ exactly in one
position. The initial conditions are I'y = ({A},0) and I's = ({0, 1}, {(0,1)}).

A Fibonacci cube of order n, I',,, has f,, nodes and can be recursively decom-
posed in two Fibonacci cubes of ordern—1and n—2. ThetwoI',,_; andT',_ are
connected by f,_» edges. The Fibonacci cube I';, has good properties: the nodes
degree is between n/8 and n — 2, the diameter is n — 2, the node and edge connec-
tivity are between n/8 and (n —2)/3 respectively. Basic topologies such as arrays,
rings, meshes, hypercubes can be embedded in Fibonacci cubes. Two thirds of
the Fibonacci cubes have an odd number of nodes and as subgraphs with odd
number of nodes of the hypercube, they are not Hamiltonian.

In [10] Wu introduced a series of extended Fibonacci cubes (EFC},)i>o, Using
a recursive definition. All the cubes in the series have an even number of nodes.

Definition 2.3. [10] The series of extended Fibonacci cubes, (EFC\)k>o0, is defined as
EFCi(n) = (Vk(n), Ex(n)), n > k+ 1, where Vi(n) = 0]|Vi(n — 1) U 10||Vi(n — 2),
n > k+3, and two nodes are connected by an edge in Ey (n) if their binary representation
differ in exactly one position. The initial conditions are V;, (k+2) = {0, 1}*, Vi (k+3) =
{0, 1}5+1, where {0, 1}* denotes the set of binary strings of length .

From this definition we can see that an extended Fibonacci cube EFCy(n)
can be decomposed in two extended Fibonacci cubes EFCy(n — 1) and
EFCi(n — 2) and each node in EFCy(n — 2) is connected to a node in
EFCk (’I’L - 1).

The nodes of an EFCy(n) are labelled with binary strings of length n — 2,
where the first n — k& — 2 bits represent a Fibonacci code and the last & represent
a binary code. The number of nodes in EFCy(n) is 2* f,,_;, where f,_; is the
(n — k)-th Fibonacci number, n > k+ 1. We can consider the Fibonacci cube I',, as
an extended Fibonacci cube EFCy(n). The extended Fibonacci cubes EFC;(3),
EFCi(4), EFC,(5), EFC2(4), EFC2(5) and EFC>(6) are given in Figure 2.
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Figure 2: Extended Fibonacci cubes EFCy(3), EFCy(4), EFC4(5), EFC,(4), EFC,(5), EFCy(6)

Some important properties of extended Fibonacci cubes are:

- the diameter of EFCj(n) isn — 2 forall k > 0;
- the degree g(u) of anode w in EFCy(n) is

n—(k—1)
e
- EFC,L_Q(TL) =H,_o forn > 2;
- Iy = EFCy(n) C EFCi(n) C ... C EFCy_2(n) = Hyo.

Scarano showed in [8] that, excepting the initial values, the number of nodes in
EFCy(n) are distinct for different values of k and n, k£ > 0, n > k + 2. This means
that using extended Fibonacci cubes, the possibility of constructing a hypercube-
like topology increases. For example, if we want to construct a cube with the
number of nodes between 10 and 50 we can choose only two hypercubes, H, and
Hj; with 16 respectively 32 nodes, but there are 11 choices for extended Fibonacci
cubes: EFC:1(6), EFCy(6), EFCy(7), EFCy(7), EFCy(8), EFCs(7), EFC1(8),
EFCy(9), EFC5(8), EFC1(10) and EFC4(8) with the number of nodes 10, 12,
13, 20, 21, 24, 26, 34, 40, 42, 48 respectively.

[+-0<s@<n-2

3. MAIN RESULTS

A Hamiltonian path can be embedded in any Fibonacci and extended Fi-
bonacci cube. This paths will be constructed using Gray codes for Fibonacci and
extended Fibonacci cubes.

Definition 3.1. [5] We call a Fibonacci sequence the sequence G, recursively defined as
G3 = {0,1}, G4 = {01,00, 10}, Gpy2 = {0G;, 1,10G],}, n > 2, where G, denotes
the reverse sequence of the elements in Gy.

Proposition 3.1. [5] The Fibonacci sequence G, defines a Gray code for the Fibonacci
codes of lengthn — 2, n > 1.

Let Cy, = {w1, wa,...,w,}, p = 2%, be the Gray code for binary strings of length
k, H(w;,wiy1) = 1,4 = 1,p—1and Gp— = {v1,v2,...,9}, ¢ = fnor, the Gray
code for Fibonacci strings of length n — k — 2, H(v;,v;41) =1,i=1,q — 1.
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Using these Gray codes we give the following definition for a sequence of
nodes in an EFCy(n) which we show to be a Gray code for EFCj(n).

Definition 3.2. [14] We call an extended Fibonacci sequence, the sequence EG.(n) de-
fined as EGy(n) = {v1Ck,v2C},,v3Ck, ..., v,CY}, ¢ = fr—k, Where v;Cy, = {vwn,
viwa, ..., vwyt, p = 2% and v;C}, = {v;wp, viw,_1, . .., v;w; } represent the sequence
of strings obtained from concatenation of string v; with all the strings w; in Cy, respec-
tively C, i =1,qand C} = Cy if gisodd and C} = Cj, if ¢ is even.

The extended Fibonacci sequence defined has pq = f,,_12" elements and the
strings in EGy(n) are exactly the nodes of EFC(n).

Lemma 3.1. [14] The extended Fibonacci sequence is a Gray code.

With the existence of these two Gray codes for Fibonacci respectively extended
Fibonacci cubes, we can give the following properties:

Proposition 3.2. [5] There is a Hamiltonian path in any Fibonacci cube, path defined by
the sequence of nodes with the codes in the Fibonacci sequence.

Proposition 3.3. [14] There is a Hamiltonian path in any extended Fibonacci cube, path
defined by the sequence of nodes with the codes in the extended Fibonacci sequence.

For example, for EFC5(6) the Gray code is C» = {00,01,11, 10} and the Gray
code for Fibonacci strings is G4 = {01, 00, 10}. The extended Fibonacci sequence
is EG2(6) = {01C5,00C%,10C,} = {0100,0101,0111,0110,0010, 0011, 0001, 0000,
1000, 1001, 1011, 1010} and defines a Hamiltonian path in EFC5(6).

Two thirds of the Fibonacci numbers are odd numbers hence two thirds of the
Fibonacci cubes have an odd number of nodes. A Fibonacci cube of order n is a
subgraph of the hypercube H,,. The hypercube does not contain cycles with odd
number of nodes and this means the Fibonacci cube does not contain Hamiltonian
cycle. For the Fibonacci cube with even number of nodes, I'sx, k£ > 1, we can give
a sequence of nodes that defines a Hamiltonian cycle.

Let G,, = {1, aq,..., a5, } be the Fibonacci sequence for the Fibonacci cube
Ip,n =3k k>1land G2 = {w,,qi,,...,q0;,. }, GL = {aj,,aj,,...,a;} with
i <o < ...l j1 < j2 <...<Jj,l+m= f, the subsequences of G,, that have
0 respectively 1 on the last position of the codes. The nodes with the Fibonacci
codes in the sequence L = {G?, (G1)'}, where (GL)’ is the reverse of the sequence
G, in the Fibonacci cube T',,, n = 3k, k > 1, defines a Hamiltonian path and the

n?

first and the last node in L are neighbours. We can give then the following result;

Theorem 3.1. [12] The Fibonacci cubes I',, with an even number of nodes f,,, n > 3,
are Hamiltonian.

For example, in T's, Gg = {0100,0101, 0001, 0000, 0010, 1010, 1000,1001} and
G? = {0100,0000,0010,1010,1000}, G§ = {0101,0001,1001}. The Hamiltonian
cycleis L = {GY, (Gé)'} = {0100, 0000, 0010, 1010, 1000, 1001,0001, 0101} and is
represented in Figure 3.



A survey on cycles embeddings in Fibonacci and extended Fibonacci cubes 553

0100 0000 0010 1010 1000 1001 0001 oO101

Figure 3. Hamiltonian cycle in I's

Because the number of nodes in an extended Fibonacci cube is even, the ex-
tended Fibonacci cubes are all Hamiltonian. The Hamiltonian cycle in an ex-
tended Fibonacci cube can be defined in a similar way with that for Fibonacci
cubes. Let EG(n) be the extended Fibonacci sequence for EFCy(n), EGr(n) =
{1C, 120}, v3C%, ..., v,C}/}, ¢ = fu—r With C, and Cj, the Gray codes of or-
der k and v;, ¢ = 1, f,,_ the Fibonacci strings with length n — &k — 2. We de-
note EGy(n) = {21, 22, -, 2pg—1, Zpg }» Pq = 2 fn_. We define the subsequences
EG)(n) = {2V,29,...,20} and EGi(n) = {z{,23,...,z. } that contain the con-
secutive strings in EGy(n) that have the symbol 0 respectively 1 on their last
position, m = pq/2. The sequence {EGY(n), (EG}(n))'} defines a Hamiltonian
cycle in EFCy(n). We can give then

Theorem 3.2. [12] Any extended Fibonacci EFC(n), k > 1, n > k + 1, is Hamilton-
ian.

For EFCy(6), EG2(6) = {01C5,00C%,10C5} = {0100,0101,0111,0110,0010,
0011,0001, 0000, 1000, 1001, 1011, 1010}, where Cy = {00,01,11,10} is the Gray
code for binary strings of length 2. The Hamiltonian cycle in EFC5(6) is repre-
sented in Figure 4, the dashed lines are the edges not in the Hamiltonian cycle.

0101 0111

0010

1000 1010
Figure: 4: Hamiltonian cycle in EFC,(6)

4. CONCLUSION

The property of being Hamiltonian is an important property for the graphs
which model the interconnection network of a distributed system because in the
presence of faulty links, the network can be reconfigured and the communication
between the nodes still can take place.
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In this paper, we gave a survey on this property in Fibonacci and extended
Fibonacci cubes. All these cubes contain Hamiltonian paths, and those with an
even number of nodes, meaning a third of the Fibonacci cubes and all the ex-
tended Fibonacci cubes, contain Hamiltonian cycles. Much more, their topolog-
ical properties are similar to those of the hypercube, so, Fibonacci and extended
Fibonacci cubes are useful topologies for interconnection networks.
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