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Canonical connections on k-symplectic manifolds under reduction

ABSTRACT.

The construction of a canonical connection on a k-symplectic manifold is reviewed and sufficient conditions such that it should be preserved by
performing Marsden—Weinstein reduction are given.

1. INTRODUCTION

An important result in geometric mechanics is the symplectic reduction initiated by Liouville, Arnold and Smale.
It provides new symplectic manifolds when we have symmetries on the initial manifold. In a similar way, under
certain assumptions [3], one can reduce a k-symplectic manifold and obtain also a k-symplectic manifold.

In the present paper, we shall recall the way we constructed a canonical connection on a k-symplectic manifold
[4] and provide sufficient conditions such that this connection to give by reduction the canonical connection on the
reduced manifold.

2. CANONICAL CONNECTION ON A k-SYMPLECTIC MANIFOLD
According to [1], [6],

Definition 2.1. A k-symplectic manifold is a smooth manifold M together with % closed 2-forms wy, ...,wy and an
nk-dimensional foliation F on M with the following properties:

1) () kerw = {0},
@) (X, X') = 0, (V) X, X' € ((TF),a € {1,....k},

where kerw, := {v € T, M | w,(v,w) =0, (V) w € T, M}.
From the definition follows that dim(M) = n(k + 1). Denote by L the tangent bundle of the foliation F and define

Lo = () kerws, (V)1<a<k. (2.1)
B#a
It follows that [2]:
(a) the distribution L, is integrable (we denote by F,, the foliation integral to L,,), o € {1, ..., k};
(b) L=L1®--- @ Lg;
(c¢) themap iy : Ly — Q*, X — ixw,, is an isomorphism, o € {1,..., k}, where ) denotes the normal bundle
of F.

Theorem 2.1. [4] Let (M, wq, F)1<a<k be a k-symplectic manifold and let Q) be an n-dimensional integrable distribution on
M supplementary to T F verifying the conditions:
(i) walY,Y') =0, (¥) V,Y' € I(Q),a € {1,..., k},
(i) [X,Y] € T(La ®Q), (V) X €T'(La), Y € T(Q),
and such that (i7) " (YY) = - = @) WYY, for any Y, Y € T(Q), where YY" € L are defined vYY" : V
(Lyiywa)(V) =Y (wo (Y, V) —wo (Y, [Y,V]), forany V e T(TM) and forany Y, Y’ € T'(Q) and o € {1, ..., k}.
Then there exists a unique connection V on M satisfying the following properties:
(1) VFa CFa, M) aed{l,...,k},and VQ C Q,
(2) le :-~-:Vwk:0,
(3) VxY —VyX = [X,Y],(V) X €T(L),Y € T(Q).

According to the decomposition TM = L, @ ---® Ly ® @, we defined [4] a connection VLo on each subbundle L,
a connection V? on @ and then we took the sum of these connections for defining a global connection on M:

VoW = VEWr, + -+ VEW,, + VEW,, 2.2)
forV,W e F(TM).
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3. CONNECTIONS UNDER REDUCTION

We shall identify the k-tangent bundle T} M with the Whitney sum of k copies of TM and consider the bundle
morphism

OF TIM — T*M, QF(X1,..., Xg) = ix,Wa. (3.3)

Definition  3.2. [5] A  k-Hamiltonian system is an ordered k-tuple of vector fields
(X1,...,Xg) € T M such that there exists a smooth function H : M — R, called the Hamiltonian of (X1,..., Xj),
with the property

OF(X1,...,Xy) = dH. (3.4)
We will denote by ((X1)u, - .., (Xk) ) a k-Hamiltonian system with the Hamiltonian H.

Definition 3.3. [5] A k-symplectic action of a Lie group G on the k-symplectic manifold (M, wq, F)1<a<k is an action
®: G x M — M such that

(@) wa =wa, (V)geG, (V)1<a<k, (3.5)
where &, : M — M, o (z) := ®(g,2), and (£,),, are the fundamental vector fields on M corresponding to the
elements{, € G, o € {1,...,k}.

Let G* = Gx .k. xG and G** = G*x .*. xG*, where G* is the dual of the Lie algebra G of G. For g € G,
define Ad," : GF — GF Ad,f(&1,...,&) = (Adyéy,. .., Ady€y), where Ad : G — Aut(G) denotes the adjoint
representation and Ad, = Ad(g), and Ad;k A g*k,Ad;k (1) = po Ady".

Definition 3.4. [5] A momentum map for the k-symplectic action ® : G x M — Misamap J : M — G*" defined
by
(X )J(fh ;fk) (60)]\/[7 (V) (517 e 7€k) € gk’ (v) 1 S @ S ka (36)

where J(§1,.., &) : M — R, J (€. &)(@) == J(2) (&1, . &).
The momentum map J : M — G* is called (®, Ad* )-equivariant if

J(@y(z)) = Ad:"1 J(2), (V)ge G, (V)xe M. (3.7)

Considernow J : M —s G*" a (®, Ad*" )-equivariant momentum map for the k-symplectic action ® : GxM — M
of the Lie group G on the k-symplectic manifold (M, wq, F)i<a<i and p € G " a regular value of J. Denote by
G, ={9€qG| Ad;li1 (1) = p} C G the isotropy subgroup of p with respect to the k-coadjoint action. Assume that
G, acts freely and properly on J~!(p). The reduction theorem for k-symplectic manifolds states:

Theorem 3.2. [3] Under the hypotheses above, on the manifold M,, := J~(p)/G,, there exists a unique k-symplectic structure
((Wu)as Fu)i<a<k, such that

T (Wp)a =ip wa, (V)1 <a <k,
where m, : J~1(u) — M, is the canonical projection and i, : J~*(u) — M the inclusion, if the following condition is
satisfied: (m,)+X € ker(wy,)q implies (i,,)«X € kerwq, for every X € T(TJ Y (w)) and forall o € {1,...,k}.

The foliation F,, on the reduced manifold M, is constructed, using the reduced 2-forms (w,)s, a € {1,...,k},
in the following way: take (L,)a = (., ker(w,)s and consider L, := (L,)1 & --- @ (Ly)k- So Fy is the foliation
integral to the distribution L,,. Denote by @, the normal bundle on F,,.

Observe that for the reduced manifold (M, (wu)a, Fu)i<a<k, the conditions (i) and (ii) in the Theorem 2.1 are also
satisfied. Indeed, let Y, Y’ € T'(Q,,) and a € {1,..., k}. Then, since (7,,). is surjective, (w,)a (Y, Y") = (wu)a (7)Y,
(1)) = wal (i)Y, (i), Y"), with Y, Y € T(T.T (1)

Since (7,,)+ X € ker(w,,), implies (i,)«X € kerw,, for X € I'(T'J (1)), we obtain that (i,,).Y, (i,).Y’ € ['(Q) [be-
cause, if we assume that (i,,).Y € ker w,, then, in particular, forany W € I'(T'J ! (1)), we have 0 = wq (). Y, (i4)«Y’) =
(wWp)a((mu)+Y, (m,).Y") and so (m,).Y € ker(wy)o which contradicts the fact that Y = (m,).Y € I[(Q,)]. It follows
that (w,)a(Y,Y” ') =0, for any Y,Y"€T(Q,)and a € {1,...,k}, which proves (i).

For (i), let X € T'((L,)a), Y € T(Q,) and X,Y € F(TJ—l( )) such that X = (7,).X, Y = (7,).Y. Then
(i)« X € T(La), (i)Y € T(Q) and hence [(i,,). X, (i,).Y] € T(Lo ® Q). If [X, Y] € T((L,,)z) [or respectively, ['(Q,,)
or respectively, I'((L,)s @ Qu), B # al, follows that (i, ) , (4 ) Y] € T'(Lg) [or respectively, I'(Q)) or respectively,
I'(Lg @ Q), B # o] which contradicts the fact that [(i,,).X, ) Y eT'(Ly® Q).

Generalizing the result obtained by I. Vaisman in [7], we shall give a reduction type theorem for the canonical
connection on a k-symplectic manifold as follows.

Denote by Z the isotropic foliation defined by the connected components of the orbits of G, in J~!(u) with the
property TZ = (TJ = (p))*«e NTJ (1), (V) a € {1,...,k}. Because the canonical connection V is torsion free and
Vwe =0, (V) a € {1,...,k}, it follows that T7 is parallel with respect to V. Assume now that the k-symplectic action
® is a V-affine action, that is, it preserves the connection V.
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Theorem 3.3. Let (M, wa,F)i<a<k be a k-symplectic manifold on which we have a V-affine k-symplectic action ® of a Lie

group G and there exists a (D, Ad*k)—equivariant momentum map J : M — G*". Letp e G” bea regular value of J.
Assume that the hypotheses of the Theorem 3.2 hold and that J~* () is V-self-parallel. Then the canonical connection V defined
in Theorem 2.1 induces a canonical connection V,, on M,, = J (1) /G,..

Proof. Define
V#(X, Y) = (Wu)*(VXY)v (3.8)

for X = (7,).X,Y = (7,).Y, with X, Y € T(TJ~"(u)) G,-invariant vector fields on J~* () up to a term in T'(T'Z).

It is correctly-defined. Indeed, since J~!(u) is V-self-parallel, the vector field VxY is tangent to J ! (u), for any
X, Y e I(TJ (pn)). As X and Y are defined up to a term in I'(7Z), notice that for X — X + Z with Z € I'(TZ), we
have (7,)«(Vx4+2zY —VxY) = (7,)+(V2Y) = (m)« (VY Z + [Z,Y]) = (7,)«(Vy Z) + (7,)+([Z,Y]) = 0 (because V is
torsion free and preserves T'Z) and respectively, for Y — Y +Z with Z€T'(TZ), we have (7,).(Vx(Y+2Z)-VxY)=
(7). (Vx 2)=0.

The connection V , satisfies the conditions that define the unique canonical connection on M,,. Indeed, they follow
from the properties of V, from the fact that

[(Vu(w)a) (X, Y, 2)](&) = () X (Wp)a((m0) Y, ()4 2)) (7w ()
= [(0)« X (Wa (i)« Y (i) 2))] (i () = 0,

forany X = (7,).X,Y = (7,).Y, Z = (7,).Z € '(TM,,), & = m,(x) € M, and a € {1,...,k} and the last one from
the fact that V is torsion free. O
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