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On g-compact spaces and g-closed spaces

ABSTRACT.

In this paper, we have introduced and studied the concepts of g-compact space and g-closed space by means of nets and filterbases.

1. INTRODUCTION

Generalized open sets play a very important role in General Topology and they are now the research topics of
many topologists worldwide. Indeed a significant theme in General Topology and Real Analysis concerns the various
modified forms of continuity, separation axioms etc. by utilizing generalized open sets. Compactness and properties
closely related to compactness play an important role in the applications of General Topology to Real Analysis and
Functional Analysis. In this paper, we have introduced and studied the concepts of g-compact space and g-closed
space by means of nets and filterbases.

2. PRELIMINARIES

Throughout this paper, spaces always means topological spaces on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of a space (X, 7), Cl(A) and Int(A) denote the closure of A and the
interior of A in X, respectively. A subset A of X is said to be semiopen [4] if A C Cl(Int(A)). The complement
semiopen is called semiclosed [2]. The intersection of all semiclosed sets containing A is called the semiclosure [2])
of A and is denoted by s C1(A).

Definition 2.1. A subset A of a space (X, 7) is called:
(i) a g-closed set [7] if C1(A) C U whenever A C U and U is semi-open in (X, 7).
(ii) a *g-closed set [8] if C1(A) C U whenever A C U and U is g-openin (X, 7).
(iii) a #g-semiclosed (briefly # gs-closed) set [9] if s C1(A) C U whenever A C U and U is *g-open in (X, 7).
(iv) g-closed set [3] if C1(A) C U whenever A C U and U is # gs-open in (X, 7).
Where g-open (*g-open, # g-semi-open, g-open) are defined as the complement of g-closed (* g-closed, # g-semi-closed,
g-closed).

Definition 2.2. Let (X, 7) be a topological space and £ C X. We define the g-closure [6] of E (briefly g C1(E)) to be
the intersection of all g-closed sets containing E. In symbols, g Cl(E)=({A: E C Aand A € GC(X, 1)}

Proposition 2.1. [6] Let (X, T) be a topological space and E C X. The following properties are hold:
(i) g CI(E) is the smallest g-closed set containing E;
(ii) E is g-closed if and only if g C1(E) = E.

Definition 2.3. [6] Let (X, 7) be a topological space and E C X. We define the g-interior of E (briefly g Int(E)) to be
the union of all g-open sets contained in E.

Definition 2.4. The g-6-closure [I] of A, denoted by g Clg(A), is defined to be the set of all z € X such that A N
gCl(U) # o for every g-open set U containing =. A subset A is called g-6-closed [1]] if and only if A = gCly(A). The
complement of g-6-closed set is called g-§-open. A subset S of a topological space (X, 7) is said to be g-regular [1] if
it is g-open and g-closed.

The family of all g-regular (resp. g-open, g-closed) sets of (X, 7) is denoted by GR(X) (resp. GO(X), GC(X)). The
family of all g-regular (resp. g-open, g-closed) sets of (X, 7) containing a point z € X is denoted by GR(X, z) (resp.
GO(X,z), GC(X, x)).

3. §-COMPACT SPACES

Definition 3.5. Let (X, 7) be a topological space. A class {G;} of g-open subsets of X is said to be g-open cover of X
if each point in X belongs to at least one G; thatis | JG; = X.
i

Received: 14.05.2009; In revised form: 18.01.2010; Accepted: 08.02.2010.
2000 Mathematics Subject Classification. 54C60.
Key words and phrases. Topological spaces, g-compact spaces, g-closed spaces.

65



66 N. Rajesh

Definition 3.6. A subset K of a nonempty set X is said to be g-compact relative to (X, 7) if every cover of K by sets
of GO(X) has a finite subcover. We say that (X, 7) is g-compact if X is j-compact.

It is clear that every g-compact space is compact. But the converse is not always true as it can be seen from the
following example.

Example 3.1. Let X be the set of real numbers endowed with the cofinite topology. The topological space X is clearly
compact. The collection of all g-open sets in X is precisely the power set of X. Hence the topological space X is not
g-compact.

We will give several characterizations of the g-compact spaces. The first characterization makes use of the finite
intersection condition.

Theorem 3.1. The following statements are equivalent for any topological space (X, ):
(1) X is g-compact.
(12) Given any family F of g-open sets, if no finite subfamily of F covers X, then F does not cover X.
(t13) Given any family F of g-closed sets, if F satisfies the finite intersection condition, then (\{{A : A € F} # 0.
(iv) Given any family F of subsets of X, if F satisfies the finite intersection condition, then (\{gCl(A) : A € F} # 0.

Proof. (i) < (i) and (i7) < (i4i) are obvious. (i7i) = (iv): If F C P(X) satisfies the finite intersection condition, then
N{gCl(A) : A € F} is a family of g-closed sets, which obviously satisfies the finite intersection condition. (iv) = (i)
Follows from the fact that A = b C1(A) for every g-closed set A. O

Definition 3.7. A point x € X is said to be g-cluster point of a net {x }aca if {Za }aeca is frequently in every g-open
set containing x. We denote by g-cp{z« }aca the set of all g-cluster points of a net {z }aca.

Theorem 3.2. The set of all g-cluster points of an arbitrary net in X is g-closed.

Proof. Let {zs}aca beanetin X. Set A =g — cp{za}aca. Let x € X\ A. Then there exists a g-open set U, containing
z and o, € A such that Xg ¢ U, whenever 8 € A, § > a,. It turns out that U, C X\A, hence z € gInt(X\A4) =
X\g Cl(A). This shows that g C1(A) C A; hence A is g-closed. O

Theorem 3.3. A topological space X is g-compact if and only if each net {x, }aen in X, has at least one g-cluster point.

Proof. Let X be a g-compact space. Assume that there exist some net {z, }oca in X such that g-cp{x, }aca is empty.
Then for every = € X, there exist U(z) € GO(X,z) and a(z) € A, such that x5 ¢ U(z) whenever 8 > a(z), 8 € A.
Then the family {U(xz) : € X'} is a cover of X by g-open sets and has a finite subcover, say, {Uj : k = 1,2, ...n} where
Uk =U(xy) fork=12,..n, {zg : k =1,2,...n}. Letus take o € A such that o« > a(xy) forall k € {1, 2, ....n}. For every
B8 € Asuch that 8 > a wehave, x5 ¢ Uy, k=1, 2,...n, hence x5 ¢ X, which is a contradiction. Conversely, if X is not
g-compact, there exists {U; : i € I} a cover of X by g-open sets, which has no finite subcover. Let P(I) be the family of
all finite subsets of I. Clearly, (P(I), C) is a directed set. For each J € Z. we may choose z; € X\ |J{U; : ¢ € J}. Letus
consider the net {z;};cp(1). By hypothesis, the set g-cp{z;};c p(r) is nonempty. Let 2 € g-cp{z;};cp(r) and let ig € 1
such that « € Ujo. By the definition of g-cluster point, for each J € P([) there exist J* € P(I) such that J C J* and
x} € Uy. For J = {ip}, there exists J* € P(I) such that iy € J* and z} € Uj. But 2} € X\ U{U; - i € J*} € X\U,,.
The contradiction we obtained shows that X is g-compact. O

In the following, we will give a characterization of g-compact spaces by means of filterbases.

Let us recall that a nonempty family F of subsets of X is said to be a filterbase on X if () ¢ F and each intersection
of two members of F contains a third member of 7. Notice that each chain in the family of all filterbase on X (ordered
by inclusion) has an upper bound, for example, the union of all members of the chain. Then, by Zorn’s Lemma, the
family of all filterbases on X has at least one maximal element. Similarly, the family of all filterbases on X containing
a given filterbase F has at least one maximal element.

Definition 3.8. A filterbase F on a topological space X is said to be:
(i) g-converge to a point z € X if for each g-open set U containing x, there exists B € F such that B C U.
(i) g-accumulate at z € X if U N B # () for every g-open set U containing = and every B € F.

Remark 3.1. A filterbase F g-accumulate at x if and only if z € (N{gCl(B) : B € F}. Clearly, if a filterbase F
g-converges to x € X, then F g-accumulates at .

Lemma 3.1. If a maximal filterbase F g-accumulate at x € X, then F g-converges to x.

Proof. Let F be a maximal filterbase which g-accumulate at 2 € X. If 7 does not g-converges to z, then there exists a
g-open set U containing « such that Uy N B # () and (X\Uy) N B # 0 for every B € F. Then F|J{UyN B : B € F}is
a filterbase which strictly contains F, which is a contradiction. O
Theorem 3.4. For a topological space X, the following statements are equivalent:
(1) X is g-compact;
(#4) Every maximal filterbase g-converges to some point of X;
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(#91) Every filterbase g-accumulates at some point of X.

Proof. (i) = (ii): Let Fy be a maximal filterbase on X. Suppose that 7, does not g-converge to any point of X. Then,
by Lemma Fo does not g-accumulate at any point of X. For each x € X, there exists a g-open set U, containing
and B, € Fy such that U, N B, = ). The family {U, : € X} is a cover of X by g-open sets. By (i), there exists a finite
subset {1, 2, ....xy } of X such that X = J{U,, : k = 1,2, ...n}. Since Fy, is a filterbase, there exists By € Fy such that
By C({Bu, : k=1,2,..n} = X\ J{Uy,, : k = 1,2,...n}, hence By = . This is a contradiction. (¢i) = (iii): Let F be a
filterbase on X. There exists a maximal filterbase F, such that F C Fy. By (ii), Fo g-converges to some point z¢ € X.
Let B € F. For every U € éO(X ,Tg), there exists By € Fy such that By C U, hence U N B # ), since it contains
the member By N B of Fy. This shows that F g-accumulates at z¢. (iii) = (i): Let {V; : i € I} = () be any family of
g-closed sets such that (\{V; : i € I} = (). We shall prove that there exists a finite subset Iy of I such that {V; : i € I'}.
By Theorem 3.1} this implies (i). Let P(I) be the family of finite subsets of I. Assume that (\{V; : i € J} = 0} for every
J € P(I) —(*). Then the family F = {(\{V; : i € J} : J € P(I)} is a filterbase on X. By (iii), F g-accumulates to
some point zp € X. Since {X\V; : i € I} is a cover of X, there exists iy € I such that o € X\V;,. Then X\V,¢ is a
g-open set containing z¢, V;, € F and (X\V;,) N V;, = 0. This is a contradiction with the fact that 7 g-accumulates at
2o shows that (*) is false. |

Definition 3.9. A point z in a topological space X is said to be a g-complete accumulation point of a subset A of X if
n(SNA)=n(S) for each A € GO(X, ), where n(S) denotes the cardinality of S.

Definition 3.10. In a topological space (X, 7), a point z is said to be a g-adherent point of a filterbase F on X if it lies
in the g-closure of all sets of F.

Theorem 3.5. A topological space (X, T) is g-compact if and only if each infinite subset of X has a g-complete accumulation
point.

Proof. Let the topological space (X, ) be g-compact and A an infinite subset of X. Let K be the set of all points «
in X which are not g-complete accumulation points of S. Now it is obvious that for each point = in K, we are able
to find U(z) € GO(X,z) such that n(A N U(z)) # n(S). If K is the whole space X, then F = {U(z)r € X}isa
g-cover of X. By hypothesis, X is g-compact. So, there exists a finite subcover G = {U(z;) : ¢ = 1,2,...n}, such that
AcCc H{U(@:)NnA:i=12,..n} Then n(S) = max{n(U(z;) N A) : i = 1,2,...n} which does not agree with what
we assumed. This implies that A has a g-complete accumulation point. Now assume that X is not g-compact and
that every infinite subset A of X has a g-complete accumulation point in X. It follows that there exists a g-cover S
with no finite subcover. Set a = min{n(¥): ¥ C S, where U is a g-cover of X} . Fix ¥ = S for which n(¥) = «
and J{U : U € ¥} = X. Then, by hypothesis & > n(N), where N denotes the set of all natural numbers. By
well-ordering of ¥ by some minimal well-ordering ”~”, suppose that U is any member of ¥. By minimal well-
ordering "~"” we have n({V : V. € ¥,V ~ U}) < n({V : V € ¥}). Since ¥ cannot have any subcover with
cardinality less than «, then for each U € ¥ we have X # |J{V;V € ¥,V ~ U}). For each U € ¥, choose a
point z(U) € X\ {V U{z(V)};V € ¥,V ~ U}). We are always able to do this if not one can choose a cover of
smaller cardinality from . If H = {«(U) : U € ¥}, then to finish the proof we will show that H has no g-complete
accumulation point in X. Suppose z € X. Since ¥ is a g-cover of X, z is a point of some set, say W in ¥. By the
fact that U ~ W, we have 2(U) € W. Itfollows that T = {U : U € ¥V and z(U) € W} Cc {V;V € U,V ~ W}. But
n(T) < a. Therefore, n(H N W) < a. But n(H) = a > n(V). Since for two distinct points U and W in ¥, we have
z(U) # x(W). This means that H has no g-complete accumulation point in X, which contradicts our assumption.
Therefore X is g-compact. O

Theorem 3.6. For a topological space (X, T), the following statements are equivalent:

(1) X is g-compact;

(#4) Every net in X with a well-ordered directed set as its domain g-accumulates to some point of X.
Proof. (i) = (ii): Suppose that X is g-compact and A = {z, : @ € A} a net with a well-ordered directed set A as
domain. Assume that A has no g-adherent point in X. Then for each z € X, there exists V(z) € GO(X,z) and
an a(z) € A such that V(z) N {zo : @ > a(z)} = 0. This implies that {z, : @ > «a(x)} is a subset of X\V ().
Then the collection F = {V(x) : = 6 X1} is a g-open cover of X. Since X is g-compact, F has a finite subfamily

{Vei 4 = 1,2,..n} such that X = U {V(x;) : i = 1,2,..n}. Suppose that the corresponding elements of A are

=1
{a(x;)}, where i = 1,2, ...n. Since A i 1s well-ordered and {a(z;) : i =1,2,..n}is f1r11te the largest element of {a(z;)}
exists. Suppose it is {«(z;)}. Then for g > {a(z;)}, we have {zs : 6 > S} C ﬂ {X\V(z;)} = X\ U Vz) =0,

which is impossible. This shows that A has at least one g-adherent point in X. ( ) :> (¢): Now it is enough to prove
that each infinite subset has a g-complete accumulation point by utilizing Theorem 3.5, Suppose that S is an infinite
subset of X. According to Zorn’s Lemma, the infinite set S can be well-ordered. This means that we can assume S to
be a net with a domain which is a well-ordered index set. It follows that .S has a g-adherent point z. Therefore, z is a
g-complete accumulation point of S. This shows that X is g-compact. O
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Theorem 3.7. A topological space X is g-compact if and only if each family of g-closed subsets of X with the finite intersection
property has a nonempty intersection.

Proof. Straightforward. O
Theorem 3.8. A topological space X is g-compact if and only if each filterbase in X has at least one g-adherent point.

Proof. Suppose that X is g-compact and F = {F, : a € A} a filterbase in it. Since all finite intersections of F,’s are
nonempty, it follows that all finite intersection of g C1(F,)’s are also nonempty. Now it follows from Theorem 3.6|that

(N 9gCIl(F,) # 0. This implies that F has at least one g-adherent point. Now suppose F is a family of g-closed sets.
acA
Let each finite intersection be nonempty. The sets F,, with their finite intersection establish a filterbase F. Therefore,

F g-accumulates to some point z € X. It follows that z € () F,. Now we have by TheoremX is g-compact. O
a€EA

Theorem 3.9. A topological space X is g-compact if and only if each filterbase on X with at least one g-adherent point is

g-convergent.

Proof. Suppose that X is g-compact, z € X and F is a filterbase on X. The g-adherence of F is a subset of {x}.

Then the g-adherence of F is equal to {z} by Theorem Assume that there exists V € GO(X, z) such that for all

FeF, FN(X\V) # 0. Then ¥ = {F\V : F € F}is a filterbase on X. It follows that the g-adherence of ¥ is

nonempty. However, (| gClF\V) = ( () gClF)) N (X\V) = {z} N (X\V) = 0, a contradiction. Hence for each
FeF FeF

Ve éO(X ,x), there exists an F' € F with F' C V. This shows that F g-converges to z. To prove the converse, it
suffices to show that each filterbase in X has at least one g-accumulation point. Assume that F is a filterbase on X
with no g-adherent point. By hypothesis, 7 g-converges to some point z € X. Suppose Fy, is an arbitrary element of
F. Then for each V € GO(X, z), there exists F3 € F such that F5 C V. Since F is a filterbase, there exists a y such that
F, C F,NFz C F,NV,where F,, # (. This means that Fa NV # () for every V € C~¥O(X ,x) and corresponding for
each q, z is a point of g C1(Fy,). It follows that z € (g Cl(F,,). Therefore, z is a g-adherent point of F, a contradiction.

This shows that X is g-compact. O

Definition 3.11. A subset K of a topological space X is said to be g-closed relative to X if for any cover {U; : i € I}
of K by g-open sets, there exists a finite subset I of I such that K’ C [ J{g Cl(U;) : i € Ip}.

We say that X is g-closed if X is g-closed relative to X. Obviously every set which is g-compact relative to X is also
g-closed relative to X.

Definition 3.12. Let X be a topological space. A point z € X is said to be g-6-cluster point of a net {zq}aca if
{Za}aea is frequently in the g-closure of every g-open set containing x.

Theorem 3.10. A topological space X is g-compact if and only if each net {x o }aca in X, has at least one g-cluster point.
Proof. Similar to the proof of Theorem 3.3] O

Definition 3.13. A filterbase 7 on a topological space X is said to be:

(i) g-f-converge to x € X if for each g-open set U containing z, there exists B € F such that B C g C1(U).
(ii) g-0-accumulate at z € X if g CI(U) N B # 0 for each g-open set U containing = and every B € F.

Remark 3.2. A filterbase F is g-6-convergent to a point z € X if and only if F contains the collection {gCL(U) : U €
GO(X,z)}.

Theorem 3.11. For a topological space X, the following statements are equivalent:
(1) X is g-closed;

(12) Every maximal filterbase g-6-converges to some point of X;

(#91) Every filterbase g-0-accumulates to some point of X;

(iv) For every family {V; : i € I} of g-closed sets that N{V; : i € I} = (), there exists a finite subset 1y of I such that
({gInt(V;) 15 € Iy} = 0.

Proof. (i) = (ii): Let F be a maximal filterbase on X. Suppose that F does not g-f-converge to any point of X.
Then by Theorem F does not g-f-accumulates at any point of X. For each € X, there exist a g-open set U,
containing x and B, € F such that g Cl(U,) N B, = (. The family {U, : « € X} is a cover of X by g-open sets. By
(i), there exists a finite subset {x1, 23, ....x,, } of X such that X = (J{gCl(U,x) : k = 1,2,...n}. Since F is a filterbase,
there exists F' € F such that 7y C (\{By, : k = 1,2,..n}. It follows that 7y C ([{X\gCl(U,, : k = 1,2,..n} =
X\ U{gCl(Uyzy - k=1,2,..n} =0, hence F = ) . This is a contradiction with the definition of filterbase. (ii) = (4ii):
Let Fy be a filterbase on X. There exists a maximal filterbase F such that 7, C F. By (ii), F g-f-converges to
some point g € X. Let F € F;. For every U € C:’O(X7 Zo), there exists By € F such that By C g Cl(U), hence
gCl(U) N B D By N B is nonempty, since it contains a member of F. This shows that F; g-f-accumulates at .
(i4i) = (iv): Let {V; : i € I} be any family of g-closed set such that (\{V; : i € I} = 0. Let P(I) be the family
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of all finite subsets of I. Assume that ({gInt(V;) : ¢ € J} = 0 for every J € P(I). — (**). Then, the family
F={{gInt(V;) : i € I} : J € I} is a filterbase on X. By (iii), F g-accumulates at some point z € X. Since
{X\V; : i € I} is a cover of X, there exists i9 € I such that z € X\V;,. Then X\V;, is a g-open set containing z,
gInt(V;,) € Fand g Cl(X\V;,) NgInt(V;,) = 0. This contradicts the fact that that F g-accumulates at z. It follows that
(**) is false. (iv) = (i): Let {U; : i € I} be a cover of X by g-open sets. Denote V; = X\U;. Then {V; : ¢ € I} is a family
of g-closed sets such that ({V; : i € I} = 0. There exists a finite subset Z of Z such that ({gInt(V;) : i € I} = 0.

Then X = X\ ({gInt(V;) : i € Lo} = U{X\gInt(V;) : i € Lo} = U{g CUT;) : i € Io}. O
Theorem 3.12. A topological space X is g-closed if and only if each net {x o }aea in X has at least one g-0-cluster point.
Proof. Similar to the proof of Theorem 3.3] O

Definition 3.14. Let A be a directed set.
(i) AsetF ={z,:a € A} g-accumulates at a point x € X if the net is frequently in every U € GO(X, z), that is,
for each U € GO(X, z) and for each oy € A4, there is some o > g such that z, € U.

(i) The net F g-converges to a point = € X if it is eventually in every
U e GO(X,x).
(iii) A filterbase F = {F, : o € T'} g-converges at a point x € X if g-open subsets U, of X for each a € I such that
Sc U U,
aEF

(iv) A filterbase F = {F, : o € I'} g-converges to a point z in X if for each U € GO(X, z), there exists an F,, in F
such that F, C U.

Definition 3.15. If F is a filterbase on a topological space X, then the section of F, denoted by secF, is given by secF = {A C
X:ANG#0, forall G € F}.

Theorem 3.13. If a filterbase F on a topological space X, g-0-adheres to some point x € X, then F is g-0-convergent to x.

Proof. Let a filterbase F on X, -9-adhere at z € X. Then for each U € GO(X, ) and each G € F, GCI(U) NG # 0
so that g CI(U) € secF, foreach U € GO(X, z), and hence X\g Cl(U) ¢ F. Then g CI(U) € F (as F is a filterbase and
X € F), foreach U € GO(X, z). Hence F must g-fconverge to x. O

Remark 3.3. Let X be a topological space. Then for any = € X, we adopt the following notions:
(i) F(go,x) ={AC X :2€gCly(A)}.
(i) secF(gp,z) ={ACX:ANG#0, forall G € F(gp,x)}
In the next two theorems, we characterize the g-f-adherence and g-f-convergence of filterbase in terms of the

above notions.

Theorem 3.14. The filterbase F on a topological space X, g-6-adheres to a point x € X if and only if F C F(gs, x).

Proof. A filterbase F on a topological space X g-O-converges at z € X. = gCI(U) NG # 0 for all U € GO(X, z) and
allG € F.

=1z €gClgforall G € F.

=G € F(ggp,x) forall G € F.

= F C ]‘-(go, 3:) ~
Conversely, let 7 C F(gg,z). Then for all G € F, x € §Cly, so that for all U € GO(X) and for all G € F,
gCl(U) NG # 0. Hence, F g-0-adheres to a point z. O

Theorem 3.15. A filterbase F on a topological space X is g-0-convergent to a point x of X if and only if secF (go,x) C F.

Proof. Let F be a filterbase on X, g-6-converging to 2 € X. Then for each U € GO(X) there exist G € F such
that G C bCI(U); hence gCI(U) € F for each U € GO(X) (*). Now B € secF(js,z) = X\B ¢ secF (o, x) =
z ¢ §Cly(X\B) = there exists U € GO(X) such that §CI(U) N (X\B) = 0 = §CI(U) C B, where U € GO(X) =
B € F (by (*)). Conversely, let if possible, F not belong to g-§-converge to . Then for some U € GO(X),§CIU) ¢ F
and hence g Cl(U) ¢ secF (g, x). Thus for some A € F(gg,x), ANgCHU) = 0 (**). But A € F(go,z) = = € gClg(A)
= g Cl(U) N A # (), contradiction (**). O

We shall now derive some new characterizations of g-closedness in terms of filterbase and the associated concepts.

Theorem 3.16. A subset A of a topological space X is g-closed relative to X if and only if every filterbase F on X with A € F,
g-0-converges to a point in A.

Proof. Let A be g-closed relative to X and F a filterbase on X satisfying A € F such that F does not g-6-converge to
any a € A. Then to each a € A, there corresponds some U, € GO(X, a) such that g Cl(U,) ¢ F. Now {U, : a € A} is

a cover of A by g-open sets of X. Then A C |J g Cl(Uy;) = U (say) for some positive integer n. Since F is a filterbase,
=1

1=
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U € F and hence A € F, which is a contradiction. Conversely, let A be not g-closed relative to X. Then for some

cover U = {U, : @ € A} of Aby g-opensets of X, F = {A\ |J : Ao C A}isa filterbase on X. Then the family F can
aENg

be extended to an ultra-filter 7* on X. Then F* is a filterbase on X with A € F7* (as each F of F is a subset of A). Now
for each = € A, there exist § € A such that z € Ug, as U is a cover of A. Then for any G € F*, G N (A\gCl(Ug) # 0,
so that G £ gCl(Ug) for all G € G. Hence F* cannot g-§-converge to any point of A. This contradiction proves the
desired result. O

Theorem 3.17. Let X be any topological space such that every filterbase F on X, with the property that (n] g Cly(G;) # 0 for
i=1
every finite subfamily {G1, G2, ....G,} of F g-0-adheres in X, then X is a g-closed space.

Proof. Let U be any ultraﬁlter on X. Then U is a filterbase on X and also for each finite subcollection {U;, Us, ....U, }
of U, ﬂ gCly(U;) D ﬂ U; # 0 so that U is a filterbase on X with the given condition. Hence by hypothesis, U/
g-0- adheres Consequently, the space X is g-closed. O

Definition 3.16. A filterbase F on a topological space X is said to be:

(i) g-6-linked if for any two members A, B € F gCly(A) NgCly(B) = 0;
(if) g-0-conjoint if for every finite subfamily A, As, ...., A, of

Filnt( () §Clo(4;) # 0.

i=1
Theorem 3.18. In a g-closed topological space X, every g-0-conjoint filterbase g-0-adheres in X.

Proof. Consider any g-6-conjoint filterbase F on a g -closed space X. We first note from Theorem- 3.15/that for A C X,
g Clg(A) is g-closed. Thus {gClg(A) : A € F} is a collection of g-closed sets in X such that g Int( ﬂ gClg(Ay)) # 0

for any finite subcollection Ay, A,....A,, of F. Thus by Theorem [3.16 ﬂ {gClp(A) : A € F} # 0, that is, there exists
i=1

x € X such that z € gCly(A) forall A € F.
Hence F C F (g, z) so that by Theorem F g-0-adheres at x € X. O

Theorem 3.19. Every filterbase F on a topological space X with the property that {gCly(G) : G € Fo} # 0 for every finite
subset Fy of F, g-0-adheres in X if and only if for every family F of subsets of X for which the family {g Clg(F') : F € F} has
the finite intersection property, we have (\{gClp(F) : F € F} # 0.

Proof. Letevery filterbase on a topological space X satisfying the given condition, g-6-adheres in X, and suppose that
F is a family of subsets of X such that the family 7* = {gCly(F) : F € F} has the finite intersection property. Let
U be the collection of all those families of subsets of X for which F* = {§ Cly(G) : G € F} has the finite intersection
property and F C G. Then F € U and U is a partially ordered set under inclusion in which every chain clearly has
an upper bound. By Zorn’s lemma, F is then contained in a maximal family &/* € U. It is easy to verify that {* is a
filterbase with the stipulated property. Hence (\{gCly(F') : F € F} D N{gCly(U) : U € U # 0. Conversely, if F is a
filterbase on X with the given property, then for every finite subfamily F, of F, (\{gCly(F) : F € Fo} # 0. So, by
hypothesis, (\{gClg(F) : F € F} # (. Hence F g-6-adheres in X. O

Theorem 3.20. [5] For a topological space X, the following statements are equivalent:

(1) Xis g-regular;
i1) For each and each open set U of X containing x, there exists a g-open set V such that.
ji) For each and each open set U of X containing x, there exists a g-open set V such that

Theorem 3.21. Let X be a g-regqular space. Then a subset K of X is g-compact if and only if K is g-closed relative to X.

Proof. Let {U; : i € I} be a cover of K by g-open sets. For each z € K there exists i(x) € I such that z € U,(,) and
by the assumption that X is g-regular, there exists, according to Theorem a g-open set V; such that z € V,, C
gCl(Vy) C Uj(y). The family {V, : x € X} is a cover of K by g-open sets. Since K is g-closed relative to X, there
exists a finite subset {1, 2, ...z, } of K such that K C U{g Cl(V,) : k = 1,2, ...n}. Which shows that K is g-compact
relative to X. The necessity is obvious. O
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