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A generalization of Radon’s Inequality

DUMITRU M. BĂTINEŢU-GIURGIU and OVIDIU T. POP

ABSTRACT.
In this paper we prove a generalization of Radon’s Inequality and give some applications.

1. INTRODUCTION

Let N be positive integers, N = {1, 2, . . . }. The inequality from (1.1) is called, in literature, Bergström’s Inequality
(see [1], [2], [3] or [9]).

Theorem 1.1. If n ∈ N, xk ∈ R and yk > 0, k ∈ {1, 2, . . . , n}, then

x21
y1

+
x22
y2

+ · · ·+ x2n
yn
≥ (x1 + x2 + · · ·+ xn)2

y1 + y2 + · · ·+ yn
, (1.1)

with equality if and only if
x1

y1
=
x2

y2
= · · · =

xn

yn
.

In [11], J. Radon proves the inequality from Theorem 1.2, called Radon’s Inequality.

Theorem 1.2. If n ∈ N, xk ≥ 0, yk > 0, k ∈ {1, 2, . . . , n} and m ≥ 0, then

xm+1
1

ym1
+
xm+1
2

ym2
+ · · ·+ xm+1

n

ymn
≥ (x1 + x2 + · · ·+ xn)m+1

(y1 + y2 + · · ·+ yn)m
. (1.2)

2. MAIN RESULTS AND APPLICATIONS

In this section, we give two proofs for a generalization of Radon’s Inequality.

Theorem 2.3. If n ∈ N, xk ≥ 0, yk > 0, k ∈ {1, 2, . . . , n}, m ≥ 0 and p ≥ 1, then

xm+p
1

ym1
+
xm+p
2

ym2
+ · · ·+ xm+p

n

ymn
≥
(
x1y

p−1
1 + x2y

p−1
2 + · · ·+ xny

p−1
n

)m+p(
yp1 + yp2 + · · ·+ ypn

)m+p−1 , (2.3)

with equality if and only if
x1

y1
=
x2

y2
= · · · =

xn

yn
.

First proof. In the following, we denote Un(p) = x1y
p−1
1 + x2y

p−1
2 + · · ·+ xny

p−1
n and Yn(p) = yp1 + yp2 + · · ·+ ypn.

The left hand side of (2.3), can be written as
n∑

k=1

xm+p
k

ymk
= Yn(p)

n∑
k=1

ypk
Yn(p)

(
xk
yk

)m+p

. (2.4)

The function f : [0,∞) → R defined by f(x) = xm+p, x ∈ [0,∞), is convex on [0,∞), so, for any n ∈ N,

q1, q2, . . . , qn ∈ (0, 1] with q1 + q2 + · · ·+ qn = 1 and z1, z2, . . . , zn ∈ [0,∞), we have that
n∑

k=1

qkf(zk) ≥ f

(
n∑

k=1

qkzk

)
,

in view of Jensen inequality. In the inequality above, the equality holds if and only if z1 = z2 = · · · = zn. We consider

qk =
ypk

Yn(p)
, zk =

xk

yk
, k ∈ {1, 2, . . . , n} and then

n∑
k=1

ypk
Yn(p)

(
xk
yk

)m+p

≥

(
n∑

k=1

ypk
Yn(p)

xk
yk

)m+p

,

which we get
n∑

k=1

ypk
Yn(p)

(
xk
yk

)m+p

≥ (Un(p))m+p

(Yn(p))m+p
. (2.5)

From (2.4) and (2.5), the inequality (2.3) follows. �
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Second proof. The inequality (2.3) is equivalent to
n∑

k=1

(
xk

Un(p)

)m+p
(Yn(p))m+p−1

ymk
≥ 1. (2.6)

If k ∈ {1, 2, . . . , n} then by applying Bernoulli’s Inequality, we have that(
xk

Un(p)

)m+p
(Yn(p))m+p−1

ymk
=

ypk
Yn(p)

(
xk

Un(p)

Yn(p)

yk

)m+p

=
ypk

Yn(p)

(
1+

xkYn(p)−ykUn(p)

ykUn(p)

)m+p

≥
ypk

Yn(p)

(
1+(m+p)

xkYn(p)−ykUn(p)

ykUn(p)

)
,

so (
xk

Un(p)

)m+p
(Yn(p))m+p−1

ymk
≥

ypk
Yn(p)

+ (m+ p)

(
xky

p−1
k

Un(p)
−

ypk
Yn(p)

)
. (2.7)

Take k ∈ {1, 2, . . . , n} in (2.7) and summing, we obtain relation (2.6). �

Theorem 2.4. Radon’s Inequality and inequality (2.3) are equivalent.

Proof. If we consider p=1 in inequality (2.3), we obtain Radon’s Inequality. By simultaneously substituting in (1.2), m
with m + p− 1, xk with xky

p−1
k and yk with ypk, where k ∈ {1, 2, . . . , n}, then from the classical Radon’s Inequality it

results (2.3). �

Theorem 2.5. The following inequalities are equivalent:
(i) Hölder’s Inequality,
(ii) Bernoulli’s Inequality,
(iii) Radon’s Inequality
and
(iv) inequality (2.3).

Proof. It results from Theorem 2.4 and Proposition 3.2 from [6]. �

Application 2.1. If a, b, c > 0, prove that

a5

b2
+
b5

c2
+
c5

a2
≥ (ab2 + bc2 + ca2)5

(a3 + b3 + c3)4
. (2.8)

Solution. If n = 3, m = 2 and p = 3, from (2.3) the inequality (2.8) follows.

Application 2.2. If a, b, c > 0 with a3 + b3 + c3 = 1, then the inequality

(b+ c)4

a
+

(c+ a)4

b
+

(a+ b)4

c
≥ [(a+ b+ c)(a2 + b2 + c2)− 1]4 (2.9)

holds.
Solution. Taking inequality (2.3) into account, we have

(b+ c)4

a
+

(c+ a)4

b
+

(a+ b)4

c
≥ ((b+ c)a2 + (c+ a)b2 + (a+ b)c2)4

(a3 + b3 + c3)3

=
((a+ b+ c)(a2 + b2 + c2)− (a3 + b3 + c3))4

(a3 + b3 + c3)3

and because a3 + b3 + c3 = 1 we get the desired result.

Application 2.3. If a, b, c > 0 with a9 + b9 + c9 = 1, then
3
√
a19√
b

+
3
√
b19√
c

+
3
√
c19√
a
≥ 6
√

(a2b6 + b2c6 + c2a6)19. (2.10)

Solution. Applying inequality (2.3) for n = 3, m =
1

6
and p = 3, we have

3
√
a19√
b

+
3
√
b19√
c

+
3
√
c19√
a

=
(a2)

1
6+3

(b3)
1
6

+
(b2)

1
6+3

(c3)
1
6

+
(c2)

1
6+3

(a3)
1
6

(2.11)

≥ (a2b6 + b2c6 + c2a6)
19
6

(b9 + c9 + a9)
13
6

and because a9 + b9 + c9 = 1, from the inequality above, (2.11) is obtained.
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Application 2.4. If n ∈ N, yk > 0, k ∈ {1, 2, . . . , n}, m ≥ 0 and p ≥ 1, then

1

ym1
+

1

ym2
+ · · ·+ 1

ymn
≥
(
yp−1
1 + yp−1

2 + · · ·+ yp−1
n

)m+p(
yp1 + yp2 + · · ·+ ypn

)m+p−1 . (2.12)

Solution. In inequality (2.3) we consider xk = 1, k ∈ {1, 2, . . . , n}.

Application 2.5. If n ∈ N, uk, yk > 0, k ∈ {1, 2, . . . , n}, m ≥ 0 and p ≥ 1, the following inequality
n∑

k=1

um+p
k ypk

n∑
k=1

ypk

≥


n∑

k=1

uky
p
k

n∑
k=1

ypk


m+p

(2.13)

holds.
Solution. In inequality (2.3) we choose xk = ukyk, k ∈ {1, 2, . . . , n} and then we get the inequality (2.13).

Corollary 2.1. If n ∈ N, xk ≥ 0, yk > 0, k ∈ {1, 2, . . . , n} and m ≥ 0, then

xm+2
1

ym1
+
xm+2
2

ym2
+ · · ·+ xm+2

n

ymn
≥ (x1y1 + x2y2 + · · ·+ xnyn)m+2

(y21 + y22 + · · ·+ y2n)m+1
. (2.14)

Proof. We consider p = 2 in inequality (2.3). �

Remark 2.1. If m = 0 in (2.14), then Cauchy-Schwarz’s Inequality is obtained.

Application 2.6. If a, b, c > 0, the following inequality

a3

a+ 2b
+

b3

b+ 2c
+

c3

c+ 2a
≥ 1

81

(a+ b+ c)6

(a2 + b2 + c2)2
(2.15)

holds.
Solution. In (2.14) we consider m = 1, x1 = a, x2 = b, x3 = c, y1 = a+ 2b, y2 = b+ 2c, y3 = c+ 2a and then we have
that

a3

a+ 2b
+

b3

b+ 2c
+

c3

c+ 2a
≥ (a(a+ 2b) + b(b+ 2c) + c(c+ 2a))3

((a+ 2b)2 + (b+ 2c)2 + (c+ 2a)2)2

=
(a+ b+ c)6

(5(a2 + b2 + c2) + 4(ab+ bc+ ca))2
.

By taking the fact that ab+ bc+ ca ≤ a2 + b2 + c2 into account in the inequality above, we obtain (2.15). The equality

holds if and only if
a

a+ 2b
=

b

b+ 2c
=

c

c+ 2a
which is equivalent with a = b = c.

Application 2.7. If a, b, c > 0, prove that

a2
√

a

b+c
+b2

√
b

c+a
+ c2

√
c

a+b
≥ 1√

2

(ab+bc+ca)2

a2+b2+c2

√
ab+bc+ca

a2+b2+c2
. (2.16)

Solution. By applying the inequality (2.14) for m =
1

2
, we have that

a2
√

a

b+ c
+ b2

√
b

c+ a
+ c2

√
c

a+ b
=

a
5
2

(b+ c)
1
2

+
b

5
2

(c+ a)
1
2

+
c

5
2

(a+ b)
1
2

≥ (a(b+ c) + b(c+ a) + c(a+ b))
5
2

((b+ c)2 + (c+ a)2 + (a+ b)2)
3
2

=
(2(ab+ bc+ ca))

5
2

(2(a2 + b2 + c2 + ab+ bc+ ca))
3
2

.

But ab+ bc+ ca ≤ a2 + b2 + c2 and then, for the inequality above, (2.16) follows.

Application 2.8. If a, b, c > 0 with a2 + b2 + c2 = 1, prove that
1

a(b+ c)3
+

1

b(c+ a)3
+

1

c(a+ b)3
≥ 27

8
. (2.17)

Solution. By applying the inequality (2.14) for m = 1, we have

1

a(b+ c)3
+

1

b(c+ a)3
+

1

c(a+ b)3
=

1
(b+c)3

a
+

1
(c+a)3

b
+

1
(a+b)3

c

≥

(
a

b+c + b
c+a + c

a+b

)3
(a2 + b2 + c2)2

.
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Taking Nesbitt’s Inequality into account
a

b+ c
+

b

c+ a
+

c

a+ b
≥

3

2
and because a2 + b2 + c2 = 1, from the inequality

above results the inequality desired.

Application 2.9. If a, b, c are the length of a triangle and a2 + b2 + c2 = 1, prove that

a3

−a+ b+ c
+

b3

a− b+ c
+

c3

a+ b− c
≥ (2(ab+ bc+ ca)− 1)3

(2(ab+ bc+ ca)− 3)2
. (2.18)

Solution. By using the inequality (2.14), we have

a3

−a+ b+ c
+

b3

a− b+ c
+

c3

a+ b− c

≥ (a(−a+ b+ c) + b(a− b+ c) + c(a+ b− c))3

((−a+ b+ c)2 + (a− b+ c)2 + (a+ b− c)2)2

=
(2(ab+ bc+ ca)− (a2 + b2 + c2))3

(3(a2 + b2 + c2)− 2(ab+ bc+ ca))2

and because a2 + b2 + c2 = 1, we get the inequality (2.18).

Application 2.10. If a, b ≥ 0, a+ b > 0, x, y, z > 0, x+ y + z = s and x2 + y2 + z2 = 1, then

x4

(as+ by)2
+

y4

(as+ bz)2
+

z4

(as+ bx)2
≥ 1

16

((2a+ b)s2 − b)4

((3a2 + 2ab)s2 + b2)3
. (2.19)

Solution. Taking inequality (2.14) into account, we have

x4

(as+ by)2
+

y4

(as+ bz)2
+

z4

(as+ bx)2

≥ (x(as+ by) + y(as+ bz) + z(as+ bx))4

((as+ by)2 + (as+ bz)2 + (as+ bx)2)3

=
(as2 + b(xy + yz + zx))4

(3a2s2 + 2abs2 + b2(x2 + y2 + z2))3
.

But xy + yz + zx =
(x+ y + z)2 − (x2 + y2 + z2)

2
and because x2 + y2 + z2 = 1, from the inequality above (2.19) is

obtained.

Corollary 2.2. If a, b ∈ R, a < b, m ≥ 0, p ≥ 1, f, g : [a, b] → [0,∞) are integrable functions on [a, b], g(x) > 0 for any
x ∈ [a, b], then the following inequality

b∫
a

(f(x))m+p

(g(x))m
dx ≥

(
b∫
a

f(x)(g(x))p−1dx

)m+p

(
b∫
a

(g(x))pdx

)m+p−1 (2.20)

holds.

Proof. Let n ∈ N and xk = a+ k
b− a
n

, k ∈ {0, 1, . . . , n}. By Theorem 2.3, we get that

n∑
k=1

(f(xk))m+p

(g(xk))m
≥

(
n∑

k=1

f(xk)(g(xk))p−1

)m+p

(
n∑

k=1

(g(xk))p
)m+p−1 .

It results that

σ

(
fm+p

gm
,∆n, xk

)
≥
(
σ(fgp−1,∆n, xk)

)m+p

(σ(gp,∆n, xk))
m+p−1 ,

where σ
(
fm+p

gm
,∆n, xk

)
is the corresponding Riemann sum of function

fm+p

gm
, of ∆n = (x0, x1, . . . , xn) division and

the intermediate xk points. By passing to limit in inequality above, when n tends to infinity, the inequality (2.20)
follows. �
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