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A generalization of Radon’s Inequality

ABSTRACT.

In this paper we prove a generalization of Radon’s Inequality and give some applications.

1. INTRODUCTION

Let N be positive integers, N = {1,2, ... }. The inequality from is called, in literature, Bergstrém’s Inequality
(see [1], [2], [3] or [9]).

Theorem 1.1. Ifn € N,z € Rand y,, > 0, k € {1,2,...,n}, then

22 22 x2 T +x +~~+:rn2
71+72+...+7"Z(1 2 ) , (1.1)
Y1 Yo Yn YLty yn
X T,
with equality if and only if—1 =2=..=
Yy Y2 Yn
In [11], J. Radon proves the inequality from Theorem 1.2, called Radon’s Inequality.
Theorem 1.2. Ifn € N, 2, > 0,y, >0,k € {1,2,...,n} and m > 0, then
m+1 m+1 m+1 . m+1
mlm Z‘Qm by T > (x1+z2+ - +xy) (12)
Yi Y3 Yn' 1ty +- Fyn)"
2. MAIN RESULTS AND APPLICATIONS
In this section, we give two proofs for a generalization of Radon’s Inequality.
Theorem 2.3. Ifn € N,z >0, yx, >0,k € {1,2,...,n}, m > 0and p > 1, then
m m m — - — +
Zy P ) +p,_|_~.. aptr > (mlyf ! + z2yh ! + -+ TRyl l)m ' (2.3)
m = Fp—1 ) .
yr Yz Yn (ot t )™
oz T,
with equality if and only lf—l =2=..=22
Yy Y2 Yn

First proof. In the following, we denote U, (p) = 215%™ " + 2oy~ + - + 2,92 L and Y, (p) = y¥ + 5 + - + 92,
The left hand side of (2.3)), can be written as

n mJ,»p n

m+p
x yr [z
Y e =Yal) Y§)<’“) : (2.4)
=1 Y 1 n\D Yk

The function f : [0,00) — R defined by f(z) = 2™%?, € [0,00), is convex on [0,), so, for any n € N,

41,G2,--+,qn € (0,1 withgy + ¢+ -+ ¢, =1land z1, 22,...,2, € [0,00), we have that > qrf(zx) > f| D qkzk>,
k=1

k=1
in view of Jensen inequality. In the inequality above, the equality holds if and only if 2y = 2 = - - - = z,,. We consider
P
Yk Ty
= ,z,=—,ke{1,2,...,n} and then
o Ya(p) § Yk { J
n m n m+p
S (EE)
= Yu(p) \uk = Yu(p) yr
which we get
= Ya(p) \uk — (Ya(p))mtr
From and (2.5), the inequality follows. 4
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Second proof. The inequality is equivalent to
i ( Th )m+P (Yn (p)>m+p—1 - (2'6)

= \Un(p) i -

If £ € {1,2,...,n} then by applying Bernoulli’s Inequality, we have that
( a2 )m“’ Yu(p)™ 1 yp ( . Ya(p) ) m

Un (p) y]zn Yn (P) Un (p) Yk
D m+p D
Yr 2 Y5 (p) —yrUn(p) > Yr ( ;Yo (p) —yrUn (p))
= 1+ > 1+(m+ )
Yn(p) < kan (p) Y, (p) ( p) kan(p)
so

m+p m+p—1 P p—1 D

Tk (Yn(p)) tp Ys TrYp Ys
— > +(m+p - : (2.7)
Take k € {1,2,...,n} in and summing, we obtain relation (2.6). O

Theorem 2.4. Radon’s Inequality and inequality (2.3) are equivalent.

Proof. 1f we consider p=1 in inequality (2.3), we obtain Radon’s Inequality. By simultaneously substituting in (1.2), m
with m + p — 1, 23 with xkyﬁfl and y;, with y}, where k € {1,2,...,n}, then from the classical Radon’s Inequality it
results (2.3). |

Theorem 2.5. The following inequalities are equivalent:
(1) Holder’s Inequality,
(#9) Bernoulli’s Inequality,
(#91) Radon’s Inequality
and
(iv) inequality (2.3).

Proof. It results from Theorem 2.4 and Proposition 3.2 from [6]. O

Application 2.1. If a,b, ¢ > 0, prove that

=

a® b (ab® +bc? + ca?)d

-+ =5+ = 2.8
Elate” (a3 4+ b3 + ¢3)4 @8)
Solution. If n = 3, m = 2 and p = 3, from (2.3)) the inequality (2.8)) follows.
Application 2.2. If a,b,c¢ > 0 with a® + b3 + ¢3 = 1, then the inequality
4 4 4
(bzc) + (“;“) + (‘”;b) > [(a+b+c)(a? + b +c?) — 1) 29)
holds.
Solution. Taking inequality (2.3) into account, we have
(b+c)* N (c+a)? N (a+b)* - ((b+c)a® + (c+ a)b? + (a + b)c?)*
a b c (a® 4+ b3 4 ¢3)3
~ ((a+b+c)(a® +b*+¢?) — (a® + b* 4 ¢3))*
B (a3 + b3 +¢3)3
and because a® + b + ¢® = 1 we get the desired result.
Application 2.3. If a,b,c > 0 with a® + b + ¢ = 1, then
g 19 p19 19
+ + > v/ (a?b% + b2c8 + c2ab)19. 2.10
7 e e 2 ) (210)
1
Solution. Applying inequality l) forn=3,m= g and p = 3, we have
Sald  plo 319 _ (az)é+3 N (bz)é+3 N (Cz)é+3 211)

b Ve Va (b%)3 (c3)s
(a2b® + b2c5 + 2a®)©
(9 + ¢ +a%) %
and because a” + b? + ¢? = 1, from the inequality above, is obtained.

(a%)3
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Application 2.4. Ifn € N, y, >0,k € {1,2,...,n},m > 0and p > 1, then

Ll Wi )"
vy T (R l) T

Solution. In inequality (2.3) we consider z;, = 1, k € {1,2,...,n}.

2.12)

Application 2.5. If n € N, uy, yr, > 0,k € {1,2,...,n}, m > 0and p > 1, the following inequality

n n
> u Pyp > uryy
b=l > | =L (2.13)
> >

k=1

k=1

m—+p

}Slzlliiion. In inequality we choose z, = ugyk, k € {1,2,...,n} and then we get the inequality .
Corollary 2.1. Ifn € N,z >0,y >0,k € {1,2,...,n} and m > 0, then
A +oe Tt S @+ @y + - TnYn) "
o ug ym T Wity ety
Proof. We consider p = 2 in inequality (2.3). O

(2.14)

Remark 2.1. If m = 0in (2.14), then Cauchy-Schwarz’s Inequality is obtained.

Application 2.6. If a, b, ¢ > 0, the following inequality
a’ N b N 3 Zi (a+b+c)°
a+2b b+2c c+2a ~ 81 (a®+ b2+ ?)?

(2.15)

holds.
Solution. In (2.14) we considerm = 1,21 = a, 22 = b, 3 = ¢, y1 = a + 2b, y2 = b+ 2¢, y3 = ¢+ 2a and then we have
that

a? n b n 3 S (a(a + 2b) + b(b + 2¢) + c(c + 2a))?
a+2b b+2¢c c+2a " ((a+2b)2+ (b+2¢)2+ (c+ 2a)?)?
(a+b+c)

B (5(a? 4+ b2 + ¢2) + 4(ab + be + ca))?

By taking the fact that ab + bc + ca < a* + b? + ¢? into account in the inequality above, we obtain (2.15). The equality
b

c
a+2b b+2c c+2a
Application 2.7. If a,b, ¢ > 0, prove that

| b 1 (ab+bctca)? [ab+be+ca (2.16)
b+c a+b 2 a?+b2+4c? a?+b2+c2 ’

Solution. By applying the inequality (2.14) for m = -, we have that

5 5 :

a2 b2 e
\/ \/ \/ T+ T+ T
b+C a a+b (b+c)§ (c+a)§ (a+b)§

a(b+c)+b(c+a)+cla+b)z (2(ab + be + ca))?

((bJrc) +(c+a)2+(a+b)2): (2@ +b+c+ab+bc+ca))?
But ab + be + ca < a? 4+ b? 4 ¢* and then, for the inequality above, (2.16)) follows.

holds if and only if which is equivalent witha = b = c.

ot

Application 2.8. If a,b,c¢ > 0 with a® + b2 + ¢? = 1, prove that
1 1 1
ab+ P bletaP  clatd)p
Solution. By applying the inequality for m =1, we have

27
> —. 2.17
> 2 217)

1 1 1
1 1 1 c)* cta): a :
_ B | G| @

a(b+c)3 + b(c+a)3 + cla+b)3 a b ¢

3
b
> (bic + cta + aLer)
— (a2 +b2 +62)2
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a b 3
Taking Nesbitt’s Inequality into account v ora T ats >3 and because a? + b* + ¢ = 1, from the inequality

above results the inequality desired.

Application 2.9. If a, b, c are the length of a triangle and a? + b? + ¢ = 1, prove that
a’ b e S (2(ab + be + ca) — 1)3

. 2.18
fa+b+c+a—b+c+a+bfc_(2(ab+bc+ca)f3)2 218)
Solution. By using the inequality (2.14), we have
a’ b 3
—a+b+c+ a—b—H:+ a+b—c
(a(—a+b+c)+bla—b+c)+cla+b—c))?
>
T ((ma+b+e)2+(a—b+c)?+(a+b—c)?)?
~ (2(ab+be+ ca) — (a* +b* + ?))?
~ (3(a2 + b2 + ¢2) — 2(ab + be + ca))?
and because a? + b? + ¢? = 1, we get the inequality (2.18).
Application 2.10. If a,b > 0,a+b > 0,2,9,2 > 0,z +y + 2z = sand 2% + y? + 22 = 1, then
4 4 4 2 py4
x y z > 1 ((2a+b)s*—b) (2.19)

(as + by)? - (as + bz)? * (as +bx)2 = 16 ((3a2 + 2ab)s? + b2)3
Solution. Taking inequality (2.14) into account, we have

$4 y4 Z4

(as + by)? + (as + bz)? + (as + bx)?
(x(as + by) + y(as + bz) + z(as + bx))*
((as + by)? + (as + bz)? + (as + bx)?)3
B (as? + b(zy + yz + zx))*
 (3a2s? 4 2abs? + b2(22 + y2 + 22))3
(T +y+2)?— (22 + 9>+ 2?%)
2

Y

But zy + yz + 2z = and because z? + y? + 2% = 1, from the inequality above (2.19) is

obtained.

Corollary 2.2. Ifa,b e R,a <bm >0,p > 1, f,g: [a,b] = [0,00) are integrable functions on [a,b], g(x) > 0 for any
x € [a,b], then the following inequality

b m—+p
(f f (x)(g(r))p‘ldaﬁ>

(f(@))m+p a
dr > 2.20
[ e w2 T (2:20)
“ [(g(z))pdz
holds.
h—
Proof. Letn e Nand , = a + kTa, k€ {0,1,...,n}. By Theorem 2.3, we get that
n m+p
§ )™ (£ st
—  (g(ap))™ — n mip=l
= (£ )
k=1
It results that .
m+p =1 A, mTp
g (f 7An; xk) 2 (o(fg d 7177,:1)2 —1 >
" (o(gP, A, i)™ ™"
m—+p m+p
where o ( AN k) is the corresponding Riemann sum of function ot of A, = (xg, 21, ..., x,) division and
gm m

the intermediate x;, points. By passing to limit in inequality above, when n tends to infinity, the inequality (2.20)
follows. -
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