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Certain aspects of some geometric inequalities

ABSTRACT.

In this paper we prove some new inequalities for the triangle. We also improve Euler’s Edwards and Weitzenbock inequalities.

1. INTRODUCTION AND TERMINOLOGY

Among the well known geometric inequalities, we recall the famous inequality R > 2r of Euler [6], the inequality
s > 3v/3r of Edwards [5], and the inequality

a? + 02+ > 4V/3A (1.1)
of Weitzenbock [12]]. The more general form
Ag\f<“ HEES) o 12)

of appeared in [7], and appeared again as a problem in the IMO in 1961 [4, pp. 30, 337] .

In this paper, we shall obtain several improvements of these inequalities.

In the following, we will use the following notations: a, b, c— the lengths of the sides, hq, hy, h. are the lengths of
the altitudes, s is the semi-perimeter; R is the circumradius, r is the inradius, and A is the area of the triangle ABC.

2. MAIN RESULTS

Lemma 2.1. Ifz,y > 0and X € (0,1], then the inequality

(Z”’) >[(1=Na+y - e+ (1= N)y] >y 2.1)

holds.

Proof. This lemma is proved in [1]]. Here we will give another proof.
The lemma says that if D) (z,y) = [(1 =Mz +Ay]- [Az+ (1 - A)y], where 2,y > 0and A € [0,1], then D, >

2 2
D) > Dy. But this trivially follows from the fact that D) (z,y) , being nothing but (T) —(1=2))3 (m;y) )
1
increases as )\ increases from 0 to 3 (and from Dy = D1_)). O
Theorem 2.1. Ifx,y > 0 and X € [0, 1] then the inequality
r+y+=z 3

(3) >[1=Nz+ My - [(1=Ny+ 2] [(1=A) z+ Az] > ayz (2.2)
holds.
Proof. The inequality

3
<“§+Z> > [(1=A)z+ Mgl [(1 = A)y+A] - [(1—A) 2 + Aa]

trivially follows from the arithmetic-geometric mean inequality.
Now, without loss of generality, let us suppose that z = min {z, y, z} . Dividing by z* the inequality [(1 — \) z + \y|-

1—=XNy+Az]-[(1 =) z+ Azx] > xyz and writin I u and y_ v, this inequality becomes
&7 > q y
[(T=XNu+ ] [(T=XN)v+ A [(1T—=X)+ Au] > ue. (2.3)
We prove the inequality
[(T=XN)v+A-[(T=X)+Au] > (1—=X)v+ . (2.4)
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It is easy to see that inequality is equivalent to the inequality uv +1 > u + v, so (u — 1) (v — 1) > 0, which is
true, because u = z >landv = y > 1.

Hence, combinhig lemma Zand inequality (2.4), we have

[(I=X) utAv] - [(T=A) v+A] - [(1=X)+Au] > [(1=A) u+Av] - [(1=A) v+ Au] > uv.
Consequently, inequality is proved. O
If we consider the expression
Ex(@,y,2) = [(1 =N+ Ayl - [(1 = Ay +Az] - [(1 = A) 2 + Aa],

then relation becomes

x+y+z>3VEN(z,y,2) > 3y (2.5)

Corollary 2.1. In any triangle ABC, there are the following inequalities:
R> 2 > 2r, (2.6)

sifs (i o)
s>3\/3E>\(s—a7s—b7s—C)>3\/§T 27)

s
and
2a 2 2 3 4A “

a*® + b+ ¢ 23\/E,\ (a?e, b2, 2*) > 3 ﬁ (2.8)

for all integers n > 0, forall « > 0 and X € [0,1].
Proof. Using the substitutions = = -,y = ;.- and z = ;- in inequality (2.5), we obtain

ha
1 1 1 1 1 1 1
— 4+ — 4+ —>38E\—,—,— | >3¢ . 2.
e e —3\/ A<ha’hb’hc) =3\ Btk @9)
In view of the equalities
2A 2A 2A abe . . . 3V3
he = 0 hy = 5 he = - A= IR and taking into account the inequality TR > s of Padoa [9] and Euler’s
inequality R > 2r, we have
3%4/332 > sr=A. (2.10)
Therefore, we have
1 3 3 34/4R _ 2
3 = — = — > —_
SV hahohe ~ 28V =5V A2 2 R

If we use the identity

11,11
ha hy he T
and the inequality from above, then inequality (2.9) becomes
1 1 1 1 2
- >38Ex|—,—,— | > =. 211
r—g\/*<ha’hb’hc>—R @11)

Consequently, inequality (2.6) holds.
If in inequality (2.5) we take z = s — a,y = s — band z = s — ¢, then we deduce the inequality

s>3YE\(s—a,s—b,s—c) >3 (s—a)(s—b) (s —c) = 3Vsr2,

S0
s3> 27T Ey\(s—a,s —b,s —c) > 27 sr?,

which means that

s
Making the substitutions = a®,y = b* and z = ¢* in inequality (2.5) , we obtain the following inequality:

823\/3E>\(sa,sb,sc) > 3v3r

a2® + b2 + 2 > 33/Ey (a2, 02, 2o) > 3 { (abc)ﬂ .
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Applying the inequality Va2b2c2 > 47% of Pélya-Szego [10, [11] or of Carlitz-Leuenberger [3], we deduce

4NN\
2c pleY 2a 3
a”® + b + ¢ > 33/ E) (a22, b2, 2« 23() .
\/ A( ) \/g

Thus, the statement is true. ]
Remark 2.1. For a = 1 in inequality ([2.8)), we obtain
a’ + % 4+ > 3Y/E, (a2, 02, ¢2) > 4V3A
which proves Weitzenbock’s inequality

We consider, also, another expression, namely

Fy(z,y)(n) = [A+0-20)"z+1-(1-23)")y]-

(1= (1=20)") @+ (1+ (1= 20)") g, 212
with A € [0,1], for any z,y > 0 and for all integers n > 0.
Theorem 2.2. There are the following relations:
Ex((M =Nz 4+ Ay, Az + (1= XN)y) (n) = Fx(z,y) (n+1), (2.13)
and
Fx(z,y) (n+1) 2 Fx (,y) (n) (2.15)

forany A € [0, 1], for any x,y > 0 and for all integers > 0.
Proof. These all follow trivially from the fact that F (z, y) (n) is the expression
By (z,y) (n) = (x +9)* = (1= 20" (2 — y)*.
Thus, relation ([2.13)) is obtained as follows:
Fr (1= N+ My, Az + (1= A y) (n)=(z+y)° = (1-20)"" (1-2))? (z—y)?
=(@+9)’ = (1 =20 (@ —y)’ = P (z,9) (0 +1).

Inequality (2.14) follows from the obvious fact that F\ increases as A increases from 0 to %, and from Fy (z,y) =

day, Fy o (2,y) = (2 + y)? . Similarly, inequality (2.15) follows from the fact that F, increases with n.
Thus, the proof of Theorem 2.2 is complete. O

Remark 2.2. In fact, n does not have to be a natural number and can range over positive reals.

Corollary 2.2. There are the following inequalities:

T4y >/ Fx(z,y) (n) > 2\/zy; (2.16)
w? +y? > V/F (22,9?) (n) > 2ay; (2.17)
1
tytez o S V@) (1) 2 VAT + VI VA (2.18)
cyclic

9, 2, 2.1 2 .2

w4yt +27 > 5 Y VR @2y (0) > ay +ys + e (2.19)
cyclic
1
24y + 22y +yz+ oz > B Z Fy(x,y) (n) > 2 (zy + yz + 2x) (2.20)
cyclic
and

(@+y)(y+2)(z+z) = | I Fx(z,y)(n) = 8zyz (2.21)

cyclic

forany x,y,z > 0, for all integersn > 0 and X € [0,1].

Proof. From Theorem 2.2, we easily deduce inequality (2.16). Using the substitutions  — 2? and y — y? in inequality
(2.16), we obtain inequality (2.17). Adding (2.16]) to its analogues

y+z>+F\(y,2)(n) >2yzand z + = > \/F\ (z,z) (n) > 2y/zz,

we obtain

phyte> s S VR @Y ) 2 VA Vi VA

cyclic
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It is easy to see that, by making the substitutions z — 2% and y — y? in inequality (2.18), we obtain inequality (2.19).
Adding (2.14) to its analogues (y + 2)? > Fy(y,2) (n) > 4yz and (z + 2)° > F\ (2, 2) (n) > 4zz, we obtain inequality
@2-20).

Multiplying (2.16) to its analogues, we deduce inequality (2.21) . O

Lemma 2.2. For any triangle ABC, the following inequality

Vab + Vbe + vea > %, (2.22)
holds.
Proof. We apply the arithmetic-geometric mean inequality and we find that
Vab + Vbe + \/ea > 3V abe.
Sulffice it to show that
, 4A
3vabc > = (2.23)
) ) ) 64A3 64A3 ) 4 ) .
Inequality (2.23)) is equivalent to 27abc > R so 27 - 4RA > T which means that 27R* > 16A<, which is
true from inequality (2.10). O
Corollary 2.3. In any triangle ABC, there are the following inequalities:
R> 1 > 2r; (2.24)
SR (EE)
cyclic
1
5252\/F)\(s—a,s—b)(n)23\/§7“ (2.25)
cyclic
and
1 4AN\“
a®® + b2 4 2 > F (a2, b2%) (n) > 3 () , 2.26
’201,207:0 A\ ) 23{ = (2.26)

for all integers n > 0, for all o > 0 and X € [0,1].
Proof. Making the substitutions z = ;-,y = ;- and z = 3- in inequality (2.18), we obtain

1 1 1 1 1 1 1 1 1
- J Ny > + . 227
ha + hb hc -2 Z\/ A (ha hb) (n) \/hahb \/hbhc * \/hcha ( )

In view of the equalities

2A 2A 2A
he=—,hy = —and h, = —,
a b c

we have

1 1 1 1
= — (Vab+ Vbe )
N TR T R A T ( ab+ Vet @)

From Lemma 2.2, we deduce

1 1 1 2
\/hahb \/hbhc \/hcha R
If we use the identity
11,11
he = hy  he 7
and inequality (2.28), then inequality (2.27) becomes
11 1 1 2
Z > (=, — > 2
ro 2 L /\(ha7hb)(n>_R
cyclic
Consequently, we obtain
4
R > > 2r
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If in inequality (2.18)) we take x = s — a,y = s — band z = s — ¢, then we deduce the inequality
1
525 S VR G as b))

cyclic

>V(s=a)(s=0)+ V(s =) (s—c)+ V(s —c) (s —a).
But, we know the identity Z V(s—a,s—b)= Z Vbesin 4.

cyclic cyclic
Using the arithmetic-geometric mean inequality, we obtain

A B C
3§/abcsin2sin2sin2 =33 4RA.é _

3VAr = 3Vsr2> 3\3/ 3v/3r3 = 3V/3r.

3" Vhesin %

cyclic

\%

Hence,

Vis—a)(s—b)++/(s—b)(s—c)+/(s—c)(s—a) > 3V3r
which means, combining inequalities and (2.30), that

SE%ZJFX(S—a,Sfb)(n)Ei%\/?jT.

cyclic

Using the substitutions z = a®,y = 0%, and z = ¢* in inequality ([2.18)), we obtain the following inequality:

1
a®® + b* 4 2 > 3 Z Fy (a2, 0%2%) (n) > a®b™ + b%c® 4 c“a”.

cyclic

2.1)

(2.30)

(2.31)

4A
Applying the arithmetic- geometric mean inequality and the inequality, Va2b2c? > 7 of Pélya-Szegd [10, [11] or of

Carlitz-Leuenberger [3], we deduce

a AAN "
a®b® +b%c” + c"a® = 3¢/ (a??c?)" = 3 (v3 a2b2c2) >3 (\ﬁ) ;

AAN\
a®b® +b%c™* 4+ c*a® > 3 () .

V3
Combining inequalities (2.31]) and (2.32)), we obtain the inequality

1 4AN\“
2a 2 2(x>7 2a0 h2a > _
a”® + 0™ +c 25 E Fy (a?,b )(n)3(\/§)

cyclic

SO

The proof is complete.

Remark 2.3. For a = 1 in inequality (2.26)), we obtain

1
232 2
a”+b"+c 25 E VF (a2,02) (n) > 4V3A,

cyclic

with X € [0,1], which proves Weitzenbock’s Inequality.
Corollary 2.4. In any triangle ABC, there are the following inequalities:

1 1 1 1 1 1
3 E - _ 3 E, -
\/A<ha’hb’hc) \/1 A(}za’hl,’hC)
3
s—3V3r > 7 ‘\/SEA (s—a,s—b,s—c) — \/3E1,>\ (S—a,s—b,s—c)‘zo,
s

AAN\
2a 2 2c
a“* + b0+ -3| —
<\/§)

f/E,\ (azm7 b2, cQa) _ i/El—,\ (aza7 b2, CQa)

R—2r> % > \/FA (hlhlb> (n) - \/FH (;;) (n)

cyclic

R—2r > 3Rr >0,

>3

>0,

>0

- )

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)



Certain aspects of some geometric inequalities 127

5—3V3r > % Z ‘\/F)\ (s—a,s—b) (n) — /Fi_x(s—a,s—b) (n)‘ >0 (2.38)

cyclic

and

AAN\
2a 2 2a
a** + b4+ -3| —
(ﬁ)

>0 3 |VE @ 5 () — Vo (@, 59) ()] 2 0 (2.39)

cyclic

for all integers n > 0, for all « > 0and X € [0,1].

Proof. These all follow trivially from Corollary 2.1 and Corollary 2.3 taking into account thatif A € [0,1],then1—\ €
[0,1]. O
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