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Some results on integrals computation and applications to logsine and
loggamma integrals

ABSTRACT.

We describe here some methods for computing of some special integrals. The results are applied to the logsine and the loggamma integrals.

1. INTRODUCTION

In this paper we shall give some methods for computing integrals of functions satisfying certain functional equa-
tions. Then we will show how we can we use these abstract results to compute some integrals involving the gamma
function.

More precisely, we use our formulas for direct computations of loggamma and logsine integrals, which are of great
interest in many branches, such as probabilities, statistical physics, or business and economics. See, e.g., [3]-[6].

2. THE RESULTS
We start with the theorem

Theorem 2.1. Let f : [0, a] — R be continuous and such that

J(22) = b+ f(2) + fla— =) , foreveryz€ [0,2].

Then /af(z)dz = —ab.
0

Proof. With z = 2¢, we have

a a/2 a/2
/Of(z)dz:2/0 f(2t)dt:2/0 b+ £(t) + fla—b)]dt =

/Oa/2f(t)dt+/0a/2f(a—t)dt] .

Then by the change of variable u = a — ¢ in the last integral, we obtain

=ab+2

/af(z)dz:ab+2
0

a/2 a
/ f)dt+ f(u)du]
0 a/2
or a a a
dz=ab+2 dt, th dz = —ab.
/Of(z) z=ab+ /Of(t) t, thus /0 f(z)dz a
(Il

This result can be obviously applied in case of improper integrals when the respective function is defined on a
semiclosed interval. Let us consider now the function

I <0, g] =R, f(z)=lnsinz.

We have
f(2z) =Insin2z = In(2sinzcosz) =In2 + Insinz + Incos z =

=In2+1Insinz + Insin (g — z) .

Now we can apply Theorem 2.1 with a = g and o = In 2 to obtain the known integral
/2
/ Insinzdz = ——In2.
O 2
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/2 w/2
/ f(sinz)dz:/ flcosz)d z
0 0
0

(which can be obtained by the change of variable z = 5~ t) to derive

Next we can use the relation

m/2 /2 T
/ lnsinzdz:/ lncoszdz:—glnz (2.1)
0 0

This result can be obtained in a different way and on this occasion we establish the following abstract result:

Theorem 2.2. Let f, g : [—a,a] — R be continuous and such that

fly=f (a+x) +f <ax) —g(z) , foreveryz € [—a,qa].

2 2
Then / flx)dz = / g(z)de.
0 0
Proof. By integration from 0 to a we obtain

/Oaf(x)dx:/oaf(a—;—x>dx+/()af(a;x>dx—/0a9(m)dx.

a+x . a—x
= t, respective

In the right hand we make change of variable =z, 50

/Oaf(x)dx=2 a;f(t)dt+2/0a/2f(z)dz—/Oag(x)dx

/Oaf(x)dxzQ/OGf(t)dt—/Oag(a:)dm<:>/Oaf(x)dx:/0ag(x)dx_

or

O
As a consequence, let us give the following
Corollary 2.1. Let f : [—g, g} — R be given by f(z) = —/ Incostdt. Then
0
T x T x T
fla) =2f (Z+§) —2f(1—§) — 2?2, forallze [—5,5},
and then
/2 /2 -
/ lnsinzdz=/ Incoszdz=——=1n2.
0 0 2
Proof. Let us start from the elementary identity
lcost:1 COS2zfsin2£ =
2 2 2 2
—Q cosé—sinE Q COSE—l—SinE
2 2 2 2 2 2)7
SO
t = 2 f + E I _ f
cos—cos4 20054 5 )
Hence
t t
—Incost = —Incos (Z + 2) — In cos (Z — 2) —In2
or
, (Tt P
= -4 = —+ -] —In2. 2.2
ro =1 (F+5)+r(F+3)-m @2)

Now let us define ¢ : {—; g} — Rby
x

é(z) = f(x) — 2f <%+ 2) tof (g—f) 422, forallze [—5 5].

2 272
With (2.2), we have
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S0 ¢ is constant. But ¢(0) = 0, so ¢ = 0. Now relation 1b for f allows us to use Theorem 2.2, with a = g, g(t) =1n2.

We obtain
/2 /2 T -
/ _ Ty _ 4
/0 f(t)dt—/o 1n2dt<:>f(2) 52,
which is (2.T).

Further, the integrals in (2.1) are related with the integral

1
/ InT(z)dx = 11r127r
0 2
(T(z) is the gamma function) for which we prepare the following abstract result:

Theorem 2.3. Let f, g : [0,a] — R be continuous and such that
f@)+ fla—z)=g(z) , forallz €]0,q].

Then /Oaf(z)dx = ;/Oag(x)dx.

Proof. By integration from 0 to a we obtain

/Oaf(m)dx+/0af(a—x)da::/Oag(x)dx.

By change of variable ¢ — z = ¢ in the second integral we obtain
2[ f@)do= [ go)da
0 0

In order to use Theorem 2.3, we also use the following relation

which is the conclusion.

Iz)(1—=x) = for all 1).
(x)I'(1 — x) g 0 fora xz € (0,1)
Thus
7r

InT InT(1—2z)=1

nl(z) + InT(1 —x) n_-——,
so we can apply Theorem 2.3 witha =1, f(z) = InI'(z), g(x) = sinﬁ — Indeed,

e

! 1t 1 I
/ lnI‘(x)dx:f/ In — dx:flnw—f/ Insinrzdz
0 2 )y sinmz 2 2 Jo

where we are focused to compute the integral
1
J = / Insinmrdz.
0

By change of variable x = Y we obtain
s

™ w/2 ™
WJ:/ lnsinydy:/ lnsinydy+/ Insiny dy,
0 0 /2

then by change of variable y = = + g in the last integral we derive
/2 7/2
’R’J:/O 1nsinydy+/0 Incosydy = —mIn2
(according with (2.1)). We established the relations
/01 Insinmedz = /01 Incosmrdr = —In2.
Now, by substitute in we obtain

2 2
The integral can be also calculated in a different way. We give the following result:

1
1 1 1
/ Inl(z)de=-lnm— -(—1n2) = §1n27r, as we wanted.
0

2.3)

(2.4)
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Theorem 2.4. Let f,g: [0,1] — R be continuous and such that

e = )+ (e ) +otw)  orevery e Jo.5]. @)

/
Then /1f(x)dx: —2/1 2g(gc)dac.
0 0

Proof. By integration from 0 to 1/2, we obtain

1/2

/ / /
f(2z)dz = 01 2f(a:)dx+/012f(m+;)dx+/ol2g(x)dm.

By evidently change of variables, we get

0

1/2

1/2 1 1
f(2x)d f(z)dz and f <x+> dz = f@)dz, so
Sy

0 1/2

;/Olf(x)dx:/Olf(x)dx—f—/ol/2g(x)dx@/Olf(x)dx: —2/01/29(;3)(155,

O
In order to apply this result we use the following multiplication formula for gamma function:
2zx—1
r'(2z) = 2ﬁ -T'(z)T (x + ;) , forallz € (0,00). (2.6)

By applying the logarithm, we deduce
1 1
InT(2z) =InT(z) + InT (J; + 2) +(2z—-1)In2 - 3 Inm,
which is relation from Theorem 2.4 with
1
f(x)=InT(z) and g(z)=(2z—-1)In2 - 3 Inm.
According to Theorem 2.4, we have
1 1/2 1/2 1
/ lnF(;v)dx:—2ln2/ (2x—1)dx+/ lnﬂdx:§1n27r,
0 0 0

so we are done.
A more general form of the multiplication formula (2.6) is

I(2)T (x—i— i) T (a: TR 1) — (21) T T D), 2.7)

foreveryn € N, n > 2 and z € (0, 00). This formula is also called the Gauss multiplication formula. We will use it to
obtain two new results.

Theorem 2.5. Foreveryn € N,n > 2and a € (0, c0), we have

n I“ a+1
nhﬂn;o nina) = \/127_ - exp (/a InT(x) dz) . (2.8)

Proof. By using the characterization of the Riemann integral as a limit, we have
a+1 1 n—1 ki n—1 k‘
/a InT(x )dx—nh_)n;OEZlnF (a—|— ) —7111_>11;01n HF(a+n) =

=In (nlgrgo 7\1/(277)%1 .pzna -F(na)) =In (\/ﬂ lim (n_a Y F(na))) .

n—oo

By considering the exponential we deduce that

V2r - lim (n_“- ¢ I‘(na)) = exp (La+11nr(x)dx> ,

n—oo
then the conclusion follows by dividing both sides by /2. O

Finally, we give the following interesting relation:
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Theorem 2.6. For everyn € N,n > 2and a € (0, 00), we have
Y/I'(na)

lim | lim ——= | =
a—0 \ n—oo ne

Proof. By taking the limit as a — 0 in (2.8) and using (2.3), we obtain

van 1 1
lim [ lim (na) = - exp ( In 27r) =1.
a—0 \ n—oo na /2 2

O
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