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Bézier type curves generated by some class of positive linear operators

ABSTRACT.

In this paper, we will consider the Bézier type curves in which the fundamental Bernstein basis will be replaced with other function sequences. For
all the applications the graphic representation will be done for the same ordinates of the control points. In the first example, we consider Bézier type
k k(k+1
curves generated by fundamental Bernstein polynomials and “classical” nodes x,,, ; = — and also with “changed ” nodes ¥, 1 = ¥,
m

m

where m = 3 and k € {0,1,2,3}. In the second example, we consider Bézier type curves generated by fundamental Bleimann-Butzer-Hahn
(m?2 — 1)k

_ ———————— wherem = 3and k € {0,1,2,3}.

m+1—k m2(m+1—k)

In each example, the “classical ” and “changed ” points are “close”. The obtained curves in each example are plotted in the same figure.

polynomials and “classical ” nodes x, ; = and also with “changed ” nodes y,, =

1. INTRODUCTION

In this section, we recall some notions and operators which we will use in the paper.
Let N be the set of positive integers and Ny = N U {0} For m € N, let
B, : C([0,1]) = C([0, 1]) be the Bernstein operators, defined for any function f € C([0, 1]) by

- k
(Bmf)(l') = me,k(x)f (m> ) (11)
k=0
where p,,, () are the fundamental polynomials of Bernstein, defined as follows
Pmk(T) = (ZL) k(1 —z)mF, (1.2)

forany = € [0,1] and any k£ € {0,1,...,m} (see [1], [4] or [8]).
In 1980, G. Bleimann, P. L. Butzer and L. Hahn introduced in [3] the sequence of linear positive operators (L., )m>1,
L, : Cp([0,00)) — Cp(]0,0)), defined for any function f € Cg([0,0)) by

(Lnf)@) = ijj (3 s (=) 13)

for any z € [0, 00) and any m € N, where Cp([0,00)) = {f| f : [0,00) — R, f is bounded and continuous on [0, cc)}.
In what follows we consider an interval I C R and we shall use the following sets of functions: E(I), F'(I) which
are subsets of the set of real functions defined on I, B(I) = {f | f : I = R, fboundedon I}, C(I) ={f|f: I =R, f
continuous on I} and C(I) = B(I) N C(I).
If f € B(I), then the first order modulus of smoothness of f is the function w(f; -) : [0,00) — R defined for any
0 > 0by
w(f;0) =sup{|f(z') — f(a")|: 2',2" € I,]|z' — 2| < §}. (1.4)

2. PRELIMINARIES

For the following construction and the results as well, see [6]. We consider p,, = m for any m € N or p,, = oo for
any m € N. Let I, J C [0, c0) be intervals with I N J # (). For any me N and k€{0, 1, ..., p,,} N Ny consider the nodes
Tmk € I and the functions ¢y, 1 : J — R with the property that ¢, x(x) > 0 for any = € J. Let E(I) and F(J) be
subsets of the set of real functions defined on I, respectively J, so that the sum

Pm

Z @m,k(-r)f(xm,k)
k=0

exists for any f € E(I), pmi € F(J), k € {0,1,2,...,pn} NNy, 2z € J and m € N. For any z € I consider the
functions v, : I = R, ¢, (t) =t —zande; : I - R, e;(t) =t forany t € I,i € {0,1,2}. In the following, we suppose
that for any = € I we have ¢, € E(I)and e; € E(I),i € {0,1,2}.
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For m € N let the given operator L,, : E(I) — E(J) defined by

Pm

(L f)(x) = Z @m,k(z)f(xm,k) (2.1)
k=0
with the property

for any « € J, uniformly on any compact K C INnJ, forany f € E(I) N C(I).

Remark 2.1. From (2.2), for the operators (L, )m>1 we have that
lim (Lpe;)(z) = e;(x) (2.3)

m—0o0

uniformly on any compact K C InJ,i € {0,1,2} and
lim (L,,2)(z) = 0 (2.4)

m—o0

uniformly on any compact K C 1N J.

Remark 2.2. From Remark 2.1 follows that for any compact K C I N J there are the sequences (u,(K))m>1,
(U (K))m>1, (Wi (K))m>1 depending on K, so that

n}gnoo um(K) = mlgnoo Um (K) = mlgnoo wm(K) =0 (25)
uniformly on K and
|(Limeo)(x) — 1] < up(K), (2.6)
[(Limer) (@) — 2| < vm(K), 27)
(Ln¥?) (@) < wm(K), (2.8)

for any « € K and any m € N.
In the following, for m € Nand k € {0, 1,...,p,} N Ny we consider the nodes y,, » € I so that

Q= sup [Tk — Ymok| < 00 (2.9)
ke{ovlv"' 7p171}mN0

for any m € Nand

lim «, =0. (2.10)
m—00
Form e Nand k € {0,1,--- , p } NNy we note a,, k = ik — Y, k- For m € N let us define the operator K,,, : E(I) —
F(J) by
Pm
(Km£)(@) = omi(@) f (Ym k), (2.11)
k=0
forany z € I.
Theorem 2.1. [6] Forany f € E(I) N C(I) it follows
i (Ko f)(@) = f(2) 2.12)

uniformly on any compact K C I N J.

Theorem 2.2. [6]If f € E(INJ)NC(INJ) then forany x € K = [a,b] C I NJ and any m € N the following inequality
(K f)(x) = f(2)] < [f(@)]|(Lmeo(x)) — 1]+ (2.13)
+ (Lineo)(@) + V(5 6me) < Mt (K) + (2 + i (K)o (561,

holds, where

Om.e = v/ (Lmeo)(@)[(Lm¥2)(2) + 20m (Lme1)(z) + (aF, + 22am)(Lineo) (2)],

6m = /(1 + () [wm (K) + 20 (b + v (K) + (a2, + 2bam ) (1 + up (K))] and M = sup{|f(z)| : x € K}.

Corollary 2.1. [6] If

Pm
> omulz) =1 (2.14)
k=0
forany x € J, then forany f e EINJ)NC(INJ),anyx € K = [a,b] C I NJand any m € N it follows
(K f) (@) = f(@)] < 20(f; 0m.o) < 2w(f30,,), (2.15)

where 8., = \/wm(K) + 20m0m (K) + o2, + 4bay,.
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3. BEZIER TYPE CURVES

Let] =[a,b)"R,ac Rand b€ Rand forallm € N, k € {0,1,2,...,p,} NNy, the application ¢, . : J — R with
the property ¢, x(t) > 0, forall ¢t € J.
Form e N,leta = yp0 < Yym,1 < Ym,2 < ... be the nodes from the set I and the application #,, : J — I defined by

Pm

k=0

forallt € J.
Let us consider that for the application 7,,, we have the property: for any ¢, », p € {0,1,...,pmn} NNy, there exists
t, € J so that n,,,(t,) = ym, p and also the applications ¢, x, k € {0,1,...,pmn} NNy is continuous on J.
The last condition means that the graph of the application 7,, passes through the nodes ¥, 1, k € {0,1,...,pn} N No.
In the following lines, we consider as known the values of a continuous application f : I — R on the sequence of
nodes ((ym,k)ke{O,l,4..,pm}ﬂNo)meNr that means f(ym k) = 2mx forany k € {0,1,...,p,} NNy and for any m € N.

Definition 3.1. Let m € N. The points apr = (Zmi;2mi) € J X Rand byt = (Ym.k; 2mi) € J X R, where
ke {0,1,...,pm} NNy are the classical, respectively changed control points of m order.

For more on Bézier curves topic see [2], [5], [7] and [9].

Definition 3.2. Let m € N. The classical Bézier curve of m-order, respectively L-Bézier curve of m-order, which

correspond to control points a,, x,respectively b, , k € {0,1,...,p,} NNy are:
Pm Pm Pm
Bm(t) - Z (Pm,k(t)am,k == <Z @m,k(t)xm,k; Z Sﬁm,k(t)zm,k> 3 (32)
k=0 k=0 k=0
Pm Pm Pm
Bm(t) = Z @m,k(t)bm,k = (Z ‘Pm,k(t)ym,k; Z (Pm,k(t)zm,k> s (33)
k=0 k=0 k=0
foranyt € J.

Remark 3.3. Letm € Nand p € {0,1,...,p,} N Ny. Taking into account the above relations, it follows:
Pm Pm
B (tp) = (Z Eomk (tp)Ymos <Pm7k(tp)zm,k> = (Ym.pi Zm,p)s
k=0 k=0

Pm
where 27, , = > ©mk(tp)2m k-
k=0

In the following it will be of interest to compare the point z;, , with f(ym ) = 2m, and on the other hand to
Pm

compute z,(t) = > ©m k(t)zm k. Finally, we will give graphic representations of these L-Bézier curves. For the
0

k=
Bézier graph, the curves will be blue and for the L-Bézier graph they will be red.

Next, we will consider an operator sequence (L) m>1, which verifies
(2.1)-(2.8).

In the applications in the last part of this paper, we will consider the operators from Introduction.

Let us consider that the sequence of nodes ((ym,x) kE{O,l,m,pm}ﬂNo)n oy Verifies the conditions (2.9)-(2.10). From
(3.2) one obtains that the “ordinate” of B, (t), according to (2.11) is (K, f)(¢), and then, for the sequence of operators
(K m)m>1 we can apply Theorems 2.1-2.2 and the Corollary 2.1. Theorem 3.3 and 3.4 are immediate consequences of
Theorems 2.1-2.2 and Corollary 2.1, these theorems are theorems of approximations and convergence.

Theorem 3.3. The following convergences

iz () = (1) (3.4)
and
Pm Pm
n}gnoo Z @m,k’(t)xm,k = n}gnoo Z @m,k(t)ym,k =t (35)
k=0 k=0
are uniform on any compact K C I N J.
Suppose that
Pm
> mit) =1 (3.6)
k=0

foranyt € J.
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Theorem 3.4. Foranyt € K = [a,b] C I N J and any m € N, the inequalities

|2 () = f(8)] < 2w(f,d7,) (3.7)
and

Pm

Z (pm,k(t)ym,k - t‘ < 26;n (38)

k=0

holds, where 8], = /W, (K) + 205,05 (K) + a2, + 4bay, .
In the following lines, we will consider m =3, 230 =1, 231 =2, 232 =4 and 233 = 3.
Application 3.1. If I = J = [0,1], E(I) = F(J) = C([0,1]), K = [0, 1], p, = M, T ks = %, Om k() = pmk(t), t €10,1],
k(k+1)

m € N, k € {0,1,...,m}, we obtain the Bernstein operators. We consider the nodes y,,, = ——, m € N,
m

k € {0,1,...,m}. In this case, the operators (K,,),>1 have the form

nlt) = Y pmat)f (V).
k=0

feC(o,1]),t€0,1] and m € N.

1 2
In this application, the control points are ag = (0,1), a; = (5,2), ay = <7,4) and a3 = (1,3), respectively

3
bo = (0,1), by = (?,2),@ - (\26,4) and by = (2\3/33) Then

Bs(t) = (1 —t)3ag + 3t(1 — t)%ay + 3t*(1 — t)ay + t3as

(t; —4t>+32+3t+1),

Bs(t) = (1 —t)%bg + 3t(1 — )by + 3t*(1 — t)bg + t3b3

2
= ((ﬁ—\/é+\?)/§> t3+(\/6—2 2) t24+/2t; —4t3+3t2+3t+1>,

so, the Bézier and the B-Bézier curves in the examples above are given parametrically by

z(t) =t
y(t) = —4t3 +3t2 + 3t + 1, t € [0, 1],

respectively

a(t) = (xf—\/6+2\3/§ 8+ (V6 —2v2) 1> + V2t
y(t) = 43 + 3t> + 3t + 1, t € [0,1].

The graphs of these curves are given in the following figure:
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k

Application 3.2. We consider I = J = [0,00), E(I) = F(J) = Cp([0,00)), K = [0,b], pm = M, Ty s = Y

1
Om.k(t) = (1‘1‘75)m<7:> th, m e N, k € {0,1,...,m}, t € [0,00). In this case we obtain the Bleimann-Butzer-Hahn
operators.
We consider the nod _ (- Dk € Nand k € {0,1 }. Th tors (Kn)ms1 have th
e consider the nodes y,, = 21— F) m an ,1,...,m}. The operators (K,,)n>1 have the

form

o) = (L4 1) " :0 (n,j)tkf (%) ’

where t € [0,00), m € N, f € Cg([0,00)).

1
In this case, the control points are: ap = (0,1), a1 = 5,2 , a2 = (1,4) and a3 = (3, 3), respectively by = (0, 1),
b—82 b—84 db—83 Thy
1= 2777 s 02 — §7 an 3 — gv . €n
(1) = t+ 3t 4 363
= T
1+ 6t + 12¢2 + 3t3
t) = te |0 ,
W) =~ t€0.)
for the Bézier curve and
8 8
St+ -2+ 3
w(t) = —S8——3—
(1+1)3
1+ 6t + 12¢* + 3¢
y(t) = € [0, 00),

(1+41)3 ’

for the BBH-Bézier curve. We have the graphical representation of these curves:
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