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Hardy-Hilbert integral inequality with weights

ABSTRACT.

2
We study a Hardy-Hilbert integral inequality with weights by introducing a weight function of the form z= — 1(wi’ch r > 1), and prove the
constant factor to be the best possible, and give an extension of the Hilbert integral inequality, and then consider some equivalent forms.

1. INTRODUCTION

1 1
Let ’ + p =landp > 1.If f(x) € LP(0, + c0) and g(x) € L2(0, + o0), then

1
77 )dmdy<< > /fp 79q(w)dx B (1.1)

and e ) 0 )
/ 0/ dexdyé Si]:% 0/ (@) da ’ 0/ % (x)d " (1.2)

0
2
where the constant factors <S7T,r> in (1.1) and 3 T —in (1.2) are the best possible. And the equalities in 1) and (1.2)
111 — 11 —

hold if and only if f(z) =0, or g( ) = 0.They are thg famous Hardy-Hilbert integral inequalities, these results can be
found in papers [3] and [8]. Owing to the importance of the Hardy-Hilbert inequality in analysis and applications,
some mathematicians have been studying them, a great deal of good results are obtained (see [1]-[6], [8]-[10] etc).

It is obvious that the integral kernel function of the left hand side of and (1.2) are homogeneous forms of —1-
degree. The purpose of the present paper is to study a Hardy-Hilbert integral inequality with a non-homogeneous

2
kernel, and to show that the weight function is x+ — 1(wi’ch r > 1), and to prove the constant factor to be the best
possible, and to enumerate some important and especial results, and to consider some equivalent forms.

T
Y =1,ifzy = 1.
zy —1

For convenience, we define

2. STATEMENT OF MAIN RESULTS

11 r T
Theorem 2.1. Let —+ - =1,p>1land f,g > 0. If/a:g_lfp(z)do: < 400 and /x%_lgq(x)dx < 400, then
p g ;
i lnz ) ™ 2 7 2 v 7 2 _ 1 ’
// v)f drdy < (2> /zE_lfp(x)dx /xp gl (x)dxp (2.3)
sin( - m)
00 0 0

2
where the constant factor ((TQ)) in lb is the best possible. And the equality in 1) holds if and only if f(x) =0, or
S —7m
pq
g(x) = 0.

In particular, when p = 2, we have the following result.

Corollary 2.1. If f(z), g(z) € L*(0, + o), then

lnxy (v) a !
/ / CRIY) LI qrdy < 72 / e O/ Pr)de S 2.4)

where the constant factor 72 in is the best possible. And the equality in (2.4)) holds if and only if f(x) = 0, or g(z) = 0.
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Theorem 2.2. With the assumptions as Theorem 2.1, then

O/O/fl sty snm%{/”"z‘lfp(xm} {/

pq 0

} , (2.5)

where the constant factor % in is the best possible. And the equality in 1) holds if and only iff(x) = 0, or
sin(-=m
pq
9(x) = 0.
Similarly, when p = 2, we have the following result.

Corollary 2.2. If f(x), g(z) € L?*(0, + o), then

// dxdy< w{/fQ } {792(x)dm}2, (2.6)

0

”S\N

where the constant factor 7 in is the best possible. And the equality in holds if and only if f(x) = 0, or g(z) = 0.

3. PROOFS OF MAIN RESULTS

In order to prove our main results, we need the following lemmas.

bx 2
/ T de=(—"_ ). (3.7)
ewr —1 asin %’“

— 00

Lemma 3.1. Let Rea > Reb > 0. Then

This result has been given in the paper [7] (p. 230, formula 1118).

1 1
Lemma 3.2. Let — + — = landp > 1. Then
P q

Oolnu 1 ﬁd— T 2 38
/u—l(u) u(sin(Zﬂ')>' (3.8)
0

pq

Proof. Applying Lemma 1.1 to compute the integral of the left hand side of as follows:
Substituting e’ for u, it is easy to deduce that

o0 —+o0
Inu [1\7 te(—pa)t s 2 0 2
du= | = (- . = (—Z .
u—1\u et —1 sin(l — =) sin(=1)
0 Pq

U
Lemma 3.3. Letp + 5 =1landp > 1. Then
T o1 1\
ra
/ =) du=—1— (3.9)
1+u\u sin(=1)
0 rq

Proof. Let Rem > 0 and Ren > 0. Then the beta function is defined by
1
B(m,n) = /tm_l(l — )"t
0

1
Substituting (E - 1) for u, it is easy to deduce that
1

T o1 1\ 2 2

[ Q) e [t tas(Gn-0) - 5y
1+u\u pq’ Dq sin(-m)

0 0
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2

Proof of Theorem 2.1. Let @ = —. Then we may apply the method of the paper [11] and the Holder inequality to
Dq

estimate the left-hand side of (2.3) as follows.

// (Inxy)f )dxdy
:ryfl
77 Inzy v x“/qf() In zy ¥ ye/p () ) dad
o Ty — 1 yo/p v Ty —1 xa/qu ey
0 0

oooo] 2a(p—1) 00001 yla—1)

[[55(5 )f d”“ly} {/ [ >gq(”dwdy}
zy —1 Y —

0 0 0 0

Q=

/“(x)wglfp(w)dx} {/“(y)y;_lgq(y)dy} , (3.10)

s 1 1—a
where w(z) :/xnfyl (a: - )dy
) Y Yy

Substituting u for 2y and then using (3.§), it is easy to deduce that
T Inzy (a7 T Inu 1\
w(x)_/xy—1< Y )dy_/u—l(U> o
0 0
s 2 s 2
= —) =(—] . 3.11
(stam) <sm<2w>> G

It is known from (3.4) and (3.5) that the inequality (2.3) is valid.
Iff(x) = 0, or g(x) = 0, then the equality in (2.3) obviously holds. If f(z) # 0 and g(z) # 0, then 0 <

/ x%_lfp(z)dx < 4+ ocoand 0 < / x%_lgq(a:)dx < + oo. If (3.4) takes the form of the equality, then there
0 0

exists a pair of non-zero constants ¢; and ¢, such that

| a(p—1) 1 ala-1)
€1 x;lgiy1f ($)<x ye ) N ch;lfylgq(y)<y z¢ ) de-on (04 e (04 o)

Then we have
a1z fP(x) = co y*gl(y) = Cy (constant) a.e. on (0,+00) x (0,+ 00).
Without losing the generality, we suppose that ¢; # 0, then

R <1
/ o L fP(x)de = Co — dx.
0

Cl 0 x

o 21

This contradicts that 0 < / z9  fP(x)dr < + oo. Hence it is impossible to take the equality in (3.4). It shows
0
that it is also impossible to take the equality in (2.3).

2
T . . .
It remains to need only to show that the constant factor <(2)) in lb is the best possible.
sin(=m
pq

2
Leta = —. Vn € N, define two functions by
bq

_f zotes, z € (0, 1) [0 ye (0, 1)
fn(x)_{O, x € [1, 00) and gn(y)—{ —a=ag,

</x§_1fﬁ(x)dm>p = n%, (/yi_lgg(y)dy)q = na. (3.12)

Then we have
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2 2
Let0 <k < + such that the inequality (2.3) is still valid when <7T2> is replaced by k. Based on
sin(=1) sin(-m)

pq
and (3.12) we have

/y?wﬂw@} = k. (3.13)
0

1 T T may)fu(@)gn(y) B T e |
0 0

1
Let k(1,zy) = x;iyl . By Fubini’s theorem, it is known from (3.13)) that

oo

o) 1
1 .

/k (1, 2y) fn @) gn(y)dady = */y_“_"% (/ k(l,xy)x_“’L“’dx)dy
n

0 0

1

o=
%
Sl

Y

ylw (/ k(l,u)uaJrTLlpdu)dy
0
1
/k "Pdu>dy+/ (/k (1,w)u a+'wdu>d
0

S|

,_/H ,_/ﬁ\ H\g 0\8

S\»—A

(
n</ (1, u)u a+npdu>+fk1u +(/y ndy)du}

u

Y

Rl
i/

:/k(l,u)u—“+7pdu+/k(1,u)u—“—n%du. (3.14)
0 1
By Fatou’s lemma, we have
1 o)
k> 7m/ u” T du 4 1 7m/ ~7i du
— —
0 1
>/ lim k(l,u)u7“+%pdu+/ lim k(1,u)u="" midu
n—o00 n—00

1

1
/k;lu adu—l—/klu “du

0

:/k *“duf/
0 0

The lattermost equality holds based on (3.8).
2

It follows that k = (72)) in is the best possible. Thus the proof of Theorem is completed.
77

sin( 5
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2

Proof of Theorem 2.2. We assume still that a = ot Then we may apply the method of the paper [11] and the Holder
D

inequality to estimate the left-hand side of (2.5) as follows.

@(ﬂf)xz_lf”(x)dx} {/@(y)yi_lgq(y)dy} , (3.15)
0

where w(z) =

0\8
—_
T =
8
N
7N
8
Ned =
I} |
)
N~~~
N

Substituting u for zy and then using (3.9), we have

i 71 [t 71 /1\"
w(x)_/l—kmy( Y@ )dy_/1+u(u> du
0 0

T o1 1\ 7r

= - dy = ———. 1
/1+u<u) “ sin(-Z7) (3.16)
0

Pq

It is known from (3.15) and (3.16) that the inequality (2.5) is valid.

The proof of the rest is similar to one of Theorem 2.1, it is omitted here.

4. SOME EQUIVALENT FORMS

As applications, we will build some equivalent forms.

1 1 e
Theorem 4.3. Let —+—-=1,p> land f > 0. If/ zl_%fp(x)d:z < + 00, then
p q 0

o0 00 p .
(1-2)(p-1) In(zy) Cr 2 L
/y1 p—1 {/xy_lf(x)d:v} dy < (Sin(27r)> /$1 12(2)de, wr)

0 0

2p
7T2)> is the best possible, and the equality in (4.17)) holds if and only if f(x) = 0, and
—T

sin(

Pq
inequality (4.17)) is equivalent to (2.3).

where the constant factor (
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2y (1
Proof. Letg(y) = (y=%) / ;;(iy;f(x)dx)p_l. Then by (2.3), we have
0

7y<1i><“> {72 oy} o - 77 ) @)ty dady
0 0 0

zy — 1 Ty —

<

Pq 0

1

—_—— —
Q=

_ (Sm{;ﬂ)z {7x1ifp(x)dx}; {7y<1—i>(p—1> (/OOO mjf(x)da:>pdy} q . (4.18)
P 0 0

The inequality (4.17) follows from (4.18) after some simplifications.

On the other hand, assume that the inequality is valid. Apply in turn the Holder inequality and (#.17), we
have

IN

AN
e N e N
7N

<
=
Jro| s
3
~—
N———
S
iS]
0\8
8
T
3 o
-
<
8
N—
U
8
<
NS
L
kS
_
—
=
U
<

Sin(}qﬂf {7:c3—1fp(x)dz} ; {Zyi— gq(y)dy} B (4.19)

2p
If the constant factor ({;)) in (4.17) is not the best possible, then it is known from (4.19) that the constant
sin(=m
Pq

2
factor (2)) in li is also not the best possible, this is in contradiction. Evidently, the equality in (4.17) holds if

sin( =
Pq

and only if f(z) = 0. Consequently, the inequality (4.17) is equivalent to (2.3). The proof of Theorem is completed. [J
Theorem 4.4. With the assumptions as Theorem 2.1, then

(oo} oo p o
(1-2)(p-1) 1 RN 2
/! {/ 1”yf(x)dx} = () 0/ o (4.20)

0 0 Pq

P
where the constant factor ( o )) is the best possible, and the equality in (4.20)) holds if and only if f(x) = 0. Inequality

sin(ﬁﬂ'
(4.20) is equivalent to (2.5)).

The proof of Theorem 4.4 is similar to one of Theorem 4.3, it is omitted here.
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