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Some new extensions on Hilbert’s integral inequality and its applications

ABSTRACT.

We give some new extensions and refinements of Hilbert’s integral inequality with parameters A and u(() <p<20< - < 2) by introducing

a proper weight function. As applications, some extensions and strengthened results of Widder’s theorem and Hardy- Littlewood’s theorem are
also given.

1. INTRODUCTION AND LEMMAS

Let f(x), g(z) € L?(0, + o0). Itis all known that the inequality of the form

2 oo

1
/ / dxdy < / f(x / g*(z)dx 2 (1.1)

[e3%

is called Hilbert’s integral inequality, where the constant factor 7 is the best possible.

1
In the paper [6], by introducing a parameter A ()\ > 5) , the extension of the form

Nl=

1
2 o]

0

was established.

Recently, various improvements and extensions of appear in a great deal of papers (see [2]]). The aim of this
paper is to give some new extensions and improvements of and and then to give its some applications, and
the method adopted by us has trait itself, it is different from those listed in the paper [2]]. Explicitly, the idea and the
results obtained possess new meanings.

In the sake of convenience, we define a function and introduce some notations.

Let0 < <2,0< % <2,z —a>0,y—a>0,c(x)be an integrable function in [0, +00).

Define a binary function by E(z,y) = 1 — ¢(z — a) + ¢(y — @), and we stipulate that E(z,y) > 0 for (z,y) €
(0,400) x (0,+00). And we introduce also the following notations:

" // (z~ a){ fc()y —r (i o) EG sy

= | [t (=)

Throughout the paper we use frequently these notations.
In order to prove our assertion, we need the following lemmas.

Lemma 1.1. With the assumptions as the above-mentioned, then

Mt = (smy) 4 ( / (v =) P / e (13)
where the weight function k(x) is defined by
k(x) = (z —a) ™A (/\SI: Y ) / ¢ (@ ;fi?ﬁ ] dt—c(z—a)p. (1.4)
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Proof. It is easy to deduce that

) {/ (x—a>k<11+<wk>(§_2)lgE(w)dy}fQ(x)dx

[

171

{/ 1 i A (1)1_%(1 — oz —a) +c((z - a)t))dt} (z — o) fP(z)dz

0
o () e () c(x—a>} (-)' " fA(z)de

= 71'+
a/{)\sm“ o
)\sm‘” /x—al’\f dx+/k dx},

where k(z) is a function defined by

Similarly, we have A, = )\ wr {f z— o)A 2 (2)de — f k(x )dx}
sin :
It follows that the relation . holds

8 0\8

Lemma 1.2. Let 0 < 4 < 2,0 < X < 2. Then

-t -1
A+t + (z—a)* ) B -
’ ()\bln(2)\))(1_%). r-a=1

Proof. When = — o # 1, it has been given in the papers [5] and [8]. Let’s consider the case © — o = 1. By the definition
and properties of beta function, it is easy to deduce that

oo

[arert=32 (-5 =5 (- 5) 2 (55 1- 55)

/ A 2) 2\
(1 ) /\sm o

2. MAIN RESULTS

In this section we shall prove our assertions with the help of the above lemmas

Theorem 2.1. Let f(x) and g(z) be two real functions, 0 < p < 2and 0 < % <2

IfO</(x—a)l_)‘fQ(:c)dx<+ooand0</(m—a)1 2g*(z)dz < + oo then

(03 (0%

(] et

X {(/ (x — 04)1_)‘92(:10)d:10)2 - (/d}(x)gg(w)dx)Q} (2.5)
where the weight function &(x) is defined by )

1 (xfoz)A’%fli 1 o
(1 H’ T e Tert 6
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Proof. At first, suppose that f = g. Applying Schwarz’s inequality we have

(Z 7 ) / / i )

) (ZZ{ (z — ) i(g — )Nz (;j - 3) é(l_g)(E(x’y));}

x{ ( /) (y_a)é(lg)(E(x,y))i}dmdy)z

z— o)+ (y—a)M)/2\z —
<// { (e - a)ff)@ —ap e VB y)} dady
* 77{ (z — a){Q‘f(‘y()y —a) (i : Z>(1_5)E(Ivy)} dedy = A1 4.

It follows from that

(a/ / o s )
s(mf%f{(/w( ) N 2w 7k }

« [e3

where the weight function k() is defined by (1.4).
1
Let ¢(x) = I It is obvious that E(x,y) > 0. Itis easy to deduce that
x

k:(m):(:c—a)l_)‘{(/\smgg‘r) c((x—a)t)t? dt — c(m—a)}

s 14 tA

oy {(m: )

It follows from Lemma 2.2 that k(x) = ©(z). So we have

(] [ dagonn
< (o) {( [@-a @) - ([ ov<x>f2<x>dx)2} ,

2
o [eY

S

t

0\8 0\8

where &(x)is defined by (2.6). Hence the inequality is valid.
Let’s consider the case f # ¢. By Schwarz’s inequality we have

(f [ =)

|
|

oo

N 2
(/t@—a)k—éf(x)dm/t@“”ti‘g(y)dy)dtf}

[

IA

/
j(Zt@_a)x-;f@) } {/ 7tu i) }2

ATt ]t

Based on (2.8), it follows from that the inequality (2.5) is valid at once. Theorem is proved.

1+t 1+ (z— a)xtx)dt —c(z — a)} .
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When A =1 and p = 1, based on (2.5), the following result is obtained.
o0

Theorem 2.2. If 0< /fQ(x)dx < +ooand0 < /gQ(x)dx < + oo then

[e3

o0

(] 2« { ([ oy - (o)’

{ 792 dx /Oow 2} , (2.10)

1 1
Vi—a+1 z—a+1’

Proof. Tt is known from (2.6) that @(z) can be reduced to w(z), when A = p = 1. Hence the inequality (2.10) is
valid. d

where the weight function w(x) is defined by

w(z) = (2.11)

Corollary 2.1. With the assumption as Theorem 2.2 and f = g then

//Hy 2adxdy) <7’ { /f )de) —(7w(x)f2(x)dx)2}, (212)

where the weight function w(x) is defined by (2.11)).

When c¢(z) = constant, we have k(z) = @(z) = 0. If @« = 0 and p = 1, then the inequality (2.5) can be reduced to
the inequality (1.2). Similarly, when ¢(z — o) = constant, we have w(z) = 0, the inequality (2.10) is reduced to the

inequality (2.5).
3. APPLICATIONS

As applications, in this section we will give some extensions and refinements of Widder’s theorem and Hardy-
Littlewood’s theorem.

Leta, >0(n=0,1,2,....), A(z) = } ana"™, A%(z) = 3 ——. Then
n=0 n=0 T
1 [e'S)
/Az(x)dx < ﬂ'/(e_”A*(x)fdm. (3.13)
0 0

This is Widder’s theorem (see [7]).
We shall give an extension and a refinement of (3.13) as following.

Theorem 3.3. With the assumptions as the above-mentioned, if f(z)=e~ @) A*(z—q), then
1

( / A?(ac)dm)2 < 72 { (7 f2(gc)clx)2 - (/Oow(x) fQ(x)dx)2} : (3.14)

0 0
where w(x) is defined by (2.11)).

Proof. At first we have the following relation:

o0 o0
tA* — anxn n —td
0 n=0 n=0 0

= E anl‘n =
n=0

Let tz = s — . Then we have

oo (o)

0/IAQ( Oj{/—tA*m }dm_O/l/

(03

21
(s — a)ds) ﬁdm

oo

(/ e 5Ty 4% (5 — a)ds)zdy

Il
H\g
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o0 oo 9
= / (/ e_(s_")“_(s_a)A*(s—a)ds) du
0
_ —(s—a)u — 1
/(/ £(s ds “du = //Ht_ dsdt, (3.15)
0 «
where f(z) = e~ (*=% A*(z — a). Using Corollary. 2.1} the inequality ( - 3.14) follows from (3.15) at once. O

1
Let f(z) € L*(0, 1). Ifa,, = /:c”f(:v)da:, n =0, 1, 2,---, then we have the Hardy- Littlewood’s inequality (see

(=)

[4]]) of the form

50 1
dar<w / 2 (x)da, (3.16)
n=0 0

where 7 is the best constant that keeps (3.16)) valid. In our previous paper [1], the inequality (3.16) was extended and

established the following inequality:
oo 1
/ fA(x)dz <7 / h?(x)dz, (3.17)
0 0

1
where f(z) = /tmh(x)dx x € [0,+00).

0
The inequality (3.17) is called the Hardy-Littlewood integral inequality. Afterwards the inequality (3.17) was
refined into the following form (see [3]):

s} 1
/ fA(z)dz <7 / t h2(t)dt. (3.18)
0

We will extend and further refine the inequality (3.18) here.

1
Theorem 3.4. Let 0 < 4 < 2,0 < % < 2,h(t) € L*(0, 1) and h(t) # 0. Define a function by f(z /t(x @’ ()| dt. If
0

+oo
0< / (z — )" f2(2)dx < +o0, then

[e3%

— ([ @x)f*(z)dz ’ 1th2(t)dt 2, (3.19)
(Jetarery | (frrom)

where the weight function &(x) is defined by (2.6)).

Proof. Let us write f2(x) in form:
1

@) = [ e )] ae
0
Applying Schwarz’s inequality, we have

+oo oo 1 4
(/ Playde) = {/ (/f(w)t‘“‘—“f |h(t)|dt)d:c}
1 “+o00 4
= Pt =4dz)e* |h(h)] db
[ (ot
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1 4oo 1 2
< / /f )@= ‘de) dt/t h2(t)dt
0 a 0
1 4oo+oo 1 2
= / / f(x (=) +(y-a)” “ldady dt/th2 dt
[ 0

- / / T g) dxdy /1 tR2(t)dt) . (3.20)

By (2.8), the inequality (3.19) follows from (3.20) at once. a
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