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A new generalization of Radon’s Inequality and
applications

DUMITRU M. BATINETU-GIURGIU, DORIN MARGHIDANU and OVIDIU T. POP

ABSTRACT. In this paper we prove a new generalization of Radon’s Inequality and give some applications.

1. INTRODUCTION

Let N be positive integers, N = {1,2, ... }. The inequality from (1.1) is called, in litera-
ture, Bergstrom’s Inequality (see [1], [5]-[10], [12]-[15] or [18]).

Theorem 1.1. Ifn € N,z € Rand y,. > 0, k € {1,2,...,n}, then

3 2} z2 T+ o+t xp)?
T T Ty, @1 ) @)
Yy Y2 Yn Yy1+y2+-tyn
. . .- L1 x2 Ty
with equality ifand only if — = —= ... = —.
Y1 Y2 Yn

In [19], J. Radon proves the inequality from Theorem 1.2, later called Radon’s Inequal-
ity. Several particular or similar variants of this inequality have been published in the
following Romanian journals: Gazeta Matematicd, Recreatii Matematice issued by the
team from lasi and Revista de Matematicd din Timisoara (see [3], [4], [11] and [17]).

Theorem 1.2. Ifn € N,z >0, y,, >0,k € {1,2,...,n}and m > 0, then

Mln_‘—1 + x12n+1 I et (rtae e+, (1.2)
Y vy ym T (et y)™

In [2], we prove the inequality from Theorem 1.3, which is a generalization of Radon’s
Inequality.

Theorem 1.3. Ifn € N,z >0,y >0,k € {1,2,...,n}, m > 0and p > 1, then

x11n+p m;n-&-p - x;”""p S ($1y§’_1 + w2y§—1 4t xnyz—l)m-i-p (1 3)
yr Y5 ynt (W +y5+ -+ yh)mirl ’ '
T X €T
with equality if and only if—1 — 2=
U1 Y2 Yn
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2. MAIN RESULTS AND APPLICATIONS

In this section, we give a new generalization of Radon’s Inequality and some applica-
tions. The result of the Theorem 2.1 is included in [12]. In this paper, we present a new
and complete proof of this result.

Theorem 2.4. Ifn e N, z;, >0,y >0,k € {1,2,...,n}and m > p > 0, then

JJTH N Tt R amtl N (T1 4+ 22+ +x,)™ T (2.4)
Yy yh Yn (yr+y2+ - +yn)P
with equality ifand only if x1 =29 = -  =x,and y1 = Yo = -+ = yYp.

Proof. In the following, we denote X,, =1 + 22+ -+ zpand Y, = y1 +y2 + - + yn.
The left side from (2.4) can be written as

n m+1 n

z_: x’f? S i’/—: T 2.5)

m+1

where ¢}, = L ke{l,2,... ,n}.
k
The function f : (0,00) — R defined by f(t) = t**1, ¢ € (0,00), is convex on (0, ), s0

p+1
we have that: Z —tp > Z Ik ty , from where
D =1 Yn

" ) D p+1
Doy iz o | o : (2.6)

But, the function g : (0,00) — R defined by g(z) = 2P,z € (0,00), is convex on
(0,00) and then

S gla) = ng (}1 Zxk> ,
k=1 k=1

from where

m+1
Zx,:“ > 5 X 2.7)
k=1
From (2.5)-(2.7), inequality (2.4) follows. O

Remark 2.1. If we consider m = p in inequality (2.4), we obtain Radon’s Inequality.

Application 2.1. If n € N, 2, > 0, a,b € R, a(x1 + 22 + -+ + ) — bz, > 0 for any
ke{l,2,...,n} and m > p > 0, then
n m p+1 p—m (:171+I2+ . +I”)mf2p+1

>
kz::l x1+x2+ - +xy,) —bxg)P =" (an—>b)P

(2.8)
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Solution. By using inequality (2.4), we have that

n m—p+1 n m+1
S S
(a(xit+@z+ - o) —bup)p = (awpXn — ba3)P

k=1 1
m—+1
X7

n n p>
(aXn Sap—b> xi)
k=1 k=1

> npP™m

SO
xm p+1 X;LnJrl

E >npP™m (2.9)
_ - n p>
o (alzitaat o ) —bag)? <aX,% > xi)
k=1

where X,, =1 + T2 +--- + .

T+ a9+ A+ )2
(21 2 n) into account, we have that

By taking the inequality > z7 >
k=1

n
n b an—>b
aXZ—b> 22 <aX?—-—-X2=——X2, and then
k=1 n n
+1 —2p+1
Xm , Xm-w

_>n (2.10)
o 12 (an —b)P
(aXn bkgl xk>

From (2.9) and (2.10), inequality (2.8) results.

Remark 2.2. In conditions of Application 2.1, for m = p = 1 we obtain the inequality

n

L 2.11)

aX, — bxry an —b
k=1

The inequality from (2.11) is a generalization of Nesbitt's Inequality:

T T2 T3

3
To+x3 X3+T1 X1+ T2 2

for any x1, z2, 23 > 0 (see [16]).
Application 2.2. If a, b, c > 0, prove that
1 1 1

ad(b+c)  bic+a) Ala+bd) (2.13)
(ab + bc + ca)? ab—|—bc+ca>§ 1
6a3b3c3(a+b+c) —  2a2h2c2 2 3 (abc)4'
, 1 1
Solution. If n =3, m=2,p=1,21 = —, 20 = —, 23 = —,y1 = b+c¢,y2 = c+a,

a
y3 = a+b, y3 = a + b, from (2.4) the first inequality above follows. By using inequality
(z+y+2)? > 3(xy+yz+zz), forany z,y, 2 € R, we have that (ab+bc+ca)? > 3abc(a+b+c),
(ab + bc + ca)? ab + bc + ca
so inequality 6 (e br )~ 202 holds.
ab+bc+ca _ 3 1

3
But ab + be + ca > 3V/a2b%c2 and then 5222 =3 (abe)t’

From the inequalities above, (2.13) follows.
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Remark 2.3. From this application, we obtain the following problem given in the X X X V'I th
International Mathematical Olympiad, Canada, 1995:

If a, b, ¢ > 0 with abc = 1, then

1 1 1 S 3
PFhro  Pleta)  Aath) 2

By using inequality (2.4), we can prove the following inequality:

IfneN, abzx,ze,....00 >0,m>p >0, -22-... -2, = 1 and by definition
Zn+1 = 1, then the inequality

(2.14)

n
zh n

>
i (ampgr + bag)P - xzrlpﬂ ~ (a+Db)p

(2.15)

holds.

Remark 24. If n = 3,a = b = p = 1 and m = 4, from (2.15) inequality (2.14) results, so
the inequality from (2.15) is a generalization for the inequality from (2.14).

Application 2.3. If a,b,c,d, z,y,2 > 0,m >p > 0and b+ c + d < 24a?, then
xmfp%»l ymfp+1 Zm7p+1

+ + 2.16
V(@222 +byz)?  \/(a%y? + cza)P (a?2? + dxy)P (2.16)
- (.’17 + y + Z)TTL—2p+1 .
= 7
Solution. We note with A the left member of the inequality from (2.16). We have that
xm-{-l xm—i—l
A= =
Z P/ (a?x? 4 byz)P Z (\/5 /a2x3 + b;z:yz)p
and by using inequality (2.4), we obtain
A > 3p—m (Qj + Y + Z)nH_l (217)

(Vav/aa®+hayz+ iy/alyt+eoye+ vz a2+ deyz )
If we note B = /z\/a2a3 +bryz +\/y\/a2y3 +cryz ++/z\/a2z3+dxyz, by using Cauchy-
Schwarz Inequality, we have

B*< (v +y+2)(a®@® +y* +2%) + (b+c+ d)ayz)
and by taking the relation b + ¢ + d < 24a? into account, it results that
B? <ad*(x+y+2)(@® + 3> + 23 + 24xyz2).

But the inequality 23 + y3 + 23 + 24zyz < (z+y + 2)3, 2,9,z > 0, is well known, and then
the inequality above becomes

B <a(z+y+ 2)% (2.18)
From (2.17) and (2.18), inequality (2.16) follows.

Remark 2.5. From inequality (2.16), fora = 1, b = ¢ = d = 8, m = p = 1, we obtain
the following problem given in the X LIT"" International Mathematical Olympiad, USA,
2001:

If z,y, 2z > 0, then inequality

T Yy z
+ + >1 (2.19)
\/x2 + 8yz \/y2+8,zx \/22+8my




A new generalization of Radon’s Inequality and applications 115

holds.
Application 2.4. If n € N, (F},),>0 is Fibonacci’s sequence, a > o1 andm >p >0,
n+2 —
then
= FH nP=m
= > Fppg—1)m—PFL 2.20
Z Fryo— 1) Fk)P = (an _ l)p ( +2 ) ( )

k:l

Solution. It is well-known that Y Fj, = F,42 — 1. By using inequality (2.4), we have that
k=1

n m+1
n F’rn-‘rl <Z Fk)
Fk)p - n
na(Fpio — 1) — > Fy
k=1

k:l Foz = 1) = .

from where the inequality from (2.20) follows.

Theorem 2.5. Ifa,b e R, a <b,m>p >0, f,g: [a,b] — [0,00) are integrable function on
[a,b], g(x) # 0 for any x € [a, b], then
b m—+1
/ f(x)dx>

[UE s ( ‘

(g(z))p— — (/b )p
g(x)dx

b—
Proof. Letn e Nand z, = a + k—a, k €{0,1,...,n}. By Theorem 2.1, we get that
n

(2.21)

- f(x
B )

It results that

i

et > o (O (f, A )™t
I (e N R
<g1’ )z (b-a) (0(g, D 7))

m+1 m—+1
where a(p,An,xk) is the corresponding Riemann sum of function —-—, of
g

A, = (xg,x1,...,2,) division, and the intermediate z; points. By passing to limit in
the inequality above, when n tends to infinity, the inequality (2.21) follows. O

Remark 2.6. By particularization, from (2.21) we can obtain the classic integral inequali-
ties: Holder’s Inequality, Cauchy-Schwarz’s Inequality and Chebyshev’s Inequality.
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